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Preface

The topological derivative is defined as the first term (correction) of the asymptotic
expansion of a given shape functional with respect to a small parameter that mea-
sures the size of singular domain perturbations, such as holes, inclusions, defects,
source-terms and cracks. Over the last decade, topological asymptotic analysis has
become a broad, rich and fascinating research area from both theoretical and numer-
ical standpoints. It has applications in many different fields such as shape and topol-
ogy optimization, inverse problems, imaging processing and mechanical modeling
including synthesis and/or optimal design of microstructures, fracture mechanics
sensitivity analysis and damage evolution modeling.

Since there is no monograph on the subject at present, the authors intend to pro-
vide here the first detailed account of the theory that combines classical sensitivity
analysis in shape optimization with asymptotic analysis by means of compound
asymptotic expansions for elliptic boundary value problems. The presented theory
of topological derivatives is a natural continuation of the shape sensitivity analysis
techniques developed in the monograph Introduction to shape optimization – shape
sensitivity analysis, Springer-Verlag (1992), by Sokołowski and Zolésio. We show
that the velocity method of shape optimization can be combined with the asymp-
totic analysis in singularly perturbed domains and as a result the new properties of
shape functionals are derived for the purposes of optimality conditions and numer-
ical solutions in shape and topology optimization problems. The explicit formulae
for the topological derivatives are well suited for the numerical algorithms of shape
optimization and are already used in many research papers.

In the book we recall the classical approach to shape optimization problems and
extend the analysis to some singular perturbations of the reference domains for el-
liptic boundary value problems. This means that the topological derivatives are the
main subject of our studies. The topological derivative can be considered as the
singular limit of the classical shape derivative. It is obtained by the asymptotic anal-
ysis of classical solutions to the elliptic boundary value problems in singularly per-
turbed domains combined with the asymptotic analysis of the shape functionals,
all together with respect to the small parameter. In particular, we are interested in
the closed form of the topological derivatives for shape and topology optimization
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problems governed by the elliptic boundary value problems. Therefore, we consider
the following aspects of the theory of topological derivatives:

• Descriptions of mathematical theory of shape sensitivity analysis and of domain
variations technique in continuum mechanics.

• Asymptotic analysis in singularly perturbed domains by the compound asymp-
totic expansions.

• Topological derivatives of shape functionals for linear and nonlinear elliptic
boundary value problems.

• Mathematical properties of topological derivatives for nonsmooth variational
problems.

• Topological derivatives with respect to singular domain perturbations close to the
boundary.

• Relationship between shape gradients and topological derivatives.
• Closed formulae for the topological derivatives of the energy-based shape func-

tionals.
• Examples and applications to mathematical physics and structural mechanics.

This book is largely based on lecture notes prepared by the authors for the courses
and summer schools held at the Institute Elie Cartan (IECN) in Nancy (France)
and at the Laboratório Nacional de Computação Cientı́fica (LNCC) in Petrópolis
(Brazil). Much of the theory presented here has been developed as a result of sci-
entific collaboration between France, Poland, Russia, and Brazil, as well as on the
research work of former PhD students in Nancy and Petrópolis. The joint research
on applications of asymptotic analysis to shape optimization were performed in the
framework of international scientific projects between IECN in France, Systems
Research Institute of the Polish Academy of Sciences and Technical Warsaw Uni-
versity in Poland, Universities in Moscow, St. Petersburg and Lavrentyev Institute
of Hydrodynamics, Novosibirsk in Russia, and LNCC in Brazil during the years
1994–2012. We want to point out the research record and joint publications with
A. Zochowski (Warsaw, Poland), S.A. Nazarov (St. Petersburg, Russia), T. Lewin-
ski (Warsaw, Poland), A.M. Khludnev (Novosibirsk, Russia), and with the former
PhD students Antoine Laurain (Berlin & Graz) and Katarzyna Kedzierska-Szulc
(Nancy, Petrópolis & Warsaw). Also, the collaboration with R.A. Feijóo and E.
Taroco (Petrópolis, Brazil), C. Padra (Bariloche, Argentina), E.A. de Souza Neto
(Swansea, UK), S. Amstutz (Avignon, France) and with the former PhD students
Sebastián Miguel Giusti (Córdoba, Agentina) and Jairo Rocha de Faria (João Pes-
soa, Brazil) has also been fruitful.

We consider the problem of how to derive topological asymptotic expansions of
shape functionals associated with elliptic boundary value problems. In particular,
we present the calculation of the topological derivative for two-dimensional elliptic
problems including scalar (Laplace) and vectorial (Navier) second-order partial dif-
ferential equations and scalar fourth-order partial differential equations (Kirchhoff).
We also consider the topological derivative associated with three-dimensional linear
elasticity problems. In addition, we provide the asymptotics for spectral problems.
The full mathematical justification for the asymptotic expansion associated with the
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singular domain perturbations is presented for the semilinear elliptic boundary value
problems. Finally, we provide the topological derivatives in linear elasticity contact
problem. The results are presented in their closed form, which are useful for numeri-
cal methods in shape optimization. We also remark that some exercises are proposed
at the end of each chapter.

This book is intended for researchers and graduate students in applied mathemat-
ics and computational mechanics interested in any aspect of topological asymptotic
analysis. In particular, it can be adopted as a textbook in advanced courses on the
subject. Some chapters are self-contained and can be used as lecture notes for mini-
courses covering specific classes of problems. The material at the beginning of the
book is accessible to a broader audience, while the last chapters may require more
mathematical background. Finally, we believe that this book shall be useful for read-
ers interested on the mathematical aspects of topological asymptotic analysis as well
as on applications of topological derivatives in computational mechanics.

The collaboration between André Novotny and Jan Sokołowski was supported
by CAPES/COFECUB (Brazil/France), CNPq, FAPERJ and LNCC in Petrópolis,
Brazil. The research of Jan Sokołowski was supported by IECN in Nancy, France
and by IBS PAN in Warsaw, Poland.

Petrópolis, Nancy & Warsaw, June 2012

Laboratório Nacional de Computação Cientı́fica Antonio André Novotny
Université de Lorraine & Instytut Badań Systemowych PAN Jan Sokołowski
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11.2.2 Steklov-Poincaré Pseudodifferential Boundary Operators . . . 305

11.3 Domain Decomposition Method for Variational Inequalities . . . . . . . 308
11.3.1 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 308
11.3.2 Hadamard Differentiability of Minimizer . . . . . . . . . . . . . . . . 310



Contents XV

11.3.3 Topological Derivative Evaluation . . . . . . . . . . . . . . . . . . . . . . 311
11.4 Cracks on Boundaries of Rigid Inclusions . . . . . . . . . . . . . . . . . . . . . . 314

11.4.1 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315
11.4.2 Approximation of a Rigid Inclusion with Contrast

Parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 317
11.4.3 Hadamard Differentiability of Solutions to Variational

Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 320
11.4.4 Topological Derivative Evaluation . . . . . . . . . . . . . . . . . . . . . . 321

11.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 324

A Auxiliary Results for Spectral Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 325
A.1 Preliminaries Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 325
A.2 Lemma on Almost Eigenvalues and Eigenvectors . . . . . . . . . . . . . . . 329

B Spectral Problem for the Neumann Laplacian . . . . . . . . . . . . . . . . . . . . 331
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Notation

Geometrical Domains, Sets and Related Objects

N set of integers; N∗ := {0}∪N.
Rd Euclidian space of dimension d; R≡R1 and R+ := (0,∞).
D open domain in Rd .
D closure of D.
∂D boundary of D.
|D| Lebesgue measure of D.
n outward unit normal vector to ∂D.
τ tangent unit vector on ∂D, for d = 2.
Γ a part of the boundary ∂D; Γ ⊆ ∂D.
Ω an open subset of D; Ω �D.
ω an open subset of Ω ; ω �Ω .
ϒ a crack;ϒ �Ω ⊂Rd , with d = 2.
ϒl a crack of length l.
Ωϒ domain with a crack; Ωϒ =Ω \ϒ .

Banach and Hilbert Spaces

C(Ω) Banach space of continuous and bounded functions in Ω .
Ck(Ω) linear subspace of C(Ω): functions with derivatives up to order k in

C(Ω), k ∈N∪{∞}.
Ck

0(Ω) linear subspace of Ck(Ω): functions vanishing on ∂Ω .
C∞

c (Ω) linear subspace of C∞(Ω): functions with compact supports.
D(Ω) space of test functions for distributions.
D ′(Ω) space of distributions: dual space of D(Ω).
C0,1(Ω) Lipschitz continuous functions in Ω .
Lp(Ω) p-integrable Lebesgue functions in Ω , with p ∈ [0,∞).
Lp

loc(Ω) locally p-integrable Lebesgue functions in Ω .
L∞(Ω) essentially bounded Lebesgue functions in Ω .
W k,p(Ω) space of Sobolev functions: generalized derivatives up to the order

k are in Lp(Ω), k ∈N and p ∈ [0,∞].
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W k,p
loc (Ω) locally Sobolev functions.

Hk(Ω) space of Sobolev functions: generalized derivatives up to order k are
in L2(Ω), k ∈N; W k,2(Ω)≡ Hk(Ω) and L2(Ω) ≡ H0(Ω).

Hk
loc(Ω) locally Sobolev functions.

Hk
0(Ω) linear subspace of Hk(Ω): traces of derivatives vanish on ∂Ω up to

the order (k− 1).
H−k(Ω) dual of Hk

0(Ω).
H1/2(Γ ) space of Dirichlet traces on Γ ⊆ ∂Ω for H1(Ω).
H−1/2(∂Ω) dual of H1/2(∂Ω).
K (Ω) convex cone of unilateral constraints in Sobolev space.
S (Ω) convex cone of admissible directions defined for the Hadamard dif-

ferential of metric projection onto K (Ω).

Convergence in Function Spaces

→ in U(Ω) strong convergence in a Banach space U(Ω).
⇀ in U(Ω) weak convergence in a Banach space U(Ω).
⇁ in L∞(Ω) weak star convergence in L∞(Ω).

Norms and Scalar Product in Function Spaces

‖·‖U(Ω) norm in a Banach space U(Ω).
| · |U(Ω) seminorm in a Banach space U(Ω).
〈·, ·〉U(Ω)×V (Ω) duality pairing between spaces U(Ω) and V (Ω).

U(Ω ;Rd) cartesian product of U(Ω) for d = 2,3; U(Ω ;R)≡U(Ω).
U(Ω ;Rd ×Rd) cartesian product of U(Ω ;Rd) for d = 2,3.

Shape Transformations

Ωt transformed geometrical domain in Rd of the form Ωt = Tt(Ω), for t ∈R;
Ω :=Ωt |t=0

.
∂Ωt boundary of Ωt ; ∂Ωt = Tt(∂Ω), ∂Ω := ∂Ωt |t=0

.
Γt a part of the boundary ∂Ωt ; Γt = Tt(Γ )⊆ ∂Ωt , Γ := Γt |t=0

.
nt outward unit normal vector to ∂Ωt ; n := nt |t=0

.
X material (Lagrangean) coordinate X ∈Ω .
x spatial (Eulerian) coordinate x ∈Ωt .
t parameter of the domain transformation.
Tt mapping Tt : Ω →Ωt (Tt : Rd →Rd); x = Tt(X).
T−1

t inverse mapping T−1
t : Ωt →Ω (T−1

t : Rd →Rd); X = T−1
t (x).

V shape velocity field V=V(X , t).
dX differential element in Ω .
dx differential element in Ωt .
∂X material gradient operator ∂X := ∇X .
∂x spatial gradient operator ∂x := ∇x.
J Jacobian transformation tensor; J= J(X , t) := ∇XTt(X).
divX material divergence operator.
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divx spatial divergence operator.
ΔX material Laplacian operator.
Δx spatial Laplacian operator.
ϕt material description of a spatial field ϕ(x, t); ϕt = ϕt(X) = (ϕ ◦Tt)(X), i.e.

ϕt(X) = ϕ(Tt(X), t).
Dϕt Jacobian of a material vector field ϕt , i.e. Dϕt := (∇Xϕt)�; DTt = J�.
ϕt spatial description of a material field ϕ(X , t), ϕt = ϕt(x) = (ϕ ◦T−1

t )(x),
i.e. ϕt(x) = ϕ(T−1

t (x), t).
Dϕt Jacobian of a spatial vector field ϕt , i.e. Dϕt := (∇xϕt)

�.
ϕ ′ shape derivative of the spatial field ϕ(x, t), ϕ ′(x, t) := ∂tϕ(x, t).

ϕ̇ material derivative of the spatial field ϕ(x, t), ϕ̇(x, t) :=
d
dt
ϕ(x, t).

Topological Perturbations

ε → 0 small parameter in R+ associated to the size of topological perturba-
tions far from the boundary.

h → 0 small parameter in R+ associated to the size of singular perturbations
close to the boundary.

ωε(x̂) small geometrical perturbation; usually ωε(x̂) = x̂+εω , where x̂ ∈Ω
and ω ⊂Rd .

Ωε(x̂) singularly perturbed geometrical domain in Rd ; Ωε (x̂) =Ω \ωε(x̂).
Bε(x̂) a ball of radius ε and center at x̂ ∈Ω .
Sε set of shape change velocity fields that represents an uniform expan-

sion of Bε(x̂).
γε contrast parameter for material properties; γε (x) = 1 for x ∈ Ω \ωε

and γε(x) = γ for x ∈ ωε , with constant γ ∈ (0,∞).
χ characteristic function; x �→ χ(x), x ∈ Rd , with χ(x) = 1 for x ∈ Ω

and χ(x) = 0 for x ∈Rd \Ω , or simply χ = 1Ω .
χε(x̂) function describing the topological perturbation; x �→ χε(x̂;x), x ∈Rd ,

with χε(x̂) = 1Ω −1ωε(x̂) for holes or χε(x̂) = 1Ω − (1− γ)1ωε(x̂) for
inclusions.

ψ(χ) unperturbed shape functional.
ψ(χε(x̂)) perturbed shape functional.
f (ε) positive first order correction function depending on the small param-

eter ε , such that f (ε)→ 0, with ε → 0.
O(ε) remainder of order ε; O(ε) → 0, with ε → 0; or |O(ε)| � Cε , with

constant C independent of ε .
o(ε) remainder of higher order compared to ε; o(ε)/ε → 0, with ε → 0.
T (x̂) topological derivative function; x̂ �→ T (x̂), with x̂ ∈Ω .
O origin in Rd .

Unperturbed Boundary Value Problems

U set of admissible functions; U ⊂U(Ω).
V space of admissible variations; V ⊂V (Ω).
u solution of an elliptic boundary value problem; u ∈ U .
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u′ shape derivative of the solution u.
u̇ material derivative of the solution u.
q heat flux vector.
K second order conductivity tensor.
σ second order Cauchy stress tensor.
σi principal stresses associated to σ , for i = 1, ...,d, with d = 2,3.
M second order momentum tensor.
mi principal moments associated to M, for i = 1,2.
Σ second order Eshelby energy-momentum tensor.
P second order polarization tensor.
P fourth order polarization tensor.
C fourth order elasticity or Hooke’s tensor.
JΩ shape functional; JΩ : U(Ω)→R.

Perturbed Boundary Value Problems

Uε perturbed set of admissible functions; Uε ⊂U(Ω).
Vε perturbed space of admissible variations; Vε ⊂V (Ω).
uε solution of a topologically perturbed elliptic boundary value problem.
u′ε shape derivative of the solution uε .
u̇ε material derivative of the solution uε .
qε perturbed heat flux vector; qε = γεq for inclusions.
σε perturbed second order Cauchy stress tensor; σε = γεσ for inclusions.
Mε perturbed second order momentum tensor; Mε = γεM for inclusions.
Σε second order Eshelby energy-momentum tensor depending on the small pa-

rameter ε .
Jχε regularly perturbed shape functional; Jχε : U(Ω)→R.
JΩε singularly perturbed shape functional; JΩε : U(Ωε)→R.
ξ fast variable ξ = ε−1x.
w boundary layer independent of the small parameter ε in asymptotic expan-

sion of uε .
wε boundary layer dependent on the small parameter ε in asymptotic expansion

of uε .
ũε remainder in asymptotic expansion of uε .

Tensor Calculus

a ·b scalar product of two vectors; a ·b = α ∈R, with α = aibi := ∑d
i=1 aibi.

‖a‖ Euclidian norm of the vector a; ‖a‖=√
a ·a.

A,B second order tensors.
Ab application of a second order tensor A to a vector b; the vector (Ab)i =

Aikbk := ∑d
k=1 Aikbk.

AB application of a second order tensor A to a second order tensor B; the second
order tensor (AB)i j = AikBk j := ∑d

k=1 AikBk j.
I second order identity tensor; Ia = a and IA = A.
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A ·B scalar product of two tensors; A · B = α ∈ R, with α = Ai jBi j :=
∑d

i, j=1 Ai jBi j.

A� transpose of the second order tensor A.
a⊗ b tensor product of two vectors; a⊗ b = A, for d = 2,3, with Ai j = aib j.
a⊗s b symmetric tensor product of two vectors; a⊗s b = 1

2 (a⊗ b+ b⊗ a).
trA trace of the second order tensor A; trA = I ·A = Aii := ∑d

i=1 Aii, tr(A�B) =
A ·B and tr(a⊗ b) = a ·b.

detA determinant of the second order tensor A.
∇ gradient operator; ∇ϕ(x) ∈ Rd for a scalar field ϕ and ∇ϕ(x) ∈ Rd ×Rd

for a vector field ϕ .
∇ϕs symmetric part of the gradient of a vector field ϕ ; ∇ϕs = (∇ϕ+∇ϕ�)/2.
∇Γ tangential gradient.
rot curl operator.
div divergence operator; divϕ(x) ∈R for a vector field ϕ and divϕ(x) ∈Rd for

a second order tensor field ϕ .
divΓ tangential divergence.
∂n normal derivative.
∂τ tangential derivative.
Δ Laplacian operator.
A,B fourth order tensors.
AB product of a fourth order tensor A with a second order tensor B; the second

order tensor (AB)i j = Ai jklBkl .
AB product of a fourth order tensor A with a fourth order tensor B; the fourth

order tensor (AB)i jkl = Ai jpqBpqkl .
I fourth order identity tensor; IA = A and IA= A.
A⊗B tensor product of two tensors; A⊗B = A, with Ai jkl = Ai jBkl .

Miscellaneous

ϕ|Ω restriction of function ϕ in Ω .
ϕ|∂Ω trace of function ϕ on ∂Ω .
�ϕ� on ∂ω jump of ϕ across ∂ω ; �ϕ� = ϕ|Ω\ω −ϕ|ω on ∂ω , with ω �Ω .

(r,θ ) polar coordinate system.
(r,θ ,φ) spherical coordinate system.
ei canonical orthonormal basis of the Euclidian space Rd for i = 1, ...,d,

with d = 2,3.



Chapter 1
Introduction

The topological derivative measures the sensitivity of a given shape functional with
respect to an infinitesimal singular domain perturbation, such as the insertion of
holes, inclusions, source-terms or even cracks. The topological derivative was rig-
orously introduced by Sokołowski & Żochowski 1999 [204]. In particular, it can be
seen as a mathematical justification for the so-called bubble method [53] (see for
instance [136]). Since then, this concept has proved to be extremely useful in the
treatment of a wide range of problems, namely topology optimization [5, 16, 19, 21,
38, 40, 77, 78, 115, 133, 185, 186, 187, 207, 217], inverse analysis [18, 42, 59, 84, 94,
96, 101, 102, 142] and image processing [31, 32, 93, 95, 129], and has became a sub-
ject of intensive research. See, for instance, applications of the topological derivative
in the multi-scale constitutive modeling context [17, 74, 75, 76, 188], fracture me-
chanics sensitivity analysis [79] and damage evolution modeling [6]. Concerning the
theoretical development of the topological asymptotic analysis, the reader may refer
to the papers [13, 15, 48, 49, 60, 70, 97, 109, 134, 135, 172, 173, 175, 176, 206, 208],
and to the monograph project in progress by Nazarov, Sokołowski & Żochowski.

The topological derivative is obtained by the asymptotic analysis of classical so-
lutions to elliptic boundary value problems in singularly perturbed domains com-
bined with the asymptotic analysis of the shape functionals all together with respect
to the small parameter which measures the size of the perturbation. Therefore, the
asymptotic analysis of elliptic boundary value problems in singularly perturbed ge-
ometrical domains is the main ingredient of the mathematical theory of topological
derivatives.

In the seventies and eighties of the last century two asymptotic methods, namely
the method of matched [100] and compound [143] expansions, were successfully
developed to construct asymptotic expansions of solutions to elliptic boundary value
problems in domains with singularly perturbed boundaries as well as of intrinsic
functionals calculated for these solutions. In this context the singular perturbation
of the boundary means e.g., the creation of a small hole or cavity inside the do-
main, smoothing a corner, a conical point or an edge on the nonsmooth bound-
ary among others. The functionals considered include e.g., the energy functional
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associated with elliptic boundary values problems [144, 161, 172, 176], eigenvalues
of spectral problems [105, 145, 147, 192, 193] and the capacity functional (cf. Note
10.3) which is an example of the energy functional.

The theory of elliptic problems in singularly perturbed domains is covered in
[143, 146] for the systems of partial differential equations, elliptic in the Agmon-
Douglis-Nirenberg sense. In particular monograph [143] contains the procedures of
construction and justification of asymptotics for solutions of equations, the deriva-
tion of asymptotically sharp estimates in weighted norms. Asymptotic analysis of
elliptic problems in singularly perturbed domains e.g., methods of matched and
compound asymptotic expansions, has become the most appropriate and relevant to
obtain almost explicit formulae for the topological derivatives as it has been demon-
strated in [172, 176] and others. We refer the reader to books by V.G. Maz’ya, S.A.
Nazarov and B.A. Plamenevsky [148, 170] for the state of art in the asymptotic
analysis of elliptic boundary value problems in singularly perturbed geometrical
domains. We also mention the books [10] and [158] where the subject is studied, to
some extend, from physical and numerical point of view. The formulae for asymp-
totic expansions obtained for the energy functionals [144] or for the eigenvalues
[147] could be used in shape optimization. However, for practical applications of
such derivatives in computational shape optimization the results already known are
extended to more general shape functionals by introduction of an appropriate adjoint
state [204] as well as by using the singular limits of the first order shape derivatives
[205]. We note that this monograph concerns the questions which are out of the
scope of the books [148, 170] and we believe are related mainly to the numerical
methods in shape optimization. There are two main constructions used here. The
first one concerns singular domain perturbations associated to nucleation of holes.
The second case concerns regular perturbation of the differential operator associated
to nucleation of inclusions. Our analysis is performed for the classical solutions of
elliptic boundary value problems in order to avoid unnecessary technical difficulties.
Most of the results of local nature are valid in Lipschitzian domains. For cracks, a
special treatment is necessary as rigorously demonstrated in [172]. In the context of
crack detection, for instance, the corresponding inverse problem can be formulated
as a shape optimization problem and the associated topological derivative should
obviously be evaluated for cracks.

The topological derivative concept is introduced in this chapter and several il-
lustrative examples are provided. In addition, the relationship between classical
shape gradients and topological derivatives is presented. In particular, the topolog-
ical derivative is given by a singular limit of shape derivatives with respect to the
size of the parameter which governs the singular domain perturbations. This result
leads to a simple and constructive method for the topological derivative evaluation
purposes. For the new concept, an example concerning optimal control theory is
presented (see, for instance [116, 125]), where the topological derivative is obtained
for a tracking type shape functional.
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Fig. 1.1 The topological derivative concept

1.1 The Topological Derivative Concept

Let us consider an open and bounded domain Ω ⊂Rd , with d � 2, which is subject
to a nonsmooth perturbation confined in a small region ωε(x̂) = x̂+ εω of size ε ,
with ωε �Ω , as shown in fig. 1.1. Here, x̂ is an arbitrary point of Ω and ω is a fixed
domain of Rd . We introduce a characteristic function x �→ χ(x), x ∈Rd , associated
to the unperturbed domain, namely χ = 1Ω , such that

|Ω |=
∫

Rd
χ , (1.1)

where |Ω | is the Lebesgue measure of Ω . Then, we define a characteristic function
associated to the topologically perturbed domain of the form x �→ χε(x̂;x), x ∈Rd .
In the case of a perforation, for instance, χε(x̂) = 1Ω −1ωε (x̂) and the perforated
domain is obtained as Ωε =Ω \ωε . Then, we assume that a given shape functional
ψ(χε(x̂)), associated to the topologically perturbed domain, admits the following
topological asymptotic expansion

ψ(χε(x̂)) = ψ(χ)+ f (ε)T (x̂)+ o( f (ε)) , (1.2)

where ψ(χ) is the shape functional associated to the reference (unperturbed) do-
main, f (ε) is a positive first order correction function of ψ , and o( f (ε)) is the
remainder, namely o( f (ε))/ f (ε)→ 0 with ε → 0. The function x̂ �→ T (x̂) is called
the topological derivative of ψ at x̂. Therefore, this derivative can be seen as a first
order correction of ψ(χ) to approximate ψ(χε(x̂)). In fact, after rearranging (1.2)
we have

ψ(χε(x̂))−ψ(χ)
f (ε)

= T (x̂)+
o( f (ε))

f (ε)
. (1.3)

The limit passage ε → 0 in the above expression leads to the general definition for
the topological derivative

T (x̂) := lim
ε→0

ψ(χε(x̂))−ψ(χ)
f (ε)

. (1.4)
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If we know that the functional ψ(χε(x̂)) admits the asymptotic expansion (1.2),
the applicability of this expansion depends on the procedure of evaluation of the
unknown function x̂ �→ T (x̂). In particular, we are looking for an explicit form for
the topological derivatives. Thus, this evaluation should be performed in such a way
that the explicitly given function x̂ �→ T (x̂) can be used in numerical methods of
shape optimization. Therefore, we need some properties of the shape functional and
of the asymptotic expansion in order to apply a simple method for evaluation of the
topological derivative. Actually, we need for these purposes the following frame-
work for the topological sensitivity analysis of a shape functional which accepts
(1.2) at a given reference domain Ω .

Condition 1.1. Let us suppose that the expansion (1.2) holds true. Then, the follow-
ing properties have to be fulfilled:

1. For fixed ε ∈ (0,ε0], with ε0 > 0, the shape (domain) functional ωε �→ J(Ωε) :=
ψ(χε(x̂)) is shape differentiable for x̂ ∈Ω . The shape differentiability means that
there is the shape gradient of ωε �→ J(Ωε) supported on the boundary or interface
∂ωε for a given ε ∈ (0,ε0].

2. The shape functional ε �→ j(ε) := ψ(χε(x̂)) is continuous with respect to topo-
logical perturbation at 0+, i.e., limε→0+ f (ε) = 0.

3. The function ε �→ f (ε) is continuously differentiable on (0,ε0].
4. The limit passage limε→0+ o( f (ε))/ f (ε) = 0 holds true.

Remark 1.1. According to Condition 1.1, we need the following ingredients for eval-
uation of topological derivatives:

• Classical shape sensitivity analysis [210].
• Asymptotic analysis of shape functionals in singularly perturbed domains [131,

160, 172, 177, 178, 179, 180].
• A formula for the topological derivative which can be applied in order to deter-

mine its explicit form [204, 205].

Since we are dealing with singular perturbations consisting of nucleation of holes,
the shape functionalsψ(χε(x̂)) and ψ(χ) are associated with topologically different
domains. Therefore, the evaluation of the limit (1.4) is not trivial in general. In par-
ticular, we need to perform an asymptotic analysis of the shape functional ψ(χε(x̂))
with respect to the small parameter ε . This is, in fact, the main concern of this
monograph. However, we will also consider regular perturbations in the form of nu-
cleation of inclusions. The singular case is much more complicated from the math-
ematical point of view than the regular one. Therefore, in order to emphasize this
difference, we will introduce specific notation for each case of topological perturba-
tion in the following chapters. Note, however, that for the shape functionalψ(χε(x̂))
we keep the same notation for both cases, i.e. we redefine ψ(χε) := JΩε (uε) and
ψ(χε) := Jχε (uε) for singular and regular perturbations, respectively, where uε
is solution to a perturbed boundary value problem. Despite their lack of rigor, we
believe these definitions will make the presentation easier to follow by avoiding a
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cumbersome notation. In the case of singular perturbations χε is in fact a character-
istic function, but this is not true in general. Therefore, function χε shall be defined
according to the context under consideration.

In order to fix these ideas, we present three simple examples. The first one con-
cerns singular domain perturbation. The second example is associated to regular
perturbation of the integrand coefficients. Finally, the last one shows that the topo-
logical derivative obeys the basic rules of differential calculus.

Example 1.1. Let us consider the shape functional

ψ(χε(x̂)) :=
∫

Ωε
g(x) , (1.5)

where χε(x̂) = 1Ω −1ωε(x̂) and Ωε =Ω \ωε . The function g : Rd →R is Lipschitz
continuous in ωε(x̂), i.e. |g(x)− g(x̂)| � C‖x− x̂‖, ∀x ∈ ωε(x̂), where C � 0 is the
Lipschitz constant. This is the case of singular domain perturbations. Since |ωε |→ 0
as ε → 0, we have

ψ(χ) :=
∫

Ω
g(x) . (1.6)

We are looking for an asymptotic expansion of the form (1.2), namely

ψ(χε(x̂)) =
∫

Ωε
g(x)+

∫

ωε
g(x)−

∫

ωε
g(x)

=

∫

Ω
g(x)−

∫

ωε
g(x)

= ψ(χ)−|ωε |g(x̂)+ o(|ωε |) . (1.7)

For the simple example, the term −g(x̂) is called the topological derivative of the
shape functional ψ , that is, T (x̂) =−g(x̂), and we recognize f (ε) = |ωε | ∼ εd .

Example 1.2. Let us now consider a shape functional of the form

ψ(χε(x̂)) :=
∫

Ω
gε(x) , (1.8)

where χε(x̂) = 1Ω − (1− γ)1ωε(x̂) and gε = χεg is defined as

gε(x) :=

{

g(x) if x ∈Ω \ωε(x̂)
γg(x) if x ∈ ωε (x̂)

, (1.9)

with a Lipschitz continuous function g in ωε (see Example 1.1). It means that the
set Ω includes the interface ∂ωε . This is the case of shape functionals depending on
the characteristic function of small sets. Since |ωε | → 0 as ε → 0, we have

ψ(χ) :=
∫

Ω
g(x) . (1.10)
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We are looking for an asymptotic expansion of the form (1.2), that is

ψ(χε(x̂)) =
∫

Ω\ωε
g(x)+

∫

ωε
γg(x)

=
∫

Ω\ωε
g(x)+

∫

ωε
γg(x)+

∫

ωε
g(x)−

∫

ωε
g(x)

=

∫

Ω
g(x)− (1− γ)

∫

ωε
g(x)

= ψ(χ)−|ωε |(1− γ)g(x̂)+ o(|ωε |) . (1.11)

For the simple example, the term −(1− γ)g(x̂) is called the topological derivative
of the shape functional ψ , that is, T (x̂) = −(1− γ)g(x̂), and we recognize f (ε) =
|ωε | ∼ εd . In addition, we note that for the limit case γ → 0, we have T (x̂) =−g(x̂).
It means that the first example can be seen as the singular limit of this last one.

Example 1.3. Let us consider two Lipschitz continuous functions g and h in ωε (see
Example 1.1). We are interested again in the case of singular domain perturbation of
the formΩε(x̂) =Ω \ωε(x̂). Then, according to Example 1.1, we have the following
results, for instance:

ψ(χ) :=

(
∫

Ω
g(x)

)α
⇒ T (x̂) =−αg(x̂)

(
∫

Ω
g(x)

)α−1

, (1.12)

with α ∈Z,

ψ(χ) :=
∫

Ω
g(x)

∫

Ω
h(x)⇒ T (x̂) =−g(x̂)

∫

Ω
h(x)− h(x̂)

∫

Ω
g(x) (1.13)

and

ψ(χ) :=
1
|Ω |

∫

Ω
g(x)⇒ T (x̂) =− 1

|Ω |2
(

g(x̂)|Ω |−
∫

Ω
g(x)

)

. (1.14)

Before proceed, we consider two examples for the second and the fourth order ordi-
nary differential equations, respectively. Thus, the examples concern the topological
derivatives in the simple case of one dimensional boundary value problems.

Example 1.4. Let us consider the second order ordinary differential equation

u′′ε (x) = 0 , 0 < x < 1 , (1.15)

with the boundary condition

uε(0) = 0 and u′ε(1) = 1 , (1.16)

and the transmission conditions over the interface

uε(ε+) = uε(ε−) and u′ε(ε
+) = γu′ε(ε

−) . (1.17)
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where γ ∈ R+ is the contrast. The above boundary value problem has an explicit
solution, namely {

uε(x) = x
γ , 0 < x � ε ,

uε(x) = x+ ε 1−γ
γ , ε < x < 1 .

(1.18)

Let us consider the shape functional

ψ(χε(x̂)) :=
∫ 1

0
γε(u′ε)

2 , (1.19)

where Ω = (0,1), χε(x̂) = 1Ω −(1−γ)1ωε (x̂), and γε := χε . It means that γε(x) = γ
for 0 < x � ε , and γε(x) = 1 for ε < x < 1. In addition we have

ψ(χ) :=
∫ 1

0
(u′)2 , (1.20)

where u is solution to the above boundary value problem for ε = 0, namely

u(x) = x . (1.21)

We are looking for an asymptotic expansion of the form (1.2). Therefore, we have

ψ(χε(x̂)) =
∫ ε

0
γ(u′ε)

2 +

∫ 1

ε
(u′ε)

2 = 1+ ε
1− γ
γ

= ψ(χ)+ |ωε | 1− γ
γ

. (1.22)

For the simple example, the topological derivative is given by

T (x̂) =
1− γ
γ

, (1.23)

with f (ε) = |ωε |= ε . In addition, we note that for the limit case γ →∞, T (x̂) =−1,
and for γ → 0 the topological derivative doesn’t exist. This is an intrinsic property
of one dimensional boundary value problems.

Example 1.5. Let us now consider a fourth order ordinary differential equation of
the form

u′′′′ε (x) = 0 , 0 < x < 1 , (1.24)

with boundary condition given by

uε(0) = u′ε(0) = u′′′ε (1) = 0 and u′′ε (1) = 1 , (1.25)

and transmission conditions of the form
uε(ε+) = uε(ε−) , u′ε(ε+) = u′ε(ε−) ,
u′′ε (ε+) = γu′′ε (ε−) , u′′′ε (ε+) = γu′′′ε (ε−) ,

(1.26)

where γ ∈R+ is the contrast. The above boundary value problem has explicit solu-
tion, namely {

uε(x) = x2

2γ , 0 < x � ε ,
uε(x) = x2

2 + ε 1−γ
2γ (2x− ε) , ε < x < 1 .

(1.27)
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Let us consider a shape functional of the form

ψ(χε(x̂)) :=
∫ 1

0
γε(u′′ε )

2 ,

where Ω = (0,1), χε(x̂) = 1Ω − (1− γ)1ωε (x̂) and γε := χε . It means that γε(x) = γ
for 0 < x � ε , and γε(x) = 1, for ε < x < 1. In addition we have

ψ(χ) :=
∫ 1

0
(u′′)2 , (1.28)

where u is solution to the above boundary value problem for ε = 0, namely

u(x) =
x2

2
. (1.29)

We are looking for an asymptotic expansion of the form (1.2). Therefore, we have

ψ(χε(x̂)) =
∫ ε

0
γ(u′′ε )

2 +

∫ 1

ε
(u′′ε )

2 = 1+ ε
1− γ
γ

= ψ(χ)+ |ωε | 1− γ
γ

. (1.30)

For the simple example, the topological derivative is given by

T (x̂) =
1− γ
γ

, (1.31)

with f (ε) = |ωε |= ε . In addition, we note that for the limit case γ →∞, T (x̂) =−1,
and for γ → 0 the singular limit is not defined.

Finally, in order to explain the significance of the topological derivative in shape
optimization we present an example whose global minimizer Ω � is known.

Example 1.6. Let BR = {‖x‖<R}⊂R2, with 1<R<∞, be a fixed hold all domain,
and consider the multiply connected admissible domains Ω ⊂ BR with the volume
constraints |Ω | � π(1−ρ2), where 0 < ρ < 1 is fixed. The shape functional is of
the tracking type

ψ(χ) =
∫

Ω
(u− zd)

2dx, (1.32)

where zd , defined in polar coordinate system (r,θ ) centered at the origin, is a given
function of r, namely

zd(r):=

⎧

⎨

⎩

0 for 0 < r � ρ ,
g(r) for ρ < r < 1 ,

0 for 1 � r < R ,
(1.33)

where
g(r) :=−(1− r)2(1+ 2r− 24r2) . (1.34)
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Fig. 1.2 Example with glo-
bal optimizer: geometrical
domains

(a) initial guess Ω

1
1/4

(b) optimal domain Ω�

The scalar field u is a solution to the following boundary value problem:
⎧

⎨

⎩

Find u, such that
−Δu = b in Ω ,

u = 0 on ∂Ω .
(1.35)

Here the source b is defined in polar coordinates as follows

b(r) :=−1
r
(rg′(r))′ . (1.36)

From the above elements, we can find:

• if the initial guess is the unit ball B = {‖x‖ < 1}, the shape gradient of ψ(χ) is
null;

• by computing the topological derivative of ψ(χ) at B and taking the condenser
type domain, the optimal domain is obtained from an analysis of the sign of the
topological derivative;

• optimal cost is null, therefore the optimal domain is the global minimizer.

Now, we give more details. Let us consider an optimal domain Ω � ⊂R2. It is given
by a ring of the form Ω � = B \Bρ , where Bρ is a ball centered at the origin with
radius ρ < 1. See fig. 1.2. We have constructed the source b in such way that the
solution u can be obtained explicitly as a function of r, namely

u(r) = g(r) for 0 < r < 1 . (1.37)

The graph of u(r) is plotted in fig. 1.3(a). The function zd is defined for ρ = 1/4 as
follows

zd(r):=

{

0 for 0 < r � ρ ,
u(r) for ρ < r < 1 .

(1.38)

The graph of zd(r) is shown in fig. 1.3(b), where the grey scale is used to denote
the region where the target functions is non-null. Therefore, the tracking type shape
functional is zero over the optimal domain Ω�. In fact the optimal solution u� =
u|Ω� = zd . The shape derivative of ψ(χ) is given by [210]

dψ(χ ;V) =−
∫

∂B
(∂nu ∂nv) n ·V . (1.39)
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In the above formula, V is the shape change velocity field [210] and v is solution to
the adjoint problem, namely

⎧

⎨

⎩

Find v, such that
−Δv = −(u− zd) in Ω = B ,

v = 0 on ∂B .
(1.40)

The solution to the above boundary value problem can also be obtained by hand as
a function of r. The graph of v(r) is shown in fig. 1.3(c). Thus, the shape derivative
of ψ(χ) can be calculated explicitly, which is given by dψ(χ ;V) = 0, since in
this particular case ∂nu|∂B

= u′(1) = 0. It means that the shape functional cannot be
improved by using the information provided by the shape derivative. On the other
hand, let us now compute the topological derivative, which is given by the following
formula for homogeneous Dirichlet boundary condition on the hole (see Section 4.1)

T (x̂) = u(x̂)v(x̂) ∀ x̂ ∈Ω = B . (1.41)

In this example, the topological derivative is a function of r given by T (r) =
u(r)v(r), for 0 < r < 1. The topological derivative is plotted in fig. 1.3(d), where
the grey scale is used to denote the region where T (r) is negative. It means that in
order to improve the shape functional, the hole must be nucleated at the center of
the disk. In addition, the threshold of the topological derivative, namely for r < ρ ,
gives information on the optimal size of the hole. In fact, once a hole of size ρ is
introduced, u� = u|Ω� = zd by construction, and the corresponding adjoint state v�

satisfies
⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find v�, such that
−Δv� = 0 in Ω� = B\Bρ ,

v� = 0 on ∂B ,
v� = 0 on ∂Bρ ,

(1.42)

which has a unique trivial solution v� = 0. Therefore, the optimal domain Ω� is
the global minimizer of the shape functional ψ(χ), since the optimality conditions
dψ(χ�;V) = 0 and T (x̂) � 0 ∀x̂ ∈ Ω � are fulfilled, provided that v� = 0, where
χ� is the characteristic function associated to Ω�, that is, χ� = 1B −1Bρ . In this
example, the global optimum was obtained in one step by using subsequently the
shape and the topological derivatives. This result is impossible to achieve by taking
into account only the shape derivative.

1.2 Relationship between Shape and Topological Derivatives

The topological derivative of a functional can be considered as the singular limit
of its shape derivative, so it is a generalization of the classical tool in shape opti-
mization. In order to fix this idea, let us present an example concerning the relation
between shape and topological derivatives.
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Fig. 1.3 Example with global optimizer: direct and adjoint solutions, target function and
topological derivative

Example 1.7. Let as consider a bar under torsion effects. The cross section of the
shaft is represented by an open bounded domain Ω ⊂R2, as shown in fig. 1.4. Fol-
lowing the Prandtl’s approach, we consider the complementary dissipation energy
shape functional of the form

ψ(χ) =
1
2

∫

Ω
‖∇u‖2 −

∫

Ω
bu , (1.43)

where the scalar field u is solution to the following boundary value problem
⎧

⎨

⎩

Find u, such that
−Δu = b in Ω ,

u = 0 on ∂Ω ,
(1.44)

with the constant b used to denote a rigid twist of the cross-section of the shaft. The
shape derivative of ψ(χ) is given by [210]

dψ(χ ;V) =
1
2

∫

∂Ω
(∂nu)2 n ·V , (1.45)



12 1 Introduction

Fig. 1.4 Cross section of a shaft under torsion effects: original and singulary perturbed
domains

where V is the shape change velocity field [210]. The topological asymptotic ex-
pansion for the above problem is known [185] and given by (see analogous results
in Section 4.1)

ψ(χε(x̂)) = ψ(χ)+πε2‖∇u(x̂)‖2 + o(ε2) ∀ x̂ ∈Ω , (1.46)

where we recognize the topological derivative as T (x̂) = ‖∇u(x̂)‖2. This last re-
sult can be extended to the boundary by using the odd extension of the problem,
as shown in fig. 1.4. In addition, since u = 0 on ∂Ω , then its tangential deriva-
tive vanishes on the boundary, namely ∂τu = 0 on ∂Ω . Therefore, the topological
asymptotic expansion on the boundary leads to

ψ(χε(x̂)) = ψ(χ)+
1
2
πε2(∂nu(x̂))2 + o(ε2) ∀ x̂ ∈ ∂Ω . (1.47)

It means that in this simple example, the topological derivative T (x̂) = 1
2 (∂nu(x̂))2

coincides with the density of the shape derivative at the point x̂ ∈ ∂Ω . This fact
motivates us to state the main result of this monograph.

1.2.1 The Topological-Shape Sensitivity Method

Now, the method of evaluation of topological derivatives is introduced. Such a
method should be sufficiently simple and robust. We restrict ourselves to the el-
liptic boundary value problems which are well understood from the point of view
of the asymptotic analysis in singularly perturbed domains. The proposed method
should be applicable to the cavities as well as to the inclusions, since both cases are
important for applications, in particular in solid and fluid mechanics. Among the
evaluation methods of topological derivatives for elliptic boundary value problems
currently available in the literature on numerical methods of shape optimization
(see, for instance, [11, 130, 213]), we adopt the methodology developed in [184],
which uses the following properties of the shape functional under considerations.

Proposition 1.1. Let ψ(χε(x̂)) be the shape functional associated to the topologi-
cally perturbed domain, which admits, for ε small enough, the topological asymp-
totic expansion of the form
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ψ(χε(x̂)) = ψ(χ)+ f (ε)T (x̂)+R( f (ε)) , (1.48)

where ψ(χ) is the shape functional associated to the original (unperturbed) do-
main, the positive function f (ε) is such that f (ε)→ 0, with ε → 0, and the function
T (x̂) is the topological derivative of the shape functional ψ . We assume that the re-
mainder R( f (ε)) = o( f (ε)) has the following additional property R ′( f (ε)) → 0,
when ε → 0. Then, the topological derivative can be written as

T (x̂) = lim
ε→0

1
f ′(ε)

d
dε

ψ(χε(x̂)) , (1.49)

where d
dε ψ(χε(x̂)) is the (shape) derivative of ψ(χε(x̂)) with respect to the small

positive parameter ε .

Proof. Let us calculate the total derivative of the expansion (1.48) with respect to
the real parameter ε , that is

d
dε

ψ(χε(x̂)) = f ′(ε)T (x̂)+R ′( f (ε)) f ′(ε) . (1.50)

After division by f ′(ε) we have

T (x̂) =
1

f ′(ε)
d

dε
ψ(χε(x̂))−R ′( f (ε)) . (1.51)

Finally, by taking the limit ε → 0 in the above expression, the result holds provided
that R ′( f (ε))→ 0, when ε → 0. �

Remark 1.2. We propose here a simple method for evaluation of topological deriva-
tives, which can be used for elliptic boundary value problems. The method relies on
the properties of the compound asymptotic expansions obtained for the solutions of
elliptic boundary value problems in singularly perturbed domains. In order to apply
the method, the required convergence of the remainders

R ′( f (ε))→ 0, for ε → 0 (1.52)

should be verified in each specific case of a shape functional considered for the
boundary value problems defined in singularly perturbed geometrical domains. Ac-
tually, the convergence follows by the property of the asymptotic expansions of solu-
tions which can be differentiated term by term under the appropriate decrease order
rule for the remainders of the expansions. It means that the procedure presented in
the above proposition for the evaluation of the topological derivative can be per-
formed for the boundary value problems which enjoy such a property. We point out
that this property is positively confirmed for a class of second order elliptic bound-
ary value problems considered in [172]. However, we also refer to [172] for some
counterexamples on the lack of topological differentiability. In particular, it seems
that such a property cannot be confirmed for hyperbolic boundary value problems
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Fig. 1.5 Uniform expansion
of the perturbation ωε

which makes the evaluation of topological derivatives much more involved, when it
is possible.

The derivative of ψ(χε(x̂)) with respect to ε can be seen as the sensitivity of
ψ(χε(x̂)), in the classical sense [50, 210], to the domain variation produced by an
uniform expansion of the perturbation ωε , as shown in fig. 1.5. In fact, we have

d
dε

ψ(χε(x̂)) = lim
t→0

ψ(χε+t(x̂))−ψ(χε(x̂))
t

, (1.53)

where ε > 0 and ψ(χε+t(x̂)) is the shape functional associated to the perturbed
domain, whose perturbation is given by ωε+t . Therefore, since ψ(χε+t(x̂)) and
ψ(χε(x̂)) are now associated to topologically identical domains, we can use the con-
cept of shape sensitivity analysis as an intermediate step in the topological derivative
calculation. We will see later that this procedure enormously simplifies the analysis.

1.2.2 An Example of Topological Derivative Evaluation

Before conclude this chapter, let us present a last example concerning the simplest
case of topological perturbation. It is given by a perturbation on the right hand side
of a boundary value problem, which can be seen as a simple variant of the singulary
perturbed domain. In particular we will compute the topological derivative by using
the result stated through Proposition 1.1.

Example 1.8. Let us consider again the tracking type shape functional, which is use-
ful in many practical applications such as optimal control and image processing. It
is given by a functional of the form

ψ(χ) =
1
2

∫

Ω
(u− zd)

2 , (1.54)

where Ω ⊂ R2, zd is the target function, and the scalar field u is a solution to the
following variational problem

{

Find u ∈ H1
0 (Ω), such that

∫

Ω
∇u ·∇η =

∫

Ω
bη ∀η ∈ H1

0 (Ω) .
(1.55)
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Now, we introduce a topological perturbation on the source term of the form bε =
χεb, with χε(x̂) = 1Ω − (1− γ)1Bε(x̂). Therefore the perturbed source term bε reads

bε(x) :=

{

b(x) if x ∈Ω \Bε(x̂) ,
γb(x) if x ∈ Bε(x̂) ,

(1.56)

with γ used to denote the contrast on the source term. In order to simplify the presen-
tation of this simple example, we have assumed that the source term b(x) is constant
in the neighborhood of the point x̂. Therefore, the shape functional associated to the
perturbed problem is defined as

ψ(χε) =
1
2

∫

Ω
(uε − zd)

2 , (1.57)

where uε is solution to the following variational problem

{

Find uε ∈ H1
0 (Ω), such that

∫

Ω
∇uε ·∇η =

∫

Ω
bεη ∀η ∈ H1

0 (Ω) .
(1.58)

Lemma 1.1. Let the remainder be ũε = uε − u, where u and uε are solutions to
(1.55) and (1.58), respectively. Then, we have the following estimate for ũε

‖ũε‖H1(Ω) �Cε , (1.59)

with constant C independent of the small parameter ε .

Proof. We start by recalling that bε = b in Ω \Bε and bε = γb in Bε . Thus, the right
hand side of (1.58) can be written as

∫

Ω
bεη =

∫

Ω\Bε
bη+ γ

∫

Bε
bη±

∫

Bε
bη

=

∫

Ω
bη− (1− γ)

∫

Bε
bη . (1.60)

After subtracting the variational problems (1.58) and (1.55), we obtain

ũε ∈ H1
0 (Ω) :

∫

Ω
∇ũε ·∇η =−(1− γ)

∫

Bε
bη ∀η ∈ H1

0 (Ω) , (1.61)

with ũε = uε − u. Now, by taking η = ũε in the above equation we have
∫

Ω
‖∇ũε‖2 =−(1− γ)

∫

Bε
bũε . (1.62)



16 1 Introduction

From the Cauchy-Schwarz inequality, we obtain
∫

Ω
‖∇ũε‖2 � C1‖b‖L2(Bε)‖ũε‖L2(Bε)

� C2ε‖ũε‖L2(Bε)

� C3ε‖ũε‖H1(Ω) , (1.63)

where we have used the continuity of the function b at the point x̂ ∈Ω . Finally, from
the coercivity of the bilinear form on the left hand side of (1.61), namely,

c‖ũε‖2
H1(Ω) �

∫

Ω
‖∇ũε‖2 , (1.64)

we have
c‖ũε‖H1(Ω) �C3ε , (1.65)

which leads to the result, with C =C3/c. �

Remark 1.3. The previous result can be slightly improved by using the Hölder in-
equality together with the Sobolev embedding theorem. In fact, we can find an es-
timate for the remainder ũε of the form ‖ũε‖H1(Ω) � Cε1+δ , with δ > 0 small. In
particular, for 1/p+ 1/q= 1, we have

‖ũε‖L2(Bε) �
[

(
∫

Bε
(|ũε |2)p

) 1
p
(
∫

Bε
1q
) 1

q
]

1
2

= π1/2qε1/q
(
∫

Bε
|ũε |2p

) 1
2p

= π1/2qε1/q‖ũε‖L2p(Bε )

= π1/2qε1/q‖ũε‖L2q/(q−1)(Bε)

� Cεδ ‖ũε‖H1(Ω) , (1.66)

where p = q/(q− 1), with q > 1, and δ = 1/q.

Before proceed, we introduce the adjoint state vε for further simplification. It is
solution to the following variational problem

{

Find vε ∈ H1
0 (Ω), such that

∫

Ω
∇vε ·∇η =−

∫

Ω
(uε − zd)η ∀η ∈ H1

0 (Ω) .
(1.67)

In addition, the adjoint state associated to the unperturbed problem is given by taking
ε = 0 in the previous equation. Namely, v is the solution to the adjoint equation of
the form

{

Find v ∈ H1
0 (Ω), such that

∫

Ω
∇v ·∇η =−

∫

Ω
(u− zd)η ∀η ∈ H1

0 (Ω) .
(1.68)
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Lemma 1.2. Let be ṽε = vε − v, where v and vε are solutions to (1.68) and (1.67),
respectively. Then, we have the following estimate for ṽε

‖ṽε‖H1(Ω) �Cε , (1.69)

with constant C independent of the small parameter ε .

Proof. Let us subtract the variational problems (1.67) and (1.68), which leads to

ṽε ∈ H1
0 (Ω) :

∫

Ω
∇ṽε ·∇η =−

∫

Ω
ũεη ∀η ∈ H1

0 (Ω) , (1.70)

with ṽε = vε − v and ũε = uε − u. By taking η = ṽε in the above equation we have
∫

Ω
‖∇ṽε‖2 =−

∫

Ω
ũε ṽε . (1.71)

From the Cauchy-Schwarz inequality, we obtain
∫

Ω
‖∇ṽε‖2 � ‖ũε‖L2(Ω)‖ṽε‖L2(Ω)

� ‖ũε‖H1(Ω)‖ṽε‖H1(Ω)

� C1ε‖ṽε‖H1(Ω) , (1.72)

where we have used the result (1.59). Finally, from the coercivity of the bilinear
form on the left hand side of (1.70), namely,

c‖ṽε‖2
H1(Ω) �

∫

Ω
‖∇ṽε‖2 , (1.73)

we have
c‖ṽε‖H1(Ω) �C1ε , (1.74)

which leads to the result, with C =C1/c. �

In this particular case, the geometrical domain remains fixed and the application of
the result given by Proposition 1.1 is straightforward. In fact, let us calculate the
derivative of the shape functional with respect to the small parameter ε , leading to

ψ̇(χε ) =
∫

Ω
(uε − zd)u̇ε , (1.75)

where the overhead dot is used to denote the total derivative with respect to ε .
Since the above equation involves u̇ε , we need to calculate the derivative of the state
equation (1.58) with respect to ε .

Note 1.1. In this case of regular perturbations of the domain, it is easy to see
that the shape functional ε �→ ψ(χε) is differentiable for ε > 0, ε small enough.
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Indeed, assuming that Bε = {‖x‖ < ε}, by the passage to polar coordinates and
differentiation of the resulting parametric integral with respect to ε , the real function
of one variable

ε �→
∫

Bε
g (1.76)

is differentiable on (0,ε0] for ε0 > 0, ε0 small enough, and the derivative is contin-
uous and given by the boundary integral over ∂Bε = {‖x‖= ε}. Hence we have the
first order Taylor’s expansion

∫

Bε+t

g =
∫

Bε
g+ t

∫

∂Bε
g+ o(t) . (1.77)

Thus, the weak solution to (1.58) is also differentiable in H1
0 (Ω) with respect to ε

by an application of the implicit function theorem. In fact, by recalling that bε = b
in Ω \Bε and bε = γb in Bε , we can rewrite the right hand side of (1.58) as follows

∫

Ω
bεη =

∫

Ω
bη− (1− γ)

∫

Bε
bη . (1.78)

Whence the function ε �→ uε admits the derivative u̇ε ∈ H1
0 (Ω) with respect to ε ∈

(0,ε0] of the form

uε+t(x) = uε(x)+ tu̇ε(x)+ o(t) x ∈Ω , (1.79)

where u̇ε is given by the solution of the equation in variations
⎧

⎨

⎩

Find u̇ε ∈ H1
0 (Ω), such that

∫

Ω
∇u̇ε ·∇η = (γ− 1)

∫

∂Bε
bη ∀η ∈ H1

0 (Ω) .
(1.80)

We can now turn back to the shape functional and obtain its expansion in ε with
help of an appropriate adjoint state. Since u̇ε ∈ H1

0 (Ω), we can take η = u̇ε as test
function in the adjoint equation (1.67) and η = vε as test function in (1.80), which
leads to

∫

Ω
∇u̇ε ·∇vε = −(1− γ)

∫

∂Bε
bvε (1.81)

and
∫

Ω
∇vε ·∇u̇ε =−

∫

Ω
(uε − zd)u̇ε . (1.82)

By comparing both equations, we obtain the following important result
∫

Ω
(uε − zd)u̇ε = (1− γ)

∫

∂Bε
bvε . (1.83)
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Therefore, the derivative of the shape functional is given by

ψ̇(χε) = (1− γ)
∫

∂Bε
bvε = (1− γ)

∫

∂Bε
bv+(1− γ)

∫

∂Bε
bṽε , (1.84)

where ṽε = vε −v. For the first integral on the right hand side in the above equation,
the following expansion in power of ε holds

(1− γ)
∫

∂Bε
bv = 2πε(1− γ)b(x̂)v(x̂)+ o(ε) , (1.85)

where we have used the continuity of the function b at the point x̂ ∈ Ω and the
interior elliptic regularity of the solution v. Finally, from the result (1.69), the second
integral is

(1− γ)
∫

∂Bε
bṽε = o(ε) . (1.86)

Therefore, the following expansion in power of ε for the derivative of the shape
functional holds

ψ̇(χε) = 2πε(1− γ)b(x̂)v(x̂)+ o(ε) . (1.87)

The above result together with the relation between shape and topological derivative
given by (1.49) yields

T (x̂) = lim
ε→0

1
f ′(ε)

(2πε(1− γ)b(x̂)v(x̂)+ o(ε)) . (1.88)

Now, in order to identify the leading term of the above expansion, we choose f (ε) =
πε2, which leads to the final formula for the topological derivative, namely

T (x̂) = (1− γ)b(x̂)v(x̂) . (1.89)

We note that the expansion (1.87) holds the hypothesis of Proposition 1.1, namely
R ′( f (ε)) = o(ε)/ε → 0, when ε → 0.

Remark 1.4. This kind of topological perturbation, namely on the right hand side
of a boundary value problem, can be handle by using very simple arguments. In
particular, we have used only the well-posedness properties of the boundary value
problems. Therefore, in this framework, we can consider even some classes of
nonlinear problems. However, this monograph is dedicated mainly to the case of
singular domain perturbation, such as the one produced by nucleation of holes.
The mathematical treatment to this kind of topological perturbation is much more
involved and will be deeper discussed in what follows.
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1.3 Monograph Organization

The topological derivative is introduced in Section 1.2 as the singular limit of shape
derivatives with respect to a small parameter. The proposed method of evaluation
is constructive for elliptic boundary value problems and it seems to be the simplest
way to derive one term asymptotics for shape functionals [205]. The small parame-
ter of asymptotic analysis measures the size of singular (topological) or configura-
tional (regular) domain perturbations. This means that in the associated numerical
optimization procedure the changes of the material properties or of the geometrical
domain by creation of small inclusions or voids are allowed in order to improve the
shape design for a given shape functional to be minimized. In our framework of the
topological-shape sensitivity analysis there are combined the well known methods
of mathematics and continuum mechanics:

• The material and shape derivatives in variable geometrical domains are devel-
oped in the setting of continuum mechanics (Chapter 2). The Eshelby energy-
momentum tensor concept naturally appears in the shape sensitivity analysis
derivation.

• The shape sensitivity analysis of classical calculus of variations is recalled in
great detail (Chapter 3) and then used (Chapter 11). There are defined the impor-
tant concepts of the material and shape derivatives for weak and strong solutions
(in the scale of Sobolev or Kondratiev spaces) to partial differential equations of
elliptic type and of the shape gradients for the associated integral functionals.

• The asymptotic analysis of boundary value problems in singularly perturbed ge-
ometrical domains (Chapters 9 and 10) coming from the theory of partial differ-
ential equations of elliptic type is applied. The compound asymptotics method
in the weighted Kondratiev spaces is used for approximation of singularly per-
turbed solutions to the elliptic boundary value problems. As a result, the rigorous
derivation of the asymptotics for shape functionals is provided.

• The evaluation of the closed form of the topological derivatives is performed for
shape functionals associated with linear elliptic boundary value problems (Chap-
ters 4–8). The obtained formulae are easy to implement and turn out to be useful
for numerical solution of the applied shape and topology optimization problems.
The method of evaluation is extended, with full proofs, to some nonlinear bound-
ary value problems important for applications, namely, semilinear (Chapter 10)
and nonsmooth (Chapter 11) problems.

Shape sensitivity analysis is introduced in Chapter 2 from the continuum mechanics
point of view. The framework for such an analysis includes the Reynolds’ transport
theorem combined with the material derivatives of spacial fields in mechanics. The
Eshelby energy-momentum tensor is derived in the context of analysis of defects in
three-dimensional elastic bodies.

The shape derivatives which describe the dependence of solutions to elliptic
boundary value problems with respect to the boundary variations of the geomet-
rical domains are investigated in Chapter 3. The variational solutions of bound-
ary value problems are considered in the scale of Sobolev spaces. The shape and
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material derivatives are obtained for weak and strong solutions of the elliptic bound-
ary value problems. The elliptic regularity results apply to the regularity of shape
and material derivatives which obviously depends on the regularity of the data,
including the domain, sources and boundary conditions.

The topological-shape sensitivity analysis of the energy shape functionals with
respect to singular and regular domain perturbations is performed in Chapter 4, for
the perturbations in the form of small holes, and in Chapter 5, for the perturbations in
the form of inclusions with appropriated transmission conditions. The closed form
of topological derivatives is obtained for the Poisson, Navier and Kirchhoff elliptic
problems.

In Chapter 6 the topological derivatives are obtained for a general class of shape
functionals. For the shape functionals not being of energy type, the adjoint method is
required in order to simplify the formulae for the shape gradients and the topological
derivatives. A generalization of the Eshelby-energy momentum tensor depending on
the direct and adjoint states is introduced for the problem under consideration.

In Chapter 7 the energy asymptotics for orthotropic materials with respect to the
small parameter governing the nucleation of an inclusion is constructed in order to
evaluate the topological derivative. The obtained result contains as a particular case
the isotropic material.

The results presented in Chapter 8 are important for applications in structural me-
chanics. Namely, the analysis of singular energy perturbation in the form of small
spherical cavities in three spatial dimensions is performed in this chapter. The closed
forms of the topological derivatives for the energy functional are obtained for two
constitutive models. The first one concerns the classical linear elasticity. The sec-
ond model is introduced in Section 8.6, it is a multi-scale constitutive model. The
topological sensitivity analysis of the energy functional for the multi-scale constitu-
tive model leads to the topological derivative of the homogenized elasticity tensor,
which is useful for the purpose of synthesis and optimal design of microstructures.

In Chapter 9, the asymptotics of simple and multiple eigenvalues of elliptic spec-
tral problems are introduced. The cases of voids close and far from the boundary are
analyzed in all details, and the full proofs of the results presented are provided in the
framework of the compound asymptotic method. The asymptotics of multiple eigen-
values are investigated using Lemma A.1 of Appendix A on almost eigenvalues and
eigenvectors. The case of simple eigenvalues turns out to be easy and it is consid-
ered in Section 9.2 for a scalar spectral problem in three spatial dimensions and the
cavities located far from the boundary. The cavities located close to the boundary
are considered in Section 9.3 for a scalar spectral problem and in Section 9.4 for
the elasticity spectral problem. The asymptotics for the scalar and elasticity spectral
problems are presented in Appendices B and C, respectively. The polarization ten-
sor and its properties are derived in Appendix D in the context of three-dimensional
elasticity.

The topological derivatives for semilinear elliptic boundary value problems are
obtained in Chapter 10 by the compound asymptotic method in singularly perturbed
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geometrical domains. Since there are very few results on topological derivatives for
nonlinear problems available in the literature, the full proofs of the derived results
are presented in Appendix E.

The topological derivatives for variational inequalities including the Signorini
problem and the frictionless contact problems in elasticity are derived in Chapter
11. This is also a solution to a challenging problem in topological and shape sen-
sitivity analysis, since the standard approach of asymptotic analysis requires in this
particular case the hypothesis of strict complementarity to be fulfilled. The proposed
method which avoids such a restrictive hypothesis combines the domain decom-
position method with the Hadamard differentiability of solutions to the unilateral
problems with respect to the data. The abstract result of this sort is presented in
Appendix F.

Some useful basic results of tensor calculus are included in Appendix G for the
reader convenience. In particular, inner, vector and tensor products are defined. In
addition, gradient, divergence and curl formulae, together with some integral theo-
rems, are presented. Finally, some useful decompositions in curvilinear, polar and
spherical coordinate systems are provided.

The main idea of the monograph is the presentation of topological derivatives for
a wide class of elliptic problems with the applications in numerical methods of shape
and topology optimization, accessible for both communities of applied mathematics
and computational mechanics.
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1.4 Exercises

1. Show that the remainder of the topological asymptotic expansion in Example 1.1
behaves like o(εd).

2. Let us consider one more term in the topological asymptotic expansion of the
form

ψ(χε(x̂)) = ψ(χ)+ f (ε)T (x̂)+ f2(ε)T 2(x̂)+ o( f2(ε)) ,

where f2(ε) is such that

lim
ε→0

f2(ε)
f (ε)

= 0 .

Then, T (x̂) and T 2(x̂) are the first and second order topological derivatives of
ψ , respectively. Suppose that the function g(x) in Example 1.2 is of class C2(Ω),
with its second order gradient Lipschitz continuous in ωε (∃C � 0 : ‖∇∇g(x)−
∇∇g(x̂)‖ � C‖x− x̂‖, ∀x ∈ ωε ). Consider the particular case associated to the
nucleation of a circular inclusion of the form ωε(x̂) = Bε(x̂), with Bε(x̂) used to
denote a ball of radius ε and center at x̂ ∈Ω , with Ω ⊂R2. Then, show that the
topological asymptotic expansion of the functional ψ(χε(x̂)) is given by

ψ(χε(x̂)) = ψ(χ)− (1− γ)πε2g(x̂)− 1− γ
8

πε4Δg(x̂)+ o(ε4) .

3. Using the definition for the topological derivative given by (1.2), show the results
presented in Example 1.3.

4. Repeat Example 1.4 with the following conditions: −u′′(x) = 1 for 0 < x < 1 and
u(0) = u′(1) = 0.

5. Repeat Example 1.5 with the following conditions: −u′′′′(x) = 0 for 0 < x < 1,
u(0) = u′(0) = u′′(1) = 0 and u′′′(1) = 1.

6. Find the functions b(r), v(r) and T (r) in Example 1.6.
7. Let us consider Example 1.7 for the particular case of a shaft with circular cross

section, with Ω = B1, where B1 is a ball of radius 1 and center at the origin (see
fig. 1.6(a)). Consider a singulary perturbed domain of the form Ωε = Ω \Bε ,
where Bε is a ball of radius ε and center on ∂Ω (see fig. 1.6(b)). Show that
the topological asymptotic expansion of the complementary dissipation energy
is given by

ψ(χε) =−π
b2

16
+πε2 b2

8
+ o(ε2) .

Compare the above expansion with the general result given by (1.47). Hint: use
the polar coordinate systems as shown in fig. 1.6. The closed solutions to both
original and perturbed problems are respectively given by

u(r) =
b
4
(1− r2) and uε(ρ ,φ) =−b

4
(ρ2 − ε2)

(

1− 2
ρ

cosφ
)

.
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Fig. 1.6 Shaft with circular
cross section under torsion
effects: original and singu-
lary perturbed domains

(a) unperturbed domain (b) perturbed domain

8. By taking into account Example 1.8:

a. Show that the expansions (1.85) and (1.86) hold.
b. Replace the tracking type shape functional by the total potential energy,

namely

ψ(χ) =
1
2

∫

Ω
‖∇u‖2 −

∫

Ω
bu ,

and repeat the same steps to obtain the associated topological derivative. Re-
peat the derivation by using directly the definition (1.2) for the topological
asymptotic expansion.

c. Take the total potential energy defined in a disk B1 of unity radius and center at
the origin, submitted to a constant source-term b. As topological perturbation,
consider the particular case given by

bε(x) :=

{

b if x ∈ B1 \Bε ,
γb if x ∈ Bε ,

where Bε is a disk of radius ε and center at the origin. Then, develop ψ(χε) in
power of ε around the origin and compare with the previous obtained result.



Chapter 2
Domain Derivation in Continuum Mechanics

In this chapter the formal shape sensitivity analysis is performed in the setting of
continuum mechanics. The word formal is used in the sense that all objects are as-
sumed to be sufficiently smooth. It means that we do not state smoothness hypothe-
ses, since standard differentiability assumptions sufficient to make an argument
rigorous are generally obvious to mathematicians and of little interest to engineers
and physicists. In addition, we do not employ any function spaces setting for all
the developments. The case of elliptic boundary value problems is considered sepa-
rately in Chapter 3 in the framework of the variational solutions in functional spaces.
Therefore the required results on the shape and material derivatives are proved
e.g. in [210] by an application of the so-called speed method. The demand on shape
sensitivity analysis for our purposes of the topological differentiability is not in-
volved, since we restrict ourselves to the shape gradients of the energy type shape
functionals for the elliptic boundary value problems with the absence of singulari-
ties. We refer to Chapter 3 for a presentation of the complete arguments on shape
differentiability for the solutions of the Poisson, Kirchhoff plate, linear elasticity.
These results are of independent interest and the proofs are borrowed from the
monograph [210]. The results on boundary value problems of fluid mechanics are
formally obtained by the method proposed in [196].

The shape functional, the constraints and the state equations are written in gen-
eral as domain and/or boundary integrals, whose integrands may depend on scalar
and/or vector fields and their gradients of first or second orders, etc. The shape sen-
sitivity analysis concerns the study of the behavior of these functionals with respect
to shape perturbations in the geometrical domain of the problem definition. In order
to obtain the sensitivity (derivative) of the shape functional under consideration with
respect to shape perturbations, it is sufficient to adequately parameterize the mov-
ing boundaries and apply the concept of Gâteaux and Fréchet derivatives together
with material derivatives of spatial fields and the Reynold’s transport theorem. In
this chapter, therefore, we present the basic tools to perform the shape sensitivity
analysis from the continuum mechanics point of view, leading to a systematic and
general methodology applicable to a wide range of problems.
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Fig. 2.1 Mapping Tt between the original (material) Ω and the perturbed (spacial) Ωt

domains

From historical point of view, a remarkable development of this field was ob-
served during the conference Optimization of Distributed Parameters Structures,
held in 1981 [89], mainly due to the works by Céa [43] and Zolésio [219]. These
papers describe the mathematical foundation of the shape sensitivity analysis in
the Sobolev spaces by a smooth boundary variation technique (see also Haslinger
& Neittaanmäki 1988 [88], Sokołowski & Zolésio 1992 [210], Delfour & Zolésio
2001 [50] and Henrot & Pierre 2005 [91]). Furthermore, it is possible to establish a
closed relation between shape sensitivity analysis and modern continuum mechan-
ics theory (see, for instance, [214]), which is discussed at the end of this chapter
through an example on the analysis of defects in three-dimensional elastic bodies.

2.1 Material and Spatial Descriptions

Let us consider an open and bounded domain Ω ⊂Rd , with d � 2, whose boundary,
denoted by Γ := ∂Ω , is smooth enough, i.e., class C2 or Lipschitz boundaries shall
be sufficient for our purposes. We assume that the domain Ω is subject to a smooth
perturbation (its topology is preserved) represented by a smooth and invertible map-
ping denoted by Tt(X), where X ∈Ω and t ∈ [0,δ ), with δ ∈R+. Then, for each t,
we have

Tt : Ω →Ωt with T
−1
t : Ωt →Ω . (2.1)

Thus, the perturbed domain Ωt , bounded by Γt := ∂Ωt , parameterized through t, can
be written as (see fig. 2.1)

Ωt :=
{

x ∈Rd : x = Tt(X), X ∈Ω and t ∈ [0,δ )
}

. (2.2)

Therefore, x|t=0
= Tt(X)|t=0

= X and Ωt |t=0
=Ω .

By using the classical notation from the continuum mechanics (Gurtin 1981
[82]), Ω and Ωt represent the material and spatial configurations, respectively.
In addition, X ∈ Ω and x ∈ Ωt are also referred as the Lagrangian and Eule-
rian coordinates, respectively. Therefore, we consider the reference domain Ω with
the Lagrangian coordinate system, and the variable domain Ωt equipped with the
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Eulerian coordinate system. The domain Ωt is constructed in the form of the flow
of a given velocity field.

The spatial differential element dx (defined in Ωt ) is associated to the material
differential element dX (defined in Ω ) as

x = Tt(X) ⇒ dx = ∂XTt(X)dX , (2.3)

which can be written in a compact form as

J(X , t):=∂XTt(X) ⇒ dx = JdX , (2.4)

where J can be interpreted as the Jacobian transformation tensor of Ω to Ωt . We
can differentiate the mapping Tt(X) with respect to t, to obtain

x = Tt(X) ⇒ ẋ := ∂tTt(X) =V(X , t) , (2.5)

where, by an analogy with the continuum mechanics, V(X , t) can be seen as the
material description of the velocity field characterizing the shape change of the body.

Remark 2.1. In Chapter 3 the Jacobian domain transformation tensor J(X , t) is
specified for the mapping Tt and represented by the matrix function DTt . Its de-
terminant is denoted by g(t) = det(DTt). We have also an appropriate notation for
the boundary Jacobian in the case of the transformation Tt .

Remark 2.2. In Chapter 3 we use the notation V(x, t):=Vt(x) for the velocity field
written in the Eulerian coordinates. The associated homeomorphism Tt : Rd �→Rd

is always written in the Lagrangian coordinates. The mapping Tt actually depends
on the velocity vector field V and the real variable t, and it defines Ωt = Tt(Ω). For
the evaluation of the topological derivatives of the energy functionals in perturbed
domains with the smooth inclusions, voids or cavities, in our framework the normal
component of the field V on the moving boundary or interface is usually given
by the negative outward normal vector −n. But it is the only simplification in our
procedure, since the shape gradient of the energy functional should be determined
in its full generality for our purposes.

The complete dependence of the material X ∈ Ω and spatial x ∈ Ωt points with
respect to the parameter t is respectively given by

T
−1
t (Tt(X)) = X and Tt(T

−1
t (x)) = x . (2.6)

Therefore, given two functions g(X , t) and h(x, t), we respectively denote their spa-
tial and material descriptions as follows

gt(x) := g(T−1
t (x), t) and ht(X) := h(Tt(X), t) . (2.7)

Let us introduceϕt and ϕt to denote the material and spatial descriptions of a (scalar,
vector or tensor) field ϕ , respectively. Then, the spatial description of the material
field ϕt is defined as
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[ϕt ]t(x) := ϕt(T−1
t (x)) . (2.8)

In the same way, the material description of the spatial field ϕt is written as

[ϕt ]
t(X) := ϕt(Tt(X)) . (2.9)

By combining (2.8) and (2.9), we obtain

ϕt(X) = [ϕt(x)]
t = ϕt(x)|x=Tt (X)

, (2.10)

ϕt(x) = [ϕt(X)]t = ϕt(X)|
X=T−1

t (x)
, (2.11)

leading to

ϕt = [ϕt ]
t =

[

[ϕt ]t
]t

and ϕt = [ϕt ]t =
[

[ϕt ]
t]

t . (2.12)

The following notation for composed functions is often used

ϕt(X) = (ϕt ◦Tt)(X) and ϕt(x) = (ϕt ◦T−1
t )(x) , (2.13)

which can be found in many references on the subject (see, for instance, the books
by Sokołowski & Zolésio 1992 [210] and Delfour & Zolésio 2001 [50]).

2.1.1 Gradient of Scalar Fields

Let ϕt and ϕt be the material and spatial descriptions of a scalar field ϕ , respectively.
Then, we can calculate the total differential of ϕt and ϕt , namely

dϕt = ∂Xϕt ·dX = ∇Xϕt ·dX and dϕt = ∂xϕt ·dx = ∇xϕt ·dx , (2.14)

where ∇X := ∂X and ∇x := ∂x are gradients with respect to Lagrangian and Eulerian
coordinates, respectively. Thus, since dϕt = [dϕt ]

t , the relation between ∇Xϕt and
∇xϕt can be obtained as follows

[dϕt ]
t = [∇xϕt ·dx]t = [∇xϕt ]

t ·JdX

= J�[∇xϕt ]
t ·dX ⇒ ∇Xϕt = J

�[∇xϕt ]
t . (2.15)

2.1.2 Gradient of Vector Fields

Let ϕt and ϕt be the material and spatial descriptions of a vector field ϕ , respectively.
Then, we can calculate the total differential of ϕt and ϕt , that is

dϕt = (∂Xϕt)dX = (∇Xϕt)dX and dϕt = (∂xϕt)dx = (∇xϕt)dx , (2.16)
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where ∇X := ∂X and ∇x := ∂x. Thus, since dϕt = [dϕt ]
t , the relation between ∇Xϕt

and ∇xϕt is given by

[dϕt ]
t = [(∇xϕt)dx]t = [∇xϕt ]

t
JdX ⇒ ∇Xϕt = [∇xϕt ]

t
J . (2.17)

2.1.3 Spatial Description of Velocity Fields

The material description of the velocity field is obtained by differentiation of the
mapping X �→ Tt(X) with respect to the parameter t (cf. equation (2.5)). On the
other hand, to obtain the spatial description of the velocity field, we need to transport
its material description V(X , t) to the spatial configuration Ωt . Thus, the spatial
description of the velocity field is defined as

Vt(x):=V(T−1
t (x), t) = ∂tTt(X)|

X=T−1
t (x)

. (2.18)

Therefore, the material and spatial descriptions of a velocity field are respectively
given by (2.5) and (2.18). In addition, at t = 0, we observe that

Vt(x)|t=0
=V(X ,0) . (2.19)

Taking into account (2.17) for the particular case in which the vector field ϕ is the
shape change velocity V, we have

∇XV= [∇xVt ]
t
J , (2.20)

which can be written in a compact form by introducing the following notation

L := ∇XV and Lt := ∇xVt , (2.21)

leading to
L = [Lt ]

t
J . (2.22)

In addition

tr(L) = I ·∇XV= divXV and tr(Lt) = I ·∇xVt = divxVt . (2.23)

Remark 2.3. In the matrix notation of Chapter 3 the gradient with respect to the La-
grangian coordinates of a function depending on the Eulerian coordinates is written
in the following way

D(ϕ ◦Tt) = DTt(Dϕ ◦Tt) . (2.24)

Such a transformation is used for the transport of the gradient from the domain Ωt

to the reference domain Ω , for example. The material derivatives of solutions to
the boundary value problems in variational form can be evaluated in the reference
domain Ω .
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2.2 Material Derivatives of Spatial Fields

As already mentioned, the shape functional, the constraints and the state equations
are in general written as domain and/or boundary integrals, whose integrands may
depend on scalar and/or vector fields and their gradients of first or second orders, etc.
Thus, for a given scalar or vector field, we determine its total derivative with respect
to the control parameter t as well as the associated material and spatial descriptions.

Let ϕ be a given field, whose material and spatial descriptions are respectively
denoted by ϕt and ϕt . Then, the material (total) derivative of the material description
ϕt of a field ϕ is trivially defined as

ϕ̇t(X) := ∂tϕt(X) . (2.25)

On the other hand, the spatial description of the material (total) derivative of the
field ϕ written spatially ϕt is defined by

ϕ̇t(x) := (∂tϕt(Tt(X)))|
X=T−1

t (x)
. (2.26)

That is, in order to obtain the spatial description of the material derivative of a field
ϕ written spatially ϕt , we first need to transport the field ϕt to the material config-
uration Ω , then calculate its derivative with respect to the parameter t and, finally,
come back to the spatial configuration Ωt . Therefore, from the notation introduced
by (2.12), we have

ϕ̇t(x) = [ϕ̇t(X)]t and ϕ̇t(X) = [ϕ̇t(x)]
t . (2.27)

Finally, the relation between material and spatial derivatives is given by the follow-
ing important result:

Theorem 2.1. Let ϕt be the spatial description of a smooth enough scalar or vector
field ϕ , then

ϕ̇t = ϕ ′
t + 〈∇xϕt ,Vt〉 , with ϕ ′

t (x):=∂tϕt(x) . (2.28)

Proof. From the chain rule and taking into account the definition of the spatial de-
scription of the velocity field given by (2.18), we have

ϕ̇t(x) = (∂tϕt(Tt(X)))|
X=T−1

t (x)

= 〈∇xϕt(x),∂tTt(X)|
X=T−1

t (x)
〉+ ∂tϕt(x)

= 〈∇xϕt(x),Vt (x)〉+ϕ ′
t (x) , (2.29)

leading to the result. �
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Corollary 2.1. Taking into account Theorem 2.1 together with (2.19), we have the
following relation between the material and spatial derivatives:

• For a scalar field ϕt

ϕ̇t = ϕ ′
t +∇xϕt ·Vt . (2.30)

• For a vector field ϕt

ϕ̇t = ϕ ′
t +(∇xϕt)Vt . (2.31)

Remark 2.4. For the purposes of the shape differentiability of the solutions to el-
liptic boundary value problems developed in Chapter 3 the matrix notation is used
which is briefly explained in that chapter. The notation is traditionally employed in
the shape sensitivity analysis [210], and therefore is included in our presentation for
the convenience of the reader. We point out that in the framework of the boundary
variations technique we are able to determine the shape gradient of the functional,
e.g., the energy functional. If the shape gradient is given by a function, it provides
the normal component of the velocity field at the moving boundary for the descent
method of the gradient type in shape optimization. We also use the shape gradient
on the moving boundary of a domain singular perturbation in order to determine
the topological derivatives of the energy functionals. Therefore, we are in fact in-
terested only in mappings which are defined by the specific normal component of
the velocity field on the moving boundary. That is why, the special notation of the
shape sensitivity analysis borrowed from [210] is required for our purposes, even
if we do not perform any shape optimization using the shape gradients. In fact, we
evaluate the singular limits of the shape gradients in order to identify the topological
derivatives.

2.2.1 Derivative of the Gradient of a Scalar Field

In order to obtain the spatial description of the material derivative of the gradient
of a scalar field ϕ spatially written ϕt , we need to differentiate both sides of (2.15)
with respect to t, which leads to

∂t(∇Xϕt) = ∂t(J
�[∇xϕt ]

t)

= ∂tJ
�[∇xϕt ]

t +J
�∂t([∇xϕt ]

t) . (2.32)

Let us multiply from the left both sides of (2.32) by J−�. Then, after some rear-
rangements we obtain

∂t([∇xϕt ]
t) = J

−�∂t(∇Xϕt)−J
−�∂tJ

�[∇xϕt ]
t . (2.33)

However,

∂t(∇Xϕt) = ∇X(∂tϕt) = ∇X ϕ̇t = ∇X [ϕ̇t ]
t = J

�[∇xϕ̇t ]
t , (2.34)
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and, from the definition to the Jacobian tensor J given by (2.4) and taking into
account (2.22), we have

∂tJ = ∂t(∇XTt) = ∇X∂tTt = ∇XV= [∇xVt ]
t
J

⇒ ∂tJ= [Lt ]
t
J and ∂tJ

� = J
�([Lt ]

t)� . (2.35)

By considering the equations (2.33), (2.34) and (2.35), we obtain

∂t([∇xϕt ]
t) = [∇xϕ̇t ]

t − ([Lt ]
t)�[∇xϕt ]

t . (2.36)

After taking the spatial description of the above relation, we have

[

∂t([∇xϕt ]
t)
]

t =
[

[∇xϕ̇t ]
t]

t −
[

([Lt ]
t)�[∇xϕt ]

t
]

t
, (2.37)

which finally results in

(∇xϕt)
· = ∇xϕ̇t −L�

t (∇xϕt) . (2.38)

2.2.2 Derivative of the Gradient of a Vector Field

In the same way, the spatial description of the material derivative of the gradient of
a vector field ϕ spatially written ϕt can be obtained by differentiating both sides of
(2.17) with respect to t, that is

∂t(∇Xϕt) = ∂t([∇xϕt ]
t
J)

= ∂t([∇xϕt ]
t)J+[∇xϕt ]

t∂tJ . (2.39)

Let us multiply from the right both sides of (2.39) by J−1. Then, after some rear-
rangements we obtain

∂t([∇xϕt ]
t) = ∂t(∇Xϕt)J−1 − [∇xϕt ]

t(∂tJ)J
−1 . (2.40)

Furthermore,

∂t(∇Xϕt) = ∇X(∂tϕt) = ∇X ϕ̇t = ∇X [ϕ̇t ]
t = [∇xϕ̇t ]

t
J , (2.41)

and, from equations (2.40), (2.41) and (2.35), we obtain

∂t([∇xϕt ]
t) = [∇xϕ̇t ]

t − [∇xϕt ]
t [Lt ]

t . (2.42)

After taking the spatial description of the above relation, we have

[

∂t([∇xϕt ]
t)
]

t =
[

[∇xϕ̇t ]
t]

t −
[

[∇xϕt ]
t [Lt ]

t]

t , (2.43)

which finally leads to
(∇xϕt)

· = ∇xϕ̇t − (∇xϕt)Lt . (2.44)
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2.3 Material Derivatives of Integral Expressions

As mentioned in the beginning of this chapter, the shape functional, constraints
and the state equations are given in general by functionals defined through domain
and/or boundary integrals, whose integrands depend on scalar and/or vector fields
as well as their gradients of first or second orders, etc. In the previous sections we
have shown how to differentiate the gradients of scalar and vector fields with respect
to the shape. Now, we will show how to differentiate a class of functionals defined
over a domain which is submitted to smooth changes on its shape.

2.3.1 Domain Integral

In order to obtain the spatial description of the material derivative of a functional
given by integrals defined in the spatial configuration Ωt , that is,

d
dt

∫

Ωt

ϕt dΩt , (2.45)

we first need to transport the domain of integration and the integrand ϕt , represent-
ing the spatial description of a scalar field ϕ , to the material configuration Ω . This
procedure allows us to introduce the total derivative operator inside the integral.
Finally, we can calculate the derivative with respect to the control parameter t by
using standard calculus rules and come back to the spatial configuration Ωt .

Taking into account, therefore, the differential elements dx, dy and dz defined in
Ωt , then the relation between dΩt and dΩ can be obtained from (2.4) as following

dΩt = dx× dy ·dz

= JdX ×JdY ·JdZ

=
JdX ×JdY ·JdZ

dX × dY ·dZ
dΩ

⇒ dΩt = (detJ)dΩ , (2.46)

where dX , dY and dZ are the differential elements defined in Ω .
Now, in order to obtain all necessary elements to derive the main result in this

section, which is given by the Reynolds’ transport theorem, we only have to calcu-
late the derivative of detJ, namely

(detJ(X , t))· =
〈

∂J(detJ(X , t)), J̇(X , t)
〉

, (2.47)

where we employ the following first order expansion

det(J+ J̇) = det(J)+
〈

∂J(detJ), J̇
〉

+ o(‖J̇‖) . (2.48)
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The term ∂J(detJ) is identified below, and the remainder o(‖J̇‖) is of higher order
with respect to the matrix norm ‖J̇‖.

On the other hand, given a second order tensor T , det(T − sI) admits the follow-
ing representation (Gurtin 1981 [82])

det(T − sI) =−s3 + I1(T )s
2 − I2(T )s+ I3(T ) ∀s ∈R , (2.49)

where I1(T ), I2(T ) and I3(T ) are the invariants of the tensor T respectively defined
as

I1(T ) = tr(T ) , (2.50)

I2(T ) =
1
2
[tr(T )2 − tr(T 2)] , (2.51)

I3(T ) = detT . (2.52)

By setting s =−1 in (2.49), we have

det(T + I) = 1+ tr(T )+ o(‖T‖) . (2.53)

In addition, we note that

det(J+ J̇) = det[(I+ J̇J
−1)J] = det(J̇J−1 + I)detJ . (2.54)

Thus, by setting T = J̇J−1 in (2.53) and considering (2.54), we have

det(J+ J̇) = [1+ tr(J̇J−1)+ o(‖J̇‖)]detJ

= detJ+ tr(J̇J−1)detJ+ o(‖J̇‖) (2.55)

and, by comparing (2.48) with (2.55) and using (2.35), we obtain

〈

∂J(detJ), J̇
〉

= tr(J̇J−1)detJ= tr([Lt ]
t
JJ

−1)detJ

= tr([∇xVt ]
t)detJ= [divxVt ]

tdetJ , (2.56)

leading to
(detJ)· = [divxVt ]

tdetJ . (2.57)

Finally, by using the above results, we are ready to prove the domain integral version
of the Reynolds’ transport theorem (Gurtin 1981 [82]):

Theorem 2.2. Let us consider a functional defined through an integral in Ωt , whose
integrand is given by the spatial description ϕt of a smooth enough scalar field ϕ .
Then,

d
dt

∫

Ωt

ϕt dΩt =

∫

Ωt

(ϕ̇t +ϕtdivxVt)dΩt (2.58)

=

∫

Ωt

ϕ ′
t dΩt +

∫

∂Ωt

ϕt(Vt ·nt)dΓt , (2.59)
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where nt is the outward unit normal vector on ∂Ωt .

Proof. From formulae (2.46) and (2.57), it follows that

d
dt

∫

Ωt

ϕt dΩt = ∂t

∫

Ω
ϕt(detJ)dΩ

=

∫

Ω
∂t(ϕtdetJ)dΩ

=

∫

Ω
(ϕ̇t detJ+ϕt(detJ)·)dΩ

=
∫

Ω
(ϕ̇t +ϕt [divxVt ]

t)(detJ)dΩ

=

∫

Ωt

(ϕ̇t +ϕtdivxVt)dΩt . (2.60)

On the other hand, from the result of Theorem 2.1 given by (2.28) and after applying
the divergence theorem (G.35), (2.60) can be rewritten as

d
dt

∫

Ωt

ϕt dΩt =

∫

Ωt

(ϕ ′
t +∇xϕt ·Vt +ϕtdivxVt)dΩt

=

∫

Ωt

ϕ ′
t dΩt +

∫

Ωt

divx(ϕtVt)dΩt

=

∫

Ωt

ϕ ′
t dΩt +

∫

∂Ωt

ϕt(Vt ·nt)dΓt . (2.61)

Thus, from equations (2.60) and (2.61) we have the result. �

2.3.2 Boundary Integral

In this section we show how to obtain the spatial description of the material deriva-
tive of a functional given by boundary integrals, that is

d
dt

∫

∂Ωt

ϕt dΓt , (2.62)

where the integrand ϕt represents the spatial description of a scalar field ϕ and
Γt = ∂Ωt is used to denote the boundary of the spatial configuration Ωt .

Let n and nt respectively be the normal unit vector fields to the boundaries Γ =
∂Ω and Γt = ∂Ωt , such that (dΓt)nt = dx×dy and (dΓ )n = dX ×dY . Then, taking
into account that dz and dZ are the differential elements in the directions nt and n,
we have (see fig. 2.2)

dΓt(nt ·dz) = dΩt and dΓ (n ·dZ) = dΩ . (2.63)
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Fig. 2.2 Surface differential elements dΓ and dΓt defined on the material and spatial config-
urations, respectively

Thus, from (2.46), we obtain

dΓt(nt ·dz) = (detJ)dΓ (n ·dZ)

= (detJ)dΓ (n ·J−1dz)

= (detJ)dΓ (J−�n) ·dz

⇒ (dΓt)nt = (detJ)dΓ (J−�n) . (2.64)

Therefore, the relation between dΓt and dΓ is given by

dΓt = ‖(dΓt)nt‖= ‖detJ(J−�n)‖dΓ = ‖J−�n‖(detJ)dΓ . (2.65)

The derivative of detJ is given by (2.57). However, we still need to calculate the
derivative of ‖J−�n‖. For that, firstly we obtain the material description of the
normal nt in the following way

nt =
ntdΓt

dΓt
⇒ J−�n(detJ)dΓ

‖J−�n‖(detJ)dΓ
=

J−�n
‖J−�n‖ = [nt ]

t . (2.66)

By defining
m := J

−�n , (2.67)

we have
[nt ]

t =
m

‖m‖ . (2.68)

After differentiating both sides of the equation below

J
−1

J= I , (2.69)

we note that
(J−1

J)· = (J−1)·J+J
−1
J̇= 0 . (2.70)

Let us multiply from the right the above expression by J−1. Then, after some rear-
rangements, we can obtain the derivative of the inverse Jacobian tensor, namely

(J−1)· =−J
−1
J̇J

−1 =−J
−1[Lt ]

t
JJ

−1 =−J
−1[Lt ]

t , (2.71)
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where we have used the result (2.35). Thus,

(J−�)· =−[L�
t ]

t
J
−� . (2.72)

In addition, from (2.67), we have

‖m‖= ‖J−�n‖ (2.73)

and its derivative takes the form

‖m‖· = ∂t(m ·m)
1
2 =

1
2
(m ·m)−

1
2 2(m · ṁ) =

1
‖m‖m · ṁ . (2.74)

From equations (2.72) and (2.68) we note that

ṁ = (J−�n)·

= −[L�
t ]

t
J
−�n =−[L�

t ]
tm

= −[L�
t ]

t [nt ]
t‖m‖=−[L�

t nt ]
t‖m‖ . (2.75)

By substituting (2.75) in (2.74) and taking into account (2.68), we have

‖m‖· = − 1
‖m‖m · [L�

t nt ]
t‖m‖

= −m · [L�
t nt ]

t
=−[nt ]

t · [L�
t nt ]

t‖m‖
= −[nt ·L�

t nt ]
t‖m‖=−[Ltnt ·nt ]

t‖m‖ . (2.76)

By using the formulae (2.57) and (2.76), and since that m = J−�n, we can calculate
the derivative of ‖J−�n‖detJ, namely

(‖J−�n‖detJ)· = ‖J−�n‖[divxVt ]
tdetJ− [nt ·Ltnt ]

t‖J−�n‖detJ

= [divxVt − nt ·Ltnt ]
t‖J−�n‖detJ

= [divΓtVt ]
t‖J−�n‖detJ , (2.77)

where divΓtVt is the tangential divergence of the velocity field defined as

divΓtVt = divxVt − nt ·Ltnt = I ·Lt − (nt ⊗ nt) ·Lt = (I− nt ⊗ nt) ·Lt . (2.78)

Finally, by using the previous results, we can prove the boundary integrals version
of the Reynolds’s transport theorem:

Theorem 2.3. Let us consider a functional defined through an integral on ∂Ωt ,
whose integrand is given by the spatial description ϕt of a smooth enough scalar
field ϕ . Then,

d
dt

∫

∂Ωt

ϕt dΓt =
∫

∂Ωt

(ϕ̇t +ϕtdivΓtVt)dΓt , (2.79)

where divΓtVt is the tangential divergence of the velocity field given by (2.78).
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Proof. Taking into account the results (2.65) and (2.77), we have

d
dt

∫

∂Ωt

ϕt dΓt = ∂t

∫

∂Ω
ϕt‖J−�n‖detJdΓ

=
∫

∂Ω
∂t(ϕt‖J−�n‖detJ)dΓ

=

∫

∂Ω
(ϕ̇t‖J−�n‖detJ+ϕt(‖J−�n‖detJ)·)dΓ

=
∫

∂Ω
(ϕ̇t +ϕt [divΓtVt ]

t)‖J−�n‖detJdΓ

=

∫

∂Ωt

(ϕ̇t +ϕtdivΓtVt)dΓt , (2.80)

leading to the result. �

2.4 Summary of the Derived Formulae

Let us summarize the results presented in this chapter. We consider the material
(total) derivatives evaluated at t = 0. Since at t = 0 we have Ωt |t=0

= Ω , then the
subscript X can be suppressed, namely, ∇ := ∇X and div := divX . In addition, for
the sake of simplicity we denote x ∈Ω , instead of X . Therefore, for a given (scalar,
vector or tensor) field ϕ , the relation between its material and spatial derivatives is
given by

ϕ̇ = ϕ ′+ 〈∇ϕ ,V〉 . (2.81)

In particular, we have:

• In the case of a scalar field ϕ

ϕ̇ = ϕ ′+∇ϕ ·V . (2.82)

• For a vector field ϕ
ϕ̇ = ϕ ′+(∇ϕ)V . (2.83)

The material and shape derivatives forms of the Reynolds’ transport theorem are
given by

(
∫

Ω
ϕ
)·

=

∫

Ω
(ϕ̇+ϕdivV) (2.84)

=

∫

Ω
ϕ ′+

∫

∂Ω
ϕ(V ·n) , (2.85)

for domain integral, respectively, and by
(
∫

∂Ω
ϕ
)·

=
∫

∂Ω
(ϕ̇+ϕdivΓV) , (2.86)
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for boundary integral, where the tangential divergence of the velocity is defined as

divΓV := (I− n⊗ n) ·∇V , (2.87)

with n standing for the outward unit normal vector on ∂Ω .

Remark 2.5. Let us consider a subset ω ⊂Ω . If the scalar function ϕ is discontinu-
ous on the boundary ∂ω , then, in this case the Reynolds’ transport theorem reads

(
∫

Ω
ϕ
)·

=

(
∫

Ω\ω
ϕ+

∫

ω
ϕ
)·

=

∫

Ω\ω
(ϕ̇+ϕdivV)+

∫

ω
(ϕ̇+ϕdivV)

=

∫

Ω\ω
(ϕ ′+∇ϕ ·V+ϕdivV)+

∫

ω
(ϕ ′+∇ϕ ·V+ϕdivV)

=
∫

Ω
ϕ ′+

∫

Ω\ω
div(ϕV)+

∫

ω
div(ϕV)

=

∫

Ω
ϕ ′+

∫

∂Ω
ϕ(V ·n)+

∫

∂ω
ϕe(V ·n)−

∫

∂ω
ϕi(V ·n)

=
∫

Ω
ϕ ′+

∫

∂Ω
ϕ(V ·n)+

∫

∂ω
�ϕ�(V ·n) , (2.88)

where n is the outward unit normal vector to Ω \ω and �ϕ� is used to denote the
jump of ϕ across to the boundary ∂ω , namely �ϕ�= ϕe−ϕi on ∂ω , with ϕe =ϕ|Ω\ω
and ϕi = ϕ|ω .

In addition, for a scalar field ϕ we have

(∇ϕ)· = ∇ϕ̇− (∇V)�∇ϕ . (2.89)

In the case of a vector field ϕ , there is

(∇ϕ)· = ∇ϕ̇−∇ϕ∇V . (2.90)

The symmetric gradient of a vector field is defined as

∇ϕs:=
1
2
(∇ϕ+∇ϕ�) (2.91)

and its material derivative can be obtained by applying formula (2.90), namely

(∇ϕs)· =
1
2
(∇ϕ+∇ϕ�)·

=
1
2
((∇ϕ)·+(∇ϕ�)·)

=
1
2
[(∇ϕ)·+((∇ϕ)·)�]

= [(∇ϕ)·]s =∇ϕ̇s − (∇ϕ∇V)s . (2.92)
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The divergence of a vector field is defined as

divϕ :=tr(∇ϕ) (2.93)

and its material derivative is easily obtained from (2.90), that is

(divϕ)· = [tr(∇ϕ)]· = tr(∇ϕ)· = tr(∇ϕ̇)− tr(∇ϕ∇V) = divϕ̇−∇ϕ� ·∇V . (2.94)

The Laplacian of a scalar field is defined as

Δϕ := div(∇ϕ) . (2.95)

Then, by taking into account (2.94) and (2.89), we have

(Δϕ)· = [div(∇ϕ)]·

= div(∇ϕ)· − (∇∇ϕ)� ·∇V
= div[∇ϕ̇−∇V�∇ϕ ]−∇∇ϕ ·∇V
= Δϕ̇− div(∇V�∇ϕ)−∇∇ϕ ·∇V . (2.96)

On the other hand, it is interesting to note that the Laplacian of a scalar field can
also be written as

Δϕ = tr(∇∇ϕ) , (2.97)

where ∇∇ϕ = (∇∇ϕ)�. Thus, by applying (2.90) and (2.89), we have the material
derivative of the second order gradient of a scalar field

(∇∇ϕ)· = ∇(∇ϕ)· − (∇∇ϕ)∇V
= ∇(∇ϕ̇−∇V�∇ϕ)− (∇∇ϕ)∇V
= ∇∇ϕ̇−∇(∇V�∇ϕ)− (∇∇ϕ)∇V . (2.98)

After taking the trace in both sides of (2.98), we obtain the same result as (2.96).

2.5 The Eshelby Energy-Momentum Tensor

In this section, we discuss the relation between shape sensitivity analysis and mod-
ern continuum mechanics theory, which is based on the Eshelby energy-momentum
tensor concept introduced in the fundamental work by Eshelby 1975 [57]. This no-
tion is due to Taroco and Feijóo 2006 [214] derived in the context of torsion problem
of elastic shafts. Let us present this idea through an example concerning the analysis
of defects in three-dimensional elastic bodies.

Example 2.1 (Eshelby energy-momentum tensor). Let Ω ⊂ R3 be an open and
bounded domain with smooth boundary ∂Ω , and ω ⊂ R3 be an open domain
embedded in Ω , such that ω � Ω , with smooth boundary ∂ω . We assume that
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Ωω = Ω \ω represents an elastic body with a small cavity ω inside. The total po-
tential strain energy is given by the following functional:

Jω(u) =
1
2

∫

Ωω
σ(u) ·∇us −

∫

Ωω
b ·u , (2.99)

where the vector function u is the solution to the variational problem:

⎧

⎪

⎨

⎪

⎩

Find u ∈ H1
0 (Ωω ;R3), such that

∫

Ωω
σ(u) ·∇ηs =

∫

Ωω
b ·η ∀η ∈ H1

0 (Ωω ;R3) ,

with σ(u) = C∇us .

(2.100)

In the above equation, b is a constant body force distributed in the domain Ω and C

is the constitutive tensor given by

C= 2μI+λ I⊗ I , (2.101)

where I and I are the second and fourth order identity tensors, respectively, μ and λ
are the Lamé’s coefficients, both considered constants everywhere. Suppose that the
cavity ω represents a defect embedded in Ω and that we want to know the sensitivity
of the total potential strain energy with respect to the shape of the defect ω . Let us
suppose that the cavity ω is submitted to a smooth perturbation of its shape. The
distributed shape gradient of Jω (u) with respect to the shape of the cavity ω is
given by

J̇ω (u) =
∫

Ωω
Σ ·∇V , (2.102)

where V is the shape change velocity field over Ωω , such that V|∂Ω = 0, since ∂Ω
remains fixed, and Σ is a divergence-free tensor field given by

Σ =
1
2
(σ(u) ·∇us − 2b ·u)I−∇u�σ(u) . (2.103)

Therefore, the distributed shape gradient (2.102) can be replaced by the boundary
shape gradient

J̇ω(u) =
∫

∂ω
Σn ·V , (2.104)

where n is the normal unit vector field pointing toward the interior of the cavity
ω . Finally, since σ(u)n = 0 on the boundary of the cavity ∂ω , we have a further
simplification of this formula. In particular, for the boundary shape gradient, the
corresponding tensor Σ reduces itself to a hydrostatic tensor proportional to the
specific strain energy. In fact,

J̇ω (u) =
∫

∂ω
φ(u) n ·V , (2.105)
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where φ(u) is the strain energy density concentrated on ∂ω , that is

φ(u) =
1
2
σ(u) ·∇us− b ·u . (2.106)

The above results have been derived using formulae summarized in the previous
section together with Appendix G. The derivation of these results we leave as an
exercise.

Let us now analyze the results obtained in the example. We can recognize Σ as
the energy-momentum tensor introduced by Eshelby 1975 [57]. This tensor appears
in the analysis of defects in three-dimensional elasticity and it plays a central role
in the continuum mechanics theory involving inhomogeneities (inclusions, pores,
cracks, etc.) in solids. Since the distributed shape gradient of the total potential en-
ergy is given by the product of Σ and ∇V, it follows that Σ can be interpreted in
terms of the configurational forces [83] acting in the elastic body with a small defect
inside. Thus, divΣ = g in Ω , with g = 0 in this particular case, can be referred to
the balance of configurational forces or simply configurational balance in configu-
rational mechanics theory [83]. Finally, the shape gradient of the functional Jω (u)
takes the form of a boundary integral concentrated on the moving boundary ∂ω and
depending on the normal component of the velocity field V. This latter result fits
into the so-called Hadarmard’s structure theorem of shape optimization, proved in
[210], for instance.
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2.6 Exercises

1. Let u be a smooth enough scalar or vector field defined over an open bounded
domain Ω ∈Rd , d � 2. Compute the material derivative of the function φ(u) for
the following cases:

a. Thermal energy density associated to a steady-state heat conduction problem,
that is

φ(u) :=−1
2

q(u) ·∇u ,

where q(u) :=−K∇u, with K used to denote a second order symmetric tensor
(K� = K) which doesn’t depend on the shape of the body Ω . Then,

φ̇ (u) =−q(u) ·∇u̇+(∇u⊗ q(u)) ·∇V .

b. Strain energy density associated to a linear elasticity system, namely

φ(u) :=
1
2
σ(u) ·∇us ,

where σ(u) := C∇us, with C used to denote a fourth order symmetric tensor
(C� = C) that doesn’t depend on the shape of the body Ω . Then,

φ̇ (u) = σ(u) ·∇u̇s−∇u�σ(u) ·∇V .

c. Energy density associated to a Kirchhoff plate bending problem, that is

φ(u) :=−1
2

M(u) ·∇∇u ,

where M(u) =−C∇∇u, with C used to denote a fourth order symmetric ten-
sor (C� = C) independent of the shape of the body Ω . Thus,

φ̇(u) = −M(u) ·∇∇u̇+(∇∇u)M(u) ·∇V
−(∇u⊗ divM(u)) ·∇V+ div

(

M(u)∇V�∇u
)

.

d. Complementary energy density associated to a steady-state creep Prandtl shaft
problem under torsion effects, which is given by

φ(u) :=− 1
p

q(u) ·∇u ,

where q(u) :=−k‖∇u‖p−2∇u, with the material parameters k and p indepen-
dent of the shape of the body Ω . Then,

φ̇ (u) =−q(u) ·∇u̇+(∇u⊗ q(u)) ·∇V .
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e. Quadratic form of the difference between the von Mises stress field σeq(u)
and an admissible equivalent stress σ , that is

φ(u) := (σeq(u)−σ)2 ,

where σ is a given constant and

σeq(u) :=

√

1
2
Bσ(u) ·σ(u) with B= 3I− I⊗ I .

In the above equation, I and I are the fourth and second order identity ten-
sors, respectively, and σ(u) := C∇us, with C used to denote a fourth order
symmetric tensor (C� = C) that doesn’t depend on the shape of the body Ω .
Therefore,

φ̇ (u) =
(

1− σ
σeq(u)

)

(

CBσ(u) ·∇u̇s−∇u�CBσ(u) ·∇V
)

.

Hint: use the formulas in the Appendix G.

2. Let us consider the p-Poisson problem given by the following nonlinear bound-
ary value problem:

⎧

⎨

⎩

Find u, such that
−div(‖∇u‖p−2∇u) = 1 in Ω ,

u = 0 on ∂Ω ,

where p � 2. By taking into account the shape functional of the form

JΩ (u) =
1
p

∫

Ω
‖∇u‖p −

∫

Ω
u ,

which represents the complementary dissipation energy associated to a steady-
state creep Prandtl shaft problem under torsion effects, derive the weak formula-
tion to the above problem, namely:

⎧

⎨

⎩

Find u ∈W 1,p
0 (Ω), such that

∫

Ω
‖∇u‖p−2∇u ·∇η =

∫

Ω
η ∀η ∈W 1,p

0 (Ω) .

Now, from the Reynolds’ transport theorem and by using the material derivatives
of spatial fields concept, show that the shape derivative of the functional JΩ (u)
leads to

J̇Ω (u) =
∫

Ω
Σ ·∇V ,
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where Σ can be seen as a generalization of the Eshelby energy momentum tensor,
which is given by

Σ =

(

1
p
‖∇u‖p− u

)

I−‖∇u‖p−2(∇u⊗∇u) .

Show that Σ is a divergence-free tensor field, namely divΣ = 0, and derive the
shape sensitivity of the functional JΩ (u) as a boundary integral of the form

J̇Ω (u) =
∫

∂Ω
Σn ·V ,

where n is the outward unit normal vector to ∂Ω . Hint: compute the divergence
of the tensor Σ and rearrange the obtained expression in the form

∫

Ω
divΣ ·V=−

∫

Ω
(div(‖∇u‖p−2∇u)+ 1)∇u ·V ∀V .

Since u is solution to the boundary value problem, we have divΣ = 0 a.e. in
Ω . Show that this last result can also be obtained by using purely variational
arguments.

3. It is well known that only the normal component of the velocity field V is rel-
evant in the shape sensitivity analysis. This result is known as the Hadamard’s
structure theorem [210]. Thus, show that for the previous result the structure
theorem holds.

4. Repeat Example 2.1 by considering the inclusion with appropriated transmission
conditions instead of a cavity.



Chapter 3
Material and Shape Derivatives for Boundary
Value Problems

In this chapter the mathematical background of shape sensitivity analysis is estab-
lished, in contrast to Chapter 2 where the formal shape differentiability of functions
and functionals is presented. Chapters 2 and 3 furnish the complete description of
the differentiation technique with respect to the boundary variations of geometric
domains.

The shape sensitivity analysis is extended to the singular boundary perturbations
in the framework of the asymptotic analysis in singularly perturbed domains in
Chapters 4–11. The new technique furnishes the closed formulae for the topological
derivatives of shape functionals. In view of this additional information on sensitiv-
ity of shape functionals, we are able in numerical methods of shape and topology
optimization to propose the appropriate changes of topology by creation of the new
voids or inclusions in the reference domain, which improve the shape design and
diminish the value of the cost. In particular, smooth boundary perturbations are per-
formed here within the boundary variation technique. Non smooth perturbations
should be analyzed by the asymptotic analysis in the singularly perturbed geomet-
rical domains, and in fact lead directly to the asymptotic expansions of the shape
functionals. The method of compound asymptotic expansions is introduced in the
monograph in a restricted fashion only, in order to simplify the presentation. There-
fore, the weighted spaces of Kondratiev or Hölder types are not considered in full
range, we refer the reader to the references [144, 161, 163, 166, 170, 171, 172, 174,
176] for such developments.

We briefly describe the contents of this chapter. The weak solutions of elliptic
boundary value problems are considered in Sobolev spaces. The shape differentia-
bility of solutions is shown for the Poisson, Kirchhoff plate, linear elasticity and
boundary value problems of fluid mechanics. In all cases, the weak and strong ma-
terial derivatives of solutions to the boundary problems are obtained in the standard
way by an application of the implicit function theorem. Then, the shape derivatives
of solutions are specified as weak solutions of elliptic boundary value problems. The
importance of shape derivatives is twofold, by the structure theorem of the shape
gradients of shape functionals the knowledge of the shape derivatives of solutions
is sufficient to obtain the shape gradients of functionals. It is also evident, that the
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shape derivatives can be easily obtained by a formal differentiation of the equation
and the boundary conditions. However, sometimes the formal differentiation cannot
be justified, we refer the reader to [196] for such an example in the case of the drag
functional.

Preliminaries are presented in Section 3.1. In Sections 3.2 and 3.3 the velocity
method for boundary variations in all its generality is used in order to obtain the
boundary value problems for the material and shape derivatives of the solutions to
the second order elliptic equations. The presentation follows that of [210], however
it is restricted to the Laplacian for the sake of simplicity. Simple examples of shape
derivatives can be also found e.g., in [87]. The shape derivative of the solution to
the system of equations of linear elasticity is determined in Section 3.4. In Section
3.5 the shape derivative of the solution to the Kirchhoff plate problem is derived. In
Section 3.6 the new method of shape differentiability, particularly well adapted to
the nonlinear boundary value problems of fluid dynamics [197, 196], is presented.
The particularity of this method is that it is reduced to the stability analysis of the
solutions to the boundary value problem in the reference domain with respect to
the coefficients of the differential operator. In this stability analysis the coefficients
of the operator depend exclusively on the adjugate matrix function of the domain
transformation. In particular, the adjugate matrix fully characterized the shape de-
pendence of the boundary value problem posed in the reference domain with respect
to the boundary perturbations. Thus, it is sufficient to show that the solutions of the
boundary value problem in the reference domain are stable with respect to the coeffi-
cients of the operator to obtain the shape differentiability with respect to the domain
variations reflected by the adjugate matrix. The elementary proofs of properties of
the adjugate matrix with respect to the shape parameter are given. An example of
application of this method to the boundary value problems of fluid mechanics is
presented.

3.1 Preliminaries

We assume that there is given a solution x �→ u(Ω ;x) of the boundary value problem
posed in the reference domain Ω . We introduce a family of perturbed domains Ωt

defined by the change of variables x �→ y = y(x) of the specific form Tt , where t is
the shape parameter.

We denote by y �→ ut(Ωt ;y) the solutions of the perturbed boundary value prob-
lem i.e., of the boundary value problem defined in the perturbed domain Ωt :=
Tt(Ω). The inverse relation x = x(y), which takes the form Ω = T

−1
t (Ωt), allows

us to introduce an auxiliary family of functions x �→ ut(Ω ;x) defined in the fixed
reference domain, however the functions defined have no physical meaning for the
model under considerations.

Finally, we consider a shape functional J(Ω) depending on u(Ω), which is min-
imized with respect to Ω . The shape differentiability is defined for the solutions
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t �→ ut(Ωt ;y) = ut(Ω ;x), with y = y(x), of the boundary value problems, and for the
associated shape functional t �→ J(Ωt) with respect to the shape parameter t → 0.

We are interested in three basic concepts of the shape differentiability used in the
framework of shape sensitivity analysis [210] (see also [50, 196]) as well as in the
numerical methods of shape optimization, which are:

• The material derivatives are obtained by the differentiation of the mapping

t �→ ut(x), x ∈Ω .

• The shape derivatives are defined by derivatives of the mapping

t �→ ut(y), y ∈Ωt .

• The shape gradient is given by the derivative of the shape functional

t �→ J(Ωt).

3.1.1 Sobolev-Slobodetskii Spaces

We use the elliptic regularity of solutions to the elliptic boundary value problems
both for the weak and the classical solutions. We present a general result of this sort
for the scalar equation of order m posed in a smooth, bounded domain. In our case
m = 1,2 for the Laplacian and the Kirchhoff plate, respectively.

First we recall some basic facts from the theory of Sobolev-Slobodetskii spaces
which can be found in [2] and [215], for instance. LetΩ be an open subset ofRd . For
every multi-index α = (α1, . . . ,αd) with nonnegative integers αi and f ∈ L1

loc(Ω),
a function g ∈ L1

loc(Ω) is the α-th generalized (or distributional) derivative of f
(denoted g = ∂α f ) if

∫

Ω
gϕ dx = (−1)α1+···+αd

∫

Ω
f∂αϕ dx

for all ϕ ∈C∞
0 (Ω). The number |α|= α1 + · · ·+αd is the order of the derivative g.

For an integer l � 1 and for an exponent r ∈ [1,∞), we denote by W l,r(Ω) the
Sobolev space of functions having all generalized derivatives up to order l in Lr(Ω).
Endowed with the norm

‖u‖Wl,r(Ω) = sup
|α |�l

‖∂αu‖Lr(Ω),

it becomes a Banach space. In the scale of Sobolev spaces, by convention we have
W 0,r(Ω) ≡ Lr(Ω) for l = 0. For the negative indices −l < 0, the negative Sobolev
spaces are defined by duality [2, 196].
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Remark 3.1. Since L2(Ω) is a Hilbert space, thus for r = 2 the Sobolev spaces
Hl(Ω) := W l,2(Ω) are Hilbert spaces with the appropriate scalar products and
norms.

For real 0 < s < 1 < r < ∞, the fractional Sobolev space W s,r(Ω) is obtained by
the real interpolation method [215] between Lr(Ω) and W 1,r(Ω), i.e., W s,r(Ω) =
[Lr(Ω),W 1,r(Ω)]s,r, and consists of all measurable functions with the finite norm

‖u‖Ws,r(Ω) = ‖u‖Lr(Ω) + |u|s,r,Ω ,

where
|u|rs,r,Ω =

∫

Ω×Ω
‖x− y‖−d−rs|u(x)− u(y)|r dxdy. (3.1)

In particular, if Ω is a bounded domain of class C1, then C∞(Ω) is dense in W s,r(Ω).
In general, the Sobolev space W l+s,r(Ω), 0 < s < 1 < r < ∞, l � 0 an integer, is

defined as the space of measurable functions with the finite norm

‖u‖Wl+s,r(Ω) = ‖u‖Wl,r(Ω) + sup
|α |=l

‖∂αu‖Ws,r(Ω).

Furthermore, the notation W s,r
0 (Ω), 0 � s � 1, stands for the closed subspace of

W s,r(Rd) which consists of all u ∈ W s,r(Rd) vanishing outside of Ω . We identify
functions of W s,r

0 (Ω) with their restrictions to Ω . We have W s,r(Ω) =W s,r
0 (Ω) for

sr < 1.

3.1.2 Elliptic Regularity

Let Ω be a bounded domain in R
d with C∞ boundary. Denote by α a vector with

nonnegative integer components

α = (α1, . . . ,αd), αi ∈N∗ :=N∪{0}, |α|= α1 + · · ·+αd,

and set
ξα = ξα1

1 . . .ξαd
d for ξ ∈ R

d , ∂α = ∂α1
x1

· · ·∂αd
xd

.

Assume that functions bαβ ∈C∞(Ω ), |α|= |β |= m, satisfy the ellipticity condition

c−1
b ‖ξ‖2m � bαβξαξ β � cb‖ξ‖2m for all ξ ∈ R

d , cb > 0.

Let us consider the boundary value problem

∑
|α |=|β |=m

∂β (bαβ∂αv) = f in Ω , ∂κv = 0 on ∂Ω , 0 � |κ |� m− 1. (3.2)
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The following theorem (see [3] or [138]) is a particular case of the general theory of
boundary value problems for elliptic equations.

Theorem 3.1. Let s � −m be an integer. Then for any f ∈ W s,2(Ω) problem (3.2)
has a unique solution

v ∈W 2m+s,2(Ω), with v ∈W m,2
0 (Ω),

which satisfies the estimate

‖v‖W2m+s,2(Ω) � c‖ f‖W s,2(Ω).

Here, the constant c depends only on bαβ , s and Ω .

Remark 3.2. For s ∈ [−m,0] equation (3.2) is understood in the sense of distribu-
tions, which means that we have the integral identity

(−1)|β |
∫

Ω
bαβ∂αv∂βϕ dx = 〈 f ,ϕ〉 for all ϕ ∈C∞

0 (Ω).

3.1.3 Elliptic Problems in Nonsmooth Domains

In this monograph we avoid, when it is unnecessary, to consider the boundary value
problems posed in nonsmooth domains. However, the theory of elliptic problems is
well developed in such domains in the scale of Kondratiev spaces. In particular, we
refer the reader to [62] for the shape sensitivity analysis in nonsmooth domains.

There are some exceptions concerning the cracks in solids. In Example 9.1 of
Chapter 9 the polarization matrix is given for a crack. It means that the results on
topological derivatives of eigenvalues in elliptic spectral problems can be extended
to the shape-topological perturbations in the form of small cracks.

The cracks on the boundaries of rigid inclusions are considered in Section 11.4
of the chapter on unilateral problems. However, the shape-topological perturbations
allowed in this section is located far from the crack.

In general, the local regularity of solutions to elliptic problems [170] is sufficient
for the derivation of topological derivatives [206]. In fact, the topological derivatives
can be evaluated far from the singular points of the boundary.

The singularities can be also caused by the change of the type of the boundary
conditions e.g., from Dirichlet to Neumann. We can assume that this cannot hap-
pen or that shape-topological perturbation occurs far from such an interface of the
bundary conditions change.

In general, the topological derivatives can be evaluated in nonsmooth domains
for the elliptic boundary value problems far from the singularities.
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3.1.4 Shape Derivatives

The differentiability of families of functions ut = u(Ωt), with Ωt ⊂ Rd , d = 2,3,
with respect to the shape parameter t � 0, at t = 0+, is considered in this chap-
ter. The space dimension d = 2 is usually fixed, most of the results are valid in
three spatial dimensions. Usually a family of functions is defined by solutions to
elliptic boundary value problems defined in variable domain of integration. The
family of domains Ωt is defined by the transformation of the speed method with
Ωt =Tt(V)(Ω), for a fixed velocity field V ∈C([0,δ );C2(Rd ;Rd)). For a velocity
field V ∈C([0,δ );C2(Rd ;Rd)) we need some additional assumptions which are re-
quired in order to assure that for a given reference domain Ω the family of variable
domains Ωt = Tt(V)(Ω) for t ∈ [0,δ ) belongs to the hold-all domain B :=D.

Condition 3.1. The vector field (t,x) �→V(t,x) is compactly supported in the hold-
all domain B, i.e., V ∈C([0,δ );C2

0(B;Rd)).

In Section 3.6 a new approach to the speed method [196, 197] well suited for the
fluid dynamics is employed, depending on the adjugate matrix function. All the
properties of the domain transformation required in the stability analysis of bound-
ary value problems which leads to the material derivatives of solutions are shown by
elementary arguments in Section 3.6.1 for the new method. The change of variables
by this method is performed for the boundary value problems of fluid mechanics.
We refer the reader to [196] for the general results obtained for shape sensitivity
analysis of the compressible Navier-Stokes equations.

The differentiability properties can also be considered for a family of functions
zt = z(Γt) defined on the surfaces Γt := ∂Ωt . We consider also the evolution of an
interface Γt ⊂ Ω in the interior of the reference domain, by an interface we under-
stand the boundary of an inclusion for the elasticity boundary value problems. We
need the properties (cf. Note 3.3) for the shape sensitivity analysis with respect to
the perturbations of an interface or of an inclusion for the elasticity boundary value
problems. Therefore, we introduce the material and the shape derivatives for the
families of functions defined on the moving domains and on the moving surfaces.
The shape derivatives for the families ut and of zt are defined in a slightly different
manner, since for the restriction gt := g|Ωt

to Ωt of a given function g defined in

all space Rd , the domain shape derivative g′(Ω ;V) is null, but for the restriction to
Γt = ∂Ωt of the same function, its boundary shape derivative g′(Γ ;V) depending
on the Neumann trace or on the normal derivative of the function on Γ in general is
non-null.

There are material derivatives, domain shape derivatives and boundary shape
derivatives which are associated to a given family of functions defined by boundary
variations of a given domain, its boundary or an interface in the interior of the do-
main. The domain dependence of Ω �→ u(Ω) usually reflects the dependence of a
solution to the boundary value problem on its domain of definition or on an interface
inside of the domain of definition. All the derivatives are listed below for a scalar
function u.
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• The material derivative u̇Ω = u̇(Ω ;V) of the function uΩ = u(Ω) in the di-
rection of the vector field V is simply the derivative of the composed func-
tion t �→ u(Ωt) ◦Tt defined in a fixed domain Ω . Since the composed function
is defined in the fixed domain Ω , we say that the function u(Ωt), defined in
the variable domain Ωt , is transported to the fixed domain Ω using the change
of variables defined by the transformation Tt(V). The material derivative can
be evaluated with respect to the weak or strong convergence in the associated
function space over Ω .

• The shape derivative u′Ω = u′(Ω ;V) of the function uΩ = u(Ω) in the direction
of the vector field V is related to the material derivative as follows

u′(Ω ;V) = u̇(Ω ;V)−∇u(Ω) ·V (3.3)

and leads to the formulae for the shape derivatives of domain functionals.
• The shape derivative at t = 0 of the shape functional

JΩt (u(Ωt)) =
∫

Ωt

u(Ωt)dΩt , (3.4)

takes the forms

J̇Ω (u(Ω)) =
d
dt

∫

Ωt

u(Ωt)dΩt

∣

∣

∣

∣

t=0

=

∫

Ω
u′(Ω ;V)dΩ +

∫

Γ
u(Ω)(V ·n)dΓ

=

∫

Ω
u′(Ω ;V)+ div(u(Ω)V)dΩ

=
d
dt

∫

Ω
(u(Ωt)◦Tt)(x)g(t)dΩ

∣

∣

∣

∣

t=0

=

∫

Ω
u̇(Ω ;V)+ u(Ω)divVdΩ , (3.5)

where g(t) is the Jacobian of the domain transformation and J̇Ω (u(Ω)) is the
derivative of the shape functional JΩ (u(Ω)) in the direction of the vector field
V, namely g(t) = det(DTt) and J̇Ω (u(Ω)) = DJΩ (u(Ω);V), respectively.

• The boundary shape derivative or the displacement derivative denoted by

u′(Γ ;V) = u̇(Ω ;V)−∇Γ u(Ω) ·V (3.6)

is a shape derivative of a family of functions defined e.g., on the surfaces which
are domains boundaries. Here, ∇Γ ϕ is the tangential gradient of a scalar function
ϕ on the boundary Γ , that is

∇Γ ϕ = ∇ϕ− ∂nϕ n on Γ . (3.7)



54 3 Material and Shape Derivatives for Boundary Value Problems

The formula of shape derivative of boundary integrals makes possible to define
the boundary shape derivatives of functions, such definition is conform with
the so-called displacement derivative in mechanics [119]. The boundary shape
derivative z′Γ of a function zΓ = z(Γ ) given on the boundary (or on the interface)
Γ is defined from the relation

z′(Γ ;V) = ż(Γ ;V)−∇Γ z(Γ ) ·V . (3.8)

If zΓ is the restriction or the trace on Γ of a function uΩ , the above definition
leads to the relation between the shape derivatives, i.e., between the domain shape
derivative u′(Ω ;V) and the boundary shape derivative z′(Γ ;V),

z′(Γ ;V) = u′(Ω ;V)+ ∂nu(Ω) n ·V . (3.9)

The boundary shape derivatives or equivalently the displacement derivatives can
be employed for the shape sensitivity analysis of boundary value problems for the
shells or for the boundary control problems in the framework of shape sensitivity
analysis.

We point out in Section 3.2.1, that the transport of distributions from the variable do-
main Ωt to the fixed domain Ω is defined by transposition, and that the differentia-
bility of the transported distribution might be obtained only for a weak convergence
in negative Sobolev spaces.

The material derivatives for elliptic boundary value problems can be defined for
the strong, weak and very weak variational formulations. It means that for the Pois-
son’s equation we can consider the solution u(Ω) in the scale of the Sobolev spaces:
a very weak solution in L2(Ω), a weak solution in H1

0 (Ω) and a strong solution in
H1

0 (Ω)∩H2(Ω), and we obtain the weak or the strong material derivatives u̇(Ω ;V)
in all the spaces listed above, under the appropriate assumptions on the data of the
problem and on the velocity vector field of the speed method. The specific differ-
entiability result required for the solutions of boundary value problems depends on
the nature of the shape functionals considered.

The mathematical analysis for material and shape derivatives can be performed
independently. The existence of the material derivative is usually shown by an ap-
plication of the Implicit Function Theorem for the boundary value problem trans-
formed to the fixed or reference domain, i.e. the domain Ω independent of the shape
parameter t. The existence of the material derivative in the Sobolev space Hk+1(Ω)
for sufficiently smooth velocity vector field V implies the existence of the shape
derivative in Hk(Ω) in view of the relation (3.3), provided that ∇u(Ω) ·V ∈ Hk(Ω).
Once the existence of the shape derivative is assured, it remains to identify the
boundary value problem whose solution is the shape derivative itself.
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3.2 Material Derivatives for Second Order Elliptic Equations

We derive the form of material derivatives of solutions to elliptic boundary value
problems under some regularity assumptions on the date of the problems. Depend-
ing on the regularity of solutions, we obtain the weak material derivatives for the
very weak solutions in L2(Ω), and the strong material derivatives of the strong solu-
tions in the Sobolev spaces Hk(Ω), k = 1,2, for the second order elliptic boundary
value problem. In analysis of the weak and very weak solutions, it turns out that
the transported distributions in the negative Sobolev spaces are only weakly differ-
entiable with respect to the shape parameter t → 0, the related result is given by
Lemma 3.1.

3.2.1 Weak Material Derivatives for the Dirichlet Problem

Let the velocity field V which defines the deformed domain Ωt be given. Let us
consider the homogeneous Dirichlet problem for the Poisson’s equation

{−Δu(Ωt) = b in H−1(Ωt) ,
u(Ωt) = 0 on Γt ,

(3.10)

with the right hand side b ∈ L2(Ωt). We determine the weak material derivative
u̇(Ω ;V) of the solution u(Ω) at t = 0.

First, the Poisson’s equation with the Dirichlet boundary conditions is trans-
formed to the fixed domain Ω using the change of variables defined by the transfor-
mation Tt(V). In other words, the form of boundary value problems for elements
ut := ut(Ω)≡ u(Ωt)◦Tt , t ∈ [0,δ ), is derived.

The right hand side of the Laplace equation is transformed to the fixed domain
Ω . Hence one has to consider two distributions in negative Sobolev spaces:

b|Ωt
∈ H−1(Ωt) (3.11)

and
(b|Ωt

)∗Tt ∈ H−1(Ω) , (3.12)

where H−1(Ωt) stands for the dual space of H1
0 (Ωt) for t ∈ [0,δ ). We shall derive

sufficient conditions for the mapping

t �→ (hΩt
)∗Tt (3.13)

to be weakly differentiable in the Sobolev space H−1(D), where D is used to de-
note the hold-all domain such that the domains Ω and Ωt , for t small enough, are
included in D.
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Let b∈H−1(D) be a given element, the transformed distribution b∗Tt ∈H−1(D)
is defined by transposition,

〈b ∗Tt ,φ〉H−1(D)×H1
0 (D) = 〈b,(g(t)−1φ)◦T−1

t 〉H−1(D)×H1
0 (D) ∀φ ∈ H1

0 (D) .

(3.14)
The restriction

b|Ω ∈ D ′(Ω) (3.15)

of the distribution b ∈ H−1(D) is given by

〈b|Ω ,φ〉D ′(D)×D(D) = 〈b,φ0〉D ′(D)×D(D) ∀φ ∈ D(Ω) , (3.16)

where φ0 denotes the extension of φ ∈D(Ω) to D, φ0(x) = 0 on D\Ω . In addition,
D(D) is the space of test functions and D ′(D) is the space of distributions, dual of
D(D). Since b|Ω ∈ H−1(Ω), then

‖b|Ω ‖H−1(Ω) = sup
‖φ‖

H1
0 (Ω)

�1
|〈b,φ〉|� sup

‖φ‖
H1

0 (D)
�1

|〈b,φ〉|= ‖b‖H−1(D) . (3.17)

Let Ωt = Tt(V)(Ω) and

b|Ωt
= χΩt b ∈ H−1(Ωt) . (3.18)

The transformed distribution is defined by

(b|Ωt
)∗Tt = (χΩt b)∗Tt ∈ H−1(Ω) . (3.19)

Proposition 3.1. Let Ωt = Tt(V)(Ω) then

(b|Ωt
)∗Tt = (b∗Tt)|Ω . (3.20)

Proof. For any φ ∈ H1
0 (Ω) we have

〈b|Ωt
∗Tt ,φ〉H−1(Ω)×H1

0 (Ω) = 〈b|Ωt
,(g(t)−1φ)◦T−1

t 〉H−1(Ωt )×H1
0 (Ωt )

. (3.21)

With the extension φ0 of φ the right hand side of the above equation becomes

〈b,(g(t)−1φ0)◦T−1
t 〉H−1(D)×H1

0 (D) = 〈b ∗Tt,φ0〉H−1(D)×H1
0 (D) (3.22)

and since φ0 = 0 on D\Ω

〈b|Ωt
∗Tt ,φ〉H−1(Ω)×H1

0 (Ω) = 〈(b ∗Tt)|Ω ,φ〉H−1(Ω)×H1
0 (Ω) . (3.23)

For u(Ωt) = ut ∈ H1
0 (Ωt) the following integral identity holds:

∫

Ωt

∇ut ·∇φ dΩt = 〈b,φ0〉H−1(D)×H1
0 (D) ∀φ ∈ H1

0 (Ωt) , (3.24)
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or equivalently

〈−div(χΩt∇ut),φ〉H−1(Ωt)×H1
0 (Ωt)

= 〈b|Ωt
,φ〉H−1(Ωt )×H1

0 (Ωt)
. (3.25)

Applying the change of variables Tt(V) to the left hand side of this equality, we
have

∫

Ω
A(t)∇(ut ◦Tt) ·∇(φ ◦Tt)dΩ = 〈b|Ωt

,φ〉 , (3.26)

where A(t) = g(t)DT−1
t DT−�

t . Thus

〈−div(χΩA(t)∇(ut ◦Tt)),ϕ〉H−1(Ω)×H1
0 (Ω) =

〈b|Ωt
,ϕ ◦Tt〉H−1(Ωt)×H1

0 (Ωt )
∀ϕ = φ ◦T−1

t ∈ H1
0 (Ω) . (3.27)

Let us observe that for any element Λ ∈ D ′(D), the element Λ ∗T−1
t is defined as

follows:
〈Λ ∗T−1

t ,ϕ〉= 〈Λ ,(g(t)ϕ)◦Tt〉 ∀ϕ ∈ D(D) . (3.28)

Therefore

〈−g(t)−1div(χΩA(t)∇(ut ◦Tt)),g(t)ϕ〉H−1(Ω)×H1
0 (Ω) =

〈b|Ωt
,(g(t)ϕ)◦Tt〉H−1(Ωt )×H1

0 (Ωt )
. (3.29)

Whence it follows that

[−g(t)−1div(χΩA(t)∇(ut ◦Tt))]∗T−1
t = b|Ωt

(3.30)

or
−g(t)−1div(χΩA(t)∇(ut ◦Tt)) = (b|Ωt

)∗Tt = (b∗Tt)|Ω , (3.31)

which concludes the proof. �

Let ut = u(Ωt)◦Tt ∈ H1
0 (Ω) be a solution to the following problem

∫

Ω
A(t)∇ut ·∇φ〉dΩ = 〈g(t)(b∗Tt)|Ω ,φ〉H−1(Ω)×H1

0 (Ω) ∀φ ∈ H1
0 (Ω) . (3.32)

It has been already shown that the mapping t �→ b ∗Tt is weakly differentiable in
the space H−2(D), however the mapping t �→ (b∗Tt)|Ω fails to have this property in
the space H−1(D). In order to obtain the required differentiability of the mapping
t �→ ut , it is necessary to introduce additional assumptions on the distribution b, the
domain Ω and the speed field V.

For b ∈ H−1(D) there are g ∈ L2(D) and h ∈ L2(D;Rd) such that b = g− divh.
It is assumed that the support of the singular part divh of b is included in Ω and in
Ωt for t > 0, t small enough. Therefore we assume that there exists a compact set C,
such that C⊂Ω ∪Ω c,

h(x) = 0 for x ∈D\C a.e. (3.33)
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Lemma 3.1. Let (3.33) be satisfied, then the mapping t �→ (b ∗Tt)|Ω is weakly dif-
ferentiable in (H1

0 (Ω)∩H2(Ω))′, the dual of H1
0 (Ω)∩H2(Ω).

Proof. Let φ ∈ H1
0 (Ω)∩H2(Ω) be a given element, then on the set Ω \C the ele-

ment φ can be modified, i.e. there exists an element ˜φ ∈ H2(Ω) such that

φ − ˜φ ∈ H2(D\C) . (3.34)

From (3.33) it follows that

〈divh,φ〉H−1(D)×H1
0 (D) = 〈divh, ˜φ〉H−1(D)×H1

0 (D) , (3.35)

thus
〈(b ∗Tt)|Ω ,φ〉= 〈(b ∗Tt)|Ω , ˜φ

0〉H−2(D)×H2
0 (D) , (3.36)

and the proof is completed. �

Proposition 3.2. Let V satisfy Condition 3.1 and b = g+ divh with g ∈ L2(D) and
h ∈ L2(D;Rd). Moreover, let h satisfy (3.33) for a compact C, such that C⊂Ω ∪Ω c.
Then the mapping t �→ ut = u(Ωt)◦Tt ∈ H1(Ω) is weakly differentiable in L2(Ω),
its derivative is given by the linear form on L2(Ω),

L2(Ω) � ϕ �→
∫

Ω
u̇(Ω ;V)ϕ dΩ :=

∫

Ω
div(gV)((−Δ)−1ϕ)dΩ− (3.37)

∫

Ω
(divV I−2∇Vs)∇u(Ω) ·∇((−Δ)−1ϕ)dΩ +

∫

Ω
∇(∇((−Δ)−1ϕ)V) ·hdΩ ∈R ,

where

∇Vs =
1
2
(∇V+∇V�) . (3.38)

Proof. For a given element φ ∈ H1
0 (Ω)∩H2(Ω) we have

∫

Ω
A(t)∇φ ·∇ut dΩ =

∫

Ω
(g ◦Tt)g(t)φ dΩ −

∫

D
∇(˜φ0 ◦Tt) ·hdΩ , (3.39)

where ˜φ ∈ H2
0 (Ω) is an element such that ˜φ = φ in an open neighborhood in Rd of

the compact set C. Let ˜φ0 be an extension of ˜φ to D. Green’s formula leads to

−
∫

Ω
utΔφ dΩ =

∫

Ω
utdiv((A(t)− I)∇φ)dΩ −

∫

D
∇(˜φ0 ◦Tt) ·hdΩ . (3.40)

Since the inverse (−Δ)−1 of the Laplace operator with homogeneous Dirichlet
boundary condition (Dirichlet Laplacian) is an isomorphism from L2(Ω) onto
H2(Ω)∩ H1

0 (Ω), the right hand side of (3.40) is differentiable with respect to t
at t = 0
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d
dt

[
∫

Ω
utdiv((A(t)− I)∇φ)dΩ −

∫

D
∇(˜φ0 ◦Tt) ·hdΩ

]

t=0
=

∫

Ω
udiv(A′(0)∇φ)dΩ +

∫

D
∇(∇˜φ0 ·V) ·hdΩ . (3.41)

On the other hand
∇(∇˜φ0 ·V) = ∇(∇φ ·V) on C , (3.42)

and h ≡ 0 on Ω \C. For h �= 0 on C and φ ∈ H2(Ω)∩H1
0 (Ω), the integral on D is

rewritten,
∫

D
∇(∇˜φ0 ·V) ·hdΩ =

∫

Ω
∇(∇φ ·V) ·hdΩ . (3.43)

For φ ,ϕ related by equations −Δφ = ϕ , or equivalently φ = (−Δ)−1ϕ , with φ ∈
H2(Ω)∩H1

0 (Ω) and ϕ ∈ L2(Ω) we have

∫

Ω
u̇(Ω ;V)ϕ dΩ =

∫

Ω
udiv(A′(0)∇φ)dΩ +

∫

Ω
div(gV)φ dΩ

+
∫

Ω
∇(∇φ ·V) ·hdΩ . (3.44)

Applying Green’s formula we obtain
∫

Ω
u̇(Ω ;V)ϕ dΩ =−

∫

Ω
A′(0)∇u ·∇φ dΩ

+

∫

Ω
div(gV)φ dΩ +

∫

Ω
∇(∇φ ·V) ·hdΩ , (3.45)

which completes the proof. �

For the particular case of the Poisson’s equation with homogeneous Dirichlet bound-
ary conditions and with the right hand side b ∈ L2(Ω), the weak differentiability is
established.

Corollary 3.1. Let u(Ωt) ∈ H1
0 (Ωt) be the solution to the problem:

{−Δu(Ωt) = b in Ωt ,
u(Ωt) = 0 on Γt ,

(3.46)

where b ∈ L2(D) and V verify Condition 3.1. Then the weak L2-material derivative
of the mapping t �→ u(Ωt)◦Tt is given by the linear form

L2(Ω) � ϕ �→
∫

Ω
u̇(Ω ;V)ϕ dΩ :=

∫

Ω
div(gV((−Δ)−1ϕ)dΩ−

∫

Ω
(divV I− 2∇Vs)∇u(Ω) ·∇((−Δ)−1ϕ)dΩ ∈R . (3.47)
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Remark 3.3. The linear form

H−1(Ω) � ϕ �→
∫

Ω
div(gV((−Δ)−1ϕ)dΩ−
∫

Ω
(divV I− 2∇Vs)∇u(Ω) ·∇((−Δ)−1ϕ)dΩ ∈R (3.48)

is continuous because the inverse operator (−Δ)−1 is an isomorphism from H−1(Ω)
onto H1

0 (Ω). Thus the material derivative u̇(Ω ;V) is well defined in H1
0 (Ω) for any

vector field V given by Condition 3.1. For b ∈ H1(D) it is easy to show that the
strong material derivative exists.

3.2.2 Strong Material Derivatives for the Dirichlet Problem

We assume that b ∈ H1(D), Ω ⊂D is of class Ck, k � 1, and V satisfies Condition
3.1. The transformed domain is denoted by Ωt = Tt(V)(Ω).

Let u(Ωt) ∈ H1
0 (Ωt) be a weak solution to the Poisson’s equation with homoge-

neous Dirichlet boundary conditions in Ωt ,
{−Δu(Ωt) = b in Ωt ,

u(Ωt) = 0 on Γt = ∂Ωt .
(3.49)

The weak solution denoted ut := u(Ωt) satisfies
∫

Ωt

∇ut ·∇φt dΩt =
∫

Ωt

bφt dΩt ∀φt ∈ H1
0 (Ωt) . (3.50)

The transformed function to the reference domain

ut = u(Ωt)◦Tt ∈ H1
0 (Ω) , (3.51)

satisfies
∫

Ω
A(t)∇ut ·∇ϕ dΩ =

∫

Ω
g(t)(b ◦Tt)ϕ dΩ ∀ϕ = φt ◦Tt ∈ H1

0 (Ω) . (3.52)

In order to determine the material derivative we denote

zt =
1
t
(ut − u) ∈ H1

0 (Ω) , (3.53)

and find the linear equation for zt

∫

Ω
∇zt ·∇ϕ dΩ =− 1

t

∫

Ω
(A(t)− I)∇ut ·∇ϕ dΩ

+
1
t

∫

Ω
(g(t)b ◦Tt − b)ϕ dΩ . (3.54)
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From (3.52) it follows that
‖ut‖H1

0 (Ω) �C . (3.55)

Moreover, using (3.54) we can show that ut converges strongly to u(Ω) in H1
0 (D)

as t → 0. Applying this convergence result to the right hand side of (3.54) we have

1
t
(A(t)− I)→ A′(0) strongly in L∞(D;Rd) (3.56)

and
1
t
(g(t)b ◦Tt − b)→ div(bV) strongly in L2(D) , (3.57)

here, it is assumed here that k � 1. From the foregoing it can be inferred that zt is
bounded, i.e.

‖zt‖H1
0 (Ω) �C . (3.58)

We can suppose that for a subsequence zk = ztk ⇀ z weakly in H1
0 (Ω) (for a sequence

{tk}, tk → 0 as k → ∞); for a weak limit z the following integral identity holds
∫

Ω
∇z ·∇φ dΩ = −

∫

Ω
A′(0)∇u ·∇φ dΩ

+

∫

Ω
div(bV)φ dΩ ∀φ ∈ H1

0 (Ω) . (3.59)

Let us assume that in (3.54) φ is taken as zk = ztk . It is known that the sequence
{∇utk} converges strongly to ∇u in L2(Ω ;Rd) as k →+∞. Furthermore

1
tk
(A(tk)− I)∇utk → A′(0)∇u strongly in L2(Ω ;Rd) , (3.60)

∇zk ⇀ ∇z weakly in L2(Ω ;Rd) . (3.61)

We can pass to the limit in (3.54) and obtain

‖zk‖2
H1

0 (Ω)
→ ‖z‖2

H1
0 (Ω)

as k →+∞ . (3.62)

As it has been already shown, the convergence of zk to z in H1
0 (Ω) assures the strong

convergence; the element z is uniquely determined, hence zt converges to z strongly
in H1

0 (D).

Proposition 3.3. Let Ω ⊂ D be of class Ck, k � 1, V satisfy Condition 3.1 and
b ∈ H1(D). Then the solution u(Ωt) of the Poisson’s equation with homogeneous
Dirichlet boundary conditions (3.47) admits the unique strong H1-material deriva-
tive z in the direction V

1
t
(u(Ωt)◦Tt(V)− u(Ω))→ z strongly in H1

0 (Ω) (3.63)

as t → 0.
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We now turn to the case k � 2. In order to apply the classical implicit function
theorem let us consider the mapping

Φ : [0,δ )× (H2(Ω)∩H1
0 (Ω))→ L2(Ω) , (3.64)

which is given by
Φ(t,u) =−div(A(t)∇u)−g(t)b ◦Tt . (3.65)

By standard regularity results applied to the elliptic problem defined in the domain
Ω with the boundaryΓ of class Ck (see e.g. [181]), it follows that for any t, 0 � t <
δ , u �→Φ(t,u) is an isomorphism from H2(Ω)∩H1

0 (Ω) onto L2(Ω).
On the other hand, for b ∈ H1(D) the mapping t �→ Φ(t,u) is strongly differ-

entiable in L2(Ω). By the standard implicit function theorem it follows that the
mapping t �→ ut , where ut is a unique solution to (3.49) and satisfies Φ(t,ut) = 0, is
strongly differentiable in H2(Ω)∩H1

0 (Ω). The derivative at t = 0 is of the form

z =−DuΦ(0,u)−1∂tΦ(0,u) . (3.66)

Thus, we have the result.

Proposition 3.4. Let Ω ⊂ D be of class Ck, k � 2, V satisfy Condition 3.1 and
b ∈ H2(D). Then the solution u(Ωt) to the Poisson’s equation with homogeneous
Dirichlet boundary conditions (3.47) has the unique strong H2-material derivative
z in the direction V,

1
t
(u(Ωt)◦Tt(V)− u(Ω))→ z strongly in H2(Ω)∩H1

0 (Ω) (3.67)

as t → 0.

3.2.3 Material Derivatives for the Neumann Problem

Let Ω be a domain in D with the boundary Γ of class Ck, k � 1, let V satisfy
Condition 3.1 and b ∈ L2(D) be given.

We denote by u(Ωt) ∈ H1(Ω)/R a weak solution of the Neumann boundary
value problem (Neumann Laplacian)

{−Δu(Ωt) = b− b̄ in Ωt ,
∂nu(Ωt) = 0 on Γt = ∂Ωt ,

(3.68)

where |Ω | is the Lebesgue measure of Ω and

b̄ =
1

|Ωt |
∫

Ωt

bdΩt . (3.69)



3.2 Material Derivatives for Second Order Elliptic Equations 63

The weak solution ut satisfies
∫

Ωt

∇ut ·∇φt dΩt =

∫

Ωt

(b− b̄)φt dΩ (3.70)

for all test functions φt in H1(Ωt)/R.
By the change of variables defined by the transformation Tt(V) the above inte-

gral identity in variable domain Ωt is transformed to the reference domain
∫

Ω
A(t)∇ut ·∇φ dΩ =

∫

Ω
F(t)φ dΩ . (3.71)

The mean value of

F(t) = g(t)

(

b ◦Tt − 1
|Ωt |

∫

Ωt

bdΩt

)

(3.72)

is null
∫

Ω
F(t)dΩ =

∫

Ωt

bdΩt − 1
|Ωt |

∫

Ωt

bdΩt

∫

Ω
g(t)dΩ = 0 . (3.73)

To check this property it is enough to recall that
∫

Ω
g(t)b◦Tt dΩ =

∫

Ωt

bdΩ and
∫

Ω
g(t)dΩ =

∫

Ωt

dΩt = |Ωt | . (3.74)

We replace φ by ut in (3.71), hence

‖ut‖H1(Ω)/R �C , (3.75)

for k � 1 and
‖A(t)‖W1,∞(D;R2×R2) �C for t ∈ [0,δ ) . (3.76)

For b ∈ L2(D) we have that F(t)→ F(0) strongly in L2(D) as t → 0, where

F(0) = b− 1
|Ω |

∫

Ω
bdΩ . (3.77)

From (3.71) it follows that ut → u strongly in H1(Ω)/R. First assuming that φ = ut

in (3.71) we get
‖ut‖2

H1(Ω)/R �C . (3.78)

Let us consider a subsequence

uk = utk , tk → 0 as k → ∞ , (3.79)

then
uk ⇀ u = u(Ω) weakly in H1(Ω)/R , (3.80)
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as t → 0. Hence ut ⇀ u(Ω) weakly in H1(Ω)/R as t → 0. For zt = (ut − u)/t one
obtains

∫

Ω
∇zt ·∇φ dΩ =−

∫

Ω

1
t
(A(t)− I)∇ut ·∇φ dΩ

+

∫

Ω

1
t
(F(t)−F(0))φ dΩ ∀φ ∈ H1(Ω)/R . (3.81)

Furthermore

1
t
(A(t)− I)∇ut ⇀ A′(0)∇u weakly in L2(Ω ;Rd) . (3.82)

For b ∈ H1(D) we have

1
t
(F(t)−F(0))→ F ′(0) strongly in L2(Ω) , (3.83)

as t → 0, where F ′(0) ∈ L2(Ω) is given by

F ′(0) = div(bV)+
∫

Γ
V ·ndΓ

1
|Ω |2

∫

Ω
bdΩ

− 1
|Ω |

∫

Γ
bV ·ndΓ − divV

1
|Ω |

∫

Ω
bdΩ . (3.84)

Thus
∫

Ω
F ′(0)dΩ =

∫

Γ
b V ·ndΓ +

1
|Ω |

∫

Ω
bdΩ

∫

Γ
V ·ndΓ

−
∫

Γ
b V ·ndΓ − 1

|Ω |
∫

Ω
bdΩ

∫

Γ
V ·ndΓ = 0 . (3.85)

3.3 Shape Derivatives for Second Order Elliptic Equations

In this section the form of the shape derivatives for the second order linear elliptic
boundary value problems is derived. Our goal is to obtain the complete information
for the shape derivatives, including the boundary value problems and the explicit
form of nonhomogeneous boundary conditions. The form of the shape derivative
for the second order elliptic boundary value problem with nonhomogeneous Dirich-
let boundary conditions is determined in Section 3.3.1. In Section 3.3.2 the same
equation but with nonhomogeneous Neumann boundary conditions is considered.

3.3.1 Shape Derivatives for the Dirichlet Problem

Let D be a given domain in Rd . It is assumed that for any domain Ω of class Ck

in D there are given three elements b(Ω), z(Γ ), u(Ω) such that b(Ω) ∈ L2(Ω),
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z(Γ ) ∈ H1/2(Γ ), and u(Ω) ∈ H1(Ω). In this section, u(Ω) denotes a solution to the
Poisson’s equation with the Dirichlet boundary conditions

{−Δu(Ω) = b(Ω) in L2(Ω) ,

u(Ω) = z(Γ ) in H1/2(Γ ) .
(3.86)

Let V satisfy Condition 3.1 and the elements b(Ω), z(Γ ), u(Ω) admit the shape
derivatives b′(Ω), z′(Γ ), u′(Ω) in L2(Ω), H1/2(Γ ), H1(Ω), respectively. We have
established that

1
t
(u(Ωt)◦Tt(V)− u(Ω))⇀ u̇(Ω ;V) weakly in H1(Ω) , (3.87)

as t → 0, and in addition
∇u(Ω) ·V ∈ H1(Ω) . (3.88)

In order to determine the shape derivative let us consider the weak form of (3.86)
obtained by transposition

∫

Ω
u(Ω)Δφ dΩ =

∫

Γ
z(Γ )∂nφ dΓ −

∫

Ω
b(Ω)φ dΩ ∀φ ∈H2(Ω)∩H1

0 (Ω) . (3.89)

In order to determine the boundary conditions for the shape derivative we consider
the boundary condition in (3.86) written as the integral identity

∫

Γt

u(Ωt)φ dΓt =

∫

Γt

z(Γt)φ dΓt , (3.90)

with the test function φ ∈ D(Rd).
Taking the derivative with respect to t at t = 0 of both sides of this identity, we

obtain

∫

Γ
u′(Ω ;V)|Γ φ dΓ +

∫

Γ
(∂n(u(Ω)φ)+κu(Ω)φ)V ·ndΓ =
∫

Γ
(z(Γ )φ)′(Γ ;V)dΓ +

∫

Γ
κz(Γ )φV ·ndΓ , (3.91)

where κ is the mean curvature of Γ . For a given element φ ∈ D(Rd) we have the
expression for the boundary shape derivative of its restriction to Γ

φ ′(Γ ;V) = ∂nφ(Γ )V ·n . (3.92)

Since we need test functions in a dense subset of the Sobolev space H1(Ω), without
loss of generality we can take the boundary shape derivative of the test function null,
i.e., ∂nφ = 0 on Γ , then
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∫

Γ
u′(Ω ;V)|Γ φ dΓ +

∫

Γ
(∂nu(Ω)+κu(Ω))φ V ·ndΓ =

∫

Γ
z′(Γ ;V)φ dΓ +

∫

Γ
κz(Γ )φ V ·ndΓ . (3.93)

From the boundary condition in (3.86) it follows that

u′(Ω ;V)|Γ =−∂nu(Ω)V ·n+ z′(Γ ;V) on Γ . (3.94)

On the other hand, for a test function φ ∈ D(Ω) we have the property that φ ∈
D(Ωt) for t > 0, t small enough. Therefore,

∫

Ωt

∇u(Ωt) ·∇φ dΩ =

∫

Ωt

b(Ωt)φ dΩ . (3.95)

Taking the derivative with respect to t at t = 0 of both sides of this identity we have
∫

Ω
∇u′(Ω ;V) ·∇φ dΩ =

∫

Ω
b′(Ω ;V)φ dΩ , (3.96)

that is
−Δu′(Ω ;V) = b′(Ω ;V) in D ′(Ω) . (3.97)

Proposition 3.5. Let (b(Ω),z(Γ )) ∈ L2(Ω)×H1/2(Γ ) be given elements such that
there exist the shape derivatives (b′(Ω),z′(Γ )) in L2(Ω)×H1/2(Γ ). Then the solu-
tion u(Ω) to the Poisson’s equation with the Dirichlet boundary conditions (3.86)
has the shape derivative u′(Ω ;V) in H1(Ω) determined as the unique solution to
the Poisson’s equation (3.97) with the Dirichlet boundary conditions (3.94).

3.3.2 Shape Derivatives for the Neumann Problem

Let D be a given domain in Rd . It is assumed that for any domain Ω of class Ck

in D there are given three elements b(Ω), z(Γ ) and u(Ω) such that b(Ω) ∈ L2(Ω),
z(Γ ) ∈ H1/2(Ω)/R, and

∫

Ω
b(Ω)dΩ +

∫

Γ
z(Γ )dΓ = 0 . (3.98)

In this section u(Ω) denotes a solution to the Neumann boundary value problem
{−Δu(Ω) = b(Ω) in L2(Ω) ,

∂nu(Ω) = z(Γ ) in H1/2(Γ ) .
(3.99)

Let us consider the following integral identity
∫

Ωt

∇u(Ωt) ·∇φ dΩ =
∫

Ωt

b(Ωt)φ dΩ +
∫

Γt

z(Γ )φ dΓ , (3.100)



3.3 Shape Derivatives for Second Order Elliptic Equations 67

where φ ∈ D(Rd) is a given element and u(Ωt) ∈ H1(Ωt)/R. Taking the derivative
of (3.100) with respect to t at t = 0 we obtain

∫

Ω
∇u′(Ω ;V) ·∇φ dΩ +

∫

Γ
∇u ·∇φ V ·ndΓ =

∫

Ω
b′(Ω ;V)φ dΩ +

∫

Γ
b(Ω)φ V ·ndΓ+

∫

Γ
[z′(Γ ;V)φ +(z(Γ )∂nφ +κz(Γ )φ)V ·n]dΓ . (3.101)

Assuming that φ is in D(Ω) we get

−Δu′(Ω ;V) = b′(Ω ;V) in Ω . (3.102)

If the test function φ is such that its displacement derivative is null on the boundary
i.e., ∂nφ = 0 on Γ , then Green’s formula yields

∫

Γ
∂nu′(Ω ;V) φ dΓ −

∫

Γ
divΓ (V ·n∇Γ u)φ dΓ =

∫

Γ
(b(Ω)V ·n+ z′(Γ ;V)+κz(Γ )V ·n)φ dΓ , (3.103)

where divΓ ϕ is the tangential divergence of a vector function ϕ on the boundary Γ ,
that is

divΓ ϕ = (I− n⊗ n) ·∇ϕ on Γ . (3.104)

If vn =V ·n on Γ , then the following Neumann boundary conditions can be set out
for u′(Ω ;V)

∂nu′(Ω ;V) = divΓ (vn∇Γ u(Ω))+ (b(Ω)+κz(Γ ))vn + z′(Γ ;V) on Γ . (3.105)

We shall show that the compatibility condition (3.98) is satisfied in an appropriate
way for the problem (3.102) and (3.105).

Proposition 3.6. For the terms on the right hand side of formulae (3.102) and
(3.105) the compatibility condition (3.98) holds, i.e.

∫

Ω
b′(Ω ;V)dΩ +

∫

Γ
divΓ (vn∇Γ u(Ω))dΓ+
∫

Γ
(b(Ω)+κz(Γ ))vn dΓ +

∫

Γ
z′(Γ ;V)dΓ = 0 , (3.106)

hence there exists the unique solution u′(Ω ;V) ∈ H1(Ω)/R to the problem (3.102)
and (3.105).

Proof. From (3.98) it follows that in (3.100) φ can be replaced with φ+c, where c is
any constant. Differentiation with respect to t does not change this property. There-
fore φ can be replaced by φ + c in the integral identity obtained after differentiation
of (3.106) with respect to t. This yields
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∫

Ω
b′ dΩ +

∫

Γ
bvn dΓ +

∫

Γ
z′ dΓ +

∫

Γ
κzvn dΓ = 0 . (3.107)

On the other hand we have
∫

Γ
divΓ (vn∇Γ u)dΓ =−

∫

Γ
vn∇Γ u ·∇Γ 1dΓ = 0 , (3.108)

as it was to be shown. �

Proposition 3.7. Let (b(Ω),z(Γ )) ∈ L2(Ω)×H1/2(Γ ) be given elements such that
there exist the shape derivatives (b′(Ω ;V),z′(Γ ;V)) in L2(Ω)×H1/2(Γ ). Then
the solution u(Ω) to the Neumann boundary value problem has the shape deriva-
tive u′(Ω ;V) in H1(Ω)/R. This derivative is given by the unique solution to the
Neumann boundary value problem (3.102) and (3.105).

3.4 Material and Shape Derivatives for Elasticity Problems

In this section the form of the material derivatives and the shape derivatives for
the second order linear elliptic system is derived. In particular the shape sensitivity
analysis is performed for anisotropic elasticity boundary value problems with the
full range of boundary conditions. The existence of the strong or weak Hk-material
derivatives, k = 0,1,2, can be shown by the exactly same arguments as it is in the
case of the Poisson’s equation by an application of the implicit function theorem.
Then, from the relation between the material and the shape derivatives it follows the
existence of the associated Hk−1-shape derivatives.

3.4.1 Problem Formulation

The elliptic boundary value problems in elasticity are formulated in this section.
Let η ∈ H1(Γ ) be the trace on a smooth manifold Γ = ∂Ω of a vector function

φ ∈ H2(Ω ;R3), then

∇Γ η = (I− n⊗ n)∇φ on Γ , (3.109)

which implies

divΓ η = tr(∇Γ η) = (I− n⊗ n) ·∇φ on Γ . (3.110)

We point out that η is defined only on Γ , hence ∇η is not defined.
For any vector function φ ∈ H1(R3;R3) the following notation is used

(∇φ)i j = φi, j and (∇φ�)i j = φ j,i , i, j = 1,2,3 . (3.111)
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The linearized strain tensor ε(φ) is of the form

ε(φ) =
1
2
(∇φ +∇φ�) . (3.112)

Let us consider the fourth order tensor field C = {ci jkl}, i, j,k, l = 1,2,3, such that
the following symmetry conditions are satisfied

ci jkl(x) = c jikl(x) = ckli j(x) x ∈R3, i, j,k, l = 1,2,3 . (3.113)

Furthermore ci jkl(·) ∈ L∞
loc(R

3), i, j,k, l = 1,2,3, and there exists α0 > 0 such that

C(x)ξ ·ξ = ci jkl(x)ξi jξkl � α0ξi jξkl = α0ξ ·ξ (3.114)

for all x ∈ R3 and for all second order symmetric tensors ξ , where the summation
convention over repeated indices i, j,k, l = 1,2,3 is used.

The stress tensor σ = σ(φ) is defined by

σ(φ) = Cε(φ) i.e. σi j = ci jklεkl = ci jklφk,l i, j,k, l = 1,2,3 . (3.115)

For φ ∈ H2(R3;R3) there are well defined

• the normal component σnn of the stress tensor on the boundary Γ ,

σnn = n ·σn = σi jnin j , (3.116)

• the tangential component στ ,

στ = σn−σnnn . (3.117)

We introduce for the elasticity boundary value problems

• the bilinear form

a(ϕ ,φ) =
∫

Ω
Cε(ϕ) · ε(φ)dΩ ∀ϕ ,φ ∈ H1(Ω ;R3) , (3.118)

• and the linear form

l(φ) =
∫

Ω
b ·φ dΩ +

∫

Γ1

z ·φ dΓ . (3.119)

Here Ω ⊂ R3 is a given domain with the smooth boundary Γ = Γ 0 ∪Γ 1 ∪Γ 2,
Γ i ∩Γ j =∅, i �= j, |Γ0|> 0; b ∈ L2(Ω ;R3) and z ∈ H1(Γ2;R3) are given elements.

Remark 3.4. The above constraints on Γ0, Γ1 and Γ2 require explanation. If

• ∂Γi∩∂Γj �=∅, i �= j, then the singularities of weak solutions on ∂Γi∩∂Γj should
be taken into account in evaluations of material and shape derivatives.

• |Γ0| = 0 then the compability conditions generated by rigid body motions are
required for the solvability of boundary value problems.
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Proposition 3.8. Under the above assumptions there exists a weak solution to the
variational equation

u ∈ V : a(u,φ) = l(φ) ∀φ ∈ V , (3.120)

where

V = {φ ∈ H1(Ω ;R3) : φ = 0 on Γ0, φn = φ ·n = 0 on Γ2} . (3.121)

It can be shown [61] that for the weak solution u, the following system of equations
is satisfied

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

−divσ = b in Ω ,
u = 0 on Γ0 ,

σn = z on Γ1 ,
u ·n = 0 on Γ2 ,
στ = 0 on Γ2 ,

(3.122)

in the weak sense. It is well known that for |Γ0| > 0 the bilinear form a(·, ·) is
coercive [61], i.e. there exists a constant α > 0 such that

∫

Ω
Cε(φ) · ε(φ)dΩ � α‖φ‖2

H1(Ω ;R3) ∀φ ∈ V . (3.123)

This implies the existence and uniqueness of the weak solution to (3.122) defined
by (3.120). The equivalent form of (3.122) expressed in terms of the displacement
u is as follows

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

−divσ(u) = b in Ω ,
σ(u) = Cε(u) ,

u = 0 on Γ0 ,
σ(u)n = z on Γ1 ,

u ·n = 0 on Γ2 ,
στ(u) = 0 on Γ2 .

(3.124)

Let us examine the linear model (3.122). The principal aim of our consideration is
the shape sensitivity analysis of the system (3.122), therefore it is assumed that data
are smooth enough, e.g.

z,b ∈ C1(R3;R3) , (3.125)

ci jkl ∈ C1(R3) i, j,k, l = 1,2,3 . (3.126)

The system (3.122) is to be defined in the domain Ωt ∈ R3, with the boundary
Γt =Γ t

0∪Γ t
1∪Γ t

2 for t ∈ [0,δ ). For this purpose the following notation is introduced

at(ϕ ,φ) =
∫

Ωt

Cε(ϕ) · ε(φ)dΩt ∀ϕ ,φ ∈ Vt , (3.127)

lt(φ) =
∫

Ωt

b ·φ dΩt +
∫

Γ t
1

z ·φ dΓt ∀φ ∈ Vt , (3.128)
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where

Vt = {φ ∈ H1(Ωt ;R3) : φ = 0 on Γ t
0 , φ ·nt = 0 on Γ t

2 } . (3.129)

The following variational equation holds

ut ∈ Vt : at(ut ,φ) = lt(φ) ∀φ ∈ Vt (3.130)

for a weak solution to (3.122).

Note 3.1. The frictionless contact problems and the contact problems with given
friction for linear elastic solids take the form of variational inequalities.

Note 3.2. For the contact problems, the nonpenetration condition ut ·nt � 0 on Γ t
c is

not preserved for the function ut := ut ◦Tt on the boundary Γc in view of

nt(x) := (nt ◦Tt)(x) = (‖(DTt)
−�n‖−1

R3(DTt)
−�n)(x)

for x ∈Γc ⊂ ∂Ω , where n is the unit normal vector on ∂Ω . It is convenient to replace
the unknown vector function ut ◦Tt by

z
t = DTt(ut ◦Tt) , (3.131)

since

z
t ·nt = (ut ◦Tt)(DTt)

�(nt ◦Tt) = ‖(DTt)
−�n‖R3ut ·n . (3.132)

Thus the unilateral condition on the moving boundaryΓ t
c

ut ·nt � 0 (3.133)

is transformed to the fixed domain, but for the function zt = DTt ·ut ,

z
t ·n � 0 . (3.134)

3.4.2 Material Derivatives for Elasticity

The elasticity boundary value problem defined in variable domain is transformed to
the reference domain. To this end we introduce the notation

• the bilinear form transformed to the reference domain

at(ϕ ,φ) = at(ϕ ◦T−1
t ,φ ◦T−1

t )

=

∫

Ω
g(t)Ctεt (ϕ) · εt(φ)dΩ ∀ϕ ,φ ∈ V , (3.135)
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• the linear form transformed to the reference domain

lt(φ) = lt(φ ◦T−1
t )

=

∫

Ω
bt ·φ dΩ +

∫

Γ1

zt ·φdΓ ∀φ ∈ V , (3.136)

where

εt(φ) =
1
2
(Dφ(DTt)

−1 +(DTt)
−�Dφ�) , (3.137)

bt = g(t)b ◦Tt , (3.138)

zt = ‖DT
−�
t n‖g(t) z◦Tt . (3.139)

Proposition 3.9. The solution transformed to the reference domain

ut = ut ◦Tt (3.140)

satisfies
ut ∈ V : at(ut ,φ) = lt(φ) ∀φ ∈ V . (3.141)

The solution of (3.141) is differentiated with respect to t. First, the bilinear and the
linear forms are differentiated. We denote

• derivative of mapping t �→ εt(φ)

ε ′(φ) = −1
2
(∇φ∇V+∇V�∇φ�) , (3.142)

• derivative of mapping t �→ C
t := C◦Tt

C
′ = {c′i jkl}, c′i jkl = ci jkldivV+∇(ci jkl) ·V , (3.143)

• tangential component of the velocity field

Vτ = V− (V ·n) n . (3.144)

Proposition 3.10. The derivatives a′(·, ·), l′(·) of the bilinear form at(·, ·) and the
linear form lt(·) with respect to t at t = 0 are given by

a′(ϕ ,φ) =
∫

Ω
(ε ′(ϕ) ·σ(φ)+σ(ϕ) · ε ′(φ)+C

′ε(ϕ) · ε(φ))dΩ

∀ϕ ,φ ∈ V , (3.145)

and

l′(φ) =
∫

Ω
(b divV+(∇b)V) ·φ dΩ

+

∫

Γ1

(z divΓV+(∇Γ z)Vτ) ·φ dΓ ∀φ ∈ V . (3.146)
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Theorem 3.2. The following variational equation

u̇ ∈ H1(Ω ;R3) : a(u̇,φ) = l′(φ)− a′(u,φ) ∀φ ∈ V (3.147)

with the additional conditions

u̇ = 0 on Γ0, u̇ ·n = n · (∇V)uτ on Γ2 , (3.148)

holds for the strong material derivative u̇ ∈ H1(Ω ;R3) of the solution u(Ω) to
(3.122) in the direction of a vector field V.

Proof. From our assumptions it follows that the mappings

[0,δ ) � t �→ b◦Tt ∈ L2(Ω ;R3) , (3.149)

[0,δ ) � t �→ z◦Tt ∈ L2(Γ1;R3) , (3.150)

are strongly differentiable. Therefore we can differentiate the integral identity
(3.141) with respect to t at t = 0. This yields the integral identity (3.148). Since
ut = 0 on Γ0, then u̇ = 0 on Γ0. On the other hand, ut ·nt = 0 on Γ t

2 , thus

ut ·nt = 0 on Γ2 , (3.151)

where
nt = nt ◦Tt = ‖(DTt)

−�n‖−1(DTt)
−�n . (3.152)

Hence
d
dt
(ut ·nt)|t=0 = 0 on Γ2 , (3.153)

or equivalently
u̇ ·n− u · (∇V)�n = 0 on Γ2 . (3.154)

Taking into account that u ·n = 0 on Γ2, one can show that (3.147) holds. �

3.4.3 Shape Derivatives for Elasticity

In this section the form of the shape derivative u′ = u′(Ω ;V) of the solution u(Ω)
to (3.122) is derived.

Proposition 3.11. Let us assume

(∇u)V ∈ H1(Ω ;R3) , (3.155)

then the shape derivative

u′ = u̇− (∇u)V ∈ H1(Ω ;R3) (3.156)

satisfies for all test functions φ ∈ V the relation

a(u′,φ) = l′(φ)− a′(u,φ)− a((∇u)V,φ) . (3.157)
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Now we establish the boundary value problem for the shape derivative.

Condition 3.2. We assume that the sets Γ 0 ∩Γ 1, Γ 1 ∩Γ 2, Γ 0 ∩Γ 2 are empty.

Lemma 3.2. Shape derivative of the stress tensor satisfies
∫

Ω
σ ′ · ε(φ)dΩ =

∫

Γ
vnbτ ·φτ dΓ

+
∫

Γ1

(vnb+ vnκz− divΓ (vnστ )) ·φ dΓ . (3.158)

Proof. Let us suppose that V ·n = 0 on Γ , then Ω =Ωt . Thus u′ = 0 and

l′(φ)− a′(u,φ)− a((∇u)V,φ) = 0 . (3.159)

Let us recall, that for ut ∈ H1(Ωt ;R3) the following integral identity holds
∫

Ωt

σt · ε(φ)dΩt =

∫

Ωt

b ·φ dΩt +

∫

Γ t
1

z ·φdΓt . (3.160)

Differentiation of (3.160) with respect to t at t = 0 yields
∫

Ω
σ ′ · ε(φ)dΩ +

∫

Γ
vnσ · ε(φ)dΓ =

∫

Γ
vnb ·φ dΓ +

∫

Γ1

vnκz ·φ dΓ (3.161)

for all φ ∈ H2(Ω ;R3). Let us assume that ∂nφ = 0 on Γ , and let φτ = φ − (φ ·n)n,
then

∫

Γ
vnσ · ε(φ)dΓ =

∫

Γ
vnσ ·∇φ dΓ =

∫

Γ
vnσ ·∇Γ φ dΓ

=

∫

Γ
(−divΓ (vnσ)+ vnκσn) ·φ dΓ , (3.162)

or equivalently

∫

Γ
vnσ · ε(φ)dΓ =−

∫

Γ
(φndivΓ (vnσ) ·n+

φτ ·divΓ (vnσ)− vnκσn ·φ)dΓ . (3.163)

Hence
∫

Ω
σ ′ · ε(φ)dΩ =−

∫

Ω
divσ ′ ·φ dΩ +

∫

Γ
σ ′n ·φ dΓ

=−
∫

Γ
(divΓ (vnσ)− vnκσn− vnb− vnκz) ·φ dΓ . (3.164)

In this equation we have used the conditions: φ = 0 on Γ0 and φ ·n = 0 on Γ2. Hence
φ = φτ on Γ2, σn = z on Γ1 and σn = σnnn on Γ2 because of στ = 0 on Γ2. Thus, we
obtain (3.158). �
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Now we are in position to establish the boundary value problem for the shape
derivative.

Theorem 3.3. If

• Condition 3.2 holds,
• otherwise, the vector field V satisfies

V= 0 on Γ 0 ∩Γ 1, Γ 1 ∩Γ 2, Γ 0 ∩Γ 2 . (3.165)

Then the shape derivative u′ = u′(Ω ;V) ∈ H1(Ω ;R3) of the solution u(Ω) to
(3.122) satisfies the boundary value problem

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

−divσ ′ = 0 in Ω ,
u′ = −vn ∂nu on Γ0 ,

σ ′n = vnb+ vnκz− divΓ (vnστ) on Γ1 ,
u′ ·n = (∇V)uτ ·n on Γ2 ,
σ ′
τ = vnbτ on Γ2 .

(3.166)

Proof. The equation (3.166) follows from
∫

Ω
σ ′ · ε(φ)dΩ =

∫

Γ
σ ′n ·φdΓ −

∫

Ω
divσ ′ ·φ dΩ

=

∫

Γ
(vnκσn+ vnb+ vnκz− divΓ (vnσ)) ·φ dΓ

=
∫

Γ
vnφτ ·bτ dΓ

+

∫

Γ1

(vnb+ vnκz− divΓ (vnστ )) ·φ dΓ (3.167)

for the test functions φ ∈ D(Ω ;R3). We derive the boundary conditions in (3.166).
We have

u′ = u̇− (∇u)V=−vn ∂nu− (∇Γ u)Vτ =−vn ∂nu on Γ0 . (3.168)

Hence the condition on Γ0 is obtained. The condition on Γ1 follows from (3.167). In
order to derive the first condition on Γ2, the following equation

ut ·nt = 0 on Γ t
2 = Tt(Γ2) (3.169)

is to be used. From (3.169) it follows that

u′ ·n =−u ·n′ on Γ2 . (3.170)

On the other hand
n′ = ṅ− (∇Γ n)Vτ =−(∇V)�n . (3.171)

Since Vτ = 0, then
u′ ·n = (∇V)u ·n . (3.172)
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Taking into account that (3.169) holds on Γ2 we get the first condition on Γ2. Finally
the second condition on Γ2 follows from (3.167), which concludes the proof. �

3.4.4 Shape Derivatives for Interfaces

Given the domain Ω with the boundary denoted by ∂Ω , and Ωα � Ω with the
boundary Γ := ∂Ωα , we split the domain Ω into two subdomains and an interface:
Ω := Ωα ∪Γ ∪Ωβ . The Hook’s tensor C(x) = αC in Ωα and C(x) = β C in Ωβ ,
where C is a constant tensor. The solution in displacements u(x) we also split into
uα(x) and uβ (x). From the variational formulation of the transmission problem

∫

Ω
σ(u) · ε(ϕ)dΩ =

∫

Ω
b ·ϕ dΩ , (3.173)

where σ(u(x)) = C(x)ε(u(x)) is the Cauchy stress tensor and ε(u(x)) is the lin-
earized Green strain tensor, and with the smooth vector test function ϕ ∈C∞

0 (Ω) we
obtain

∫

Ωα
σα(uα) · ε(ϕα)dΩ +

∫

Ωβ
σβ (uβ ) · ε(ϕβ )dΩ =

∫

Ωα
bα ·ϕα dΩ +

∫

Ωβ
bβ ·ϕβ dΩ , (3.174)

where σα(uα(x)) = αCε(uα(x)) and σβ (uβ (x)) = βCε(uβ (x)). The transmission
conditions on the interface come out from the continuity of the solution and of the
tractions over the interface

uα = uβ and σα(uα)n = σβ (uβ )n , (3.175)

where n is the exterior normal to Ωα . Note that we have also considered a jump on
the body force b of the form b(x) = bα in Ωα and b(x) = bβ in Ωβ .

We determine the shape derivative of the variational problem with respect to the
boundary variations of the interface. Analogously to the previous section, we have to
write the above problem in the variable domain Ωt . Then, by simple differentiation
of this formulation with respect to t at t = 0, we obtain

∫

Ωα
σα(u′α) · ε(ϕα)dΩ +

∫

Ωβ
σβ (u′β ) · ε(ϕβ )dΩ+

∫

Γ
σα(uα) · ε(ϕα)(V ·n)dΓ −

∫

Γ
σβ (uβ ) · ε(ϕβ )(V ·n)dΓ =

∫

Γ
bαϕα(V ·n)dΓ −

∫

Γ
bβϕβ (V ·n)dΓ , (3.176)
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where we have assumed that the boundary shape derivative of the test function on
the interface for t = 0 is null. The above derivation requires the following additional
explanation:

Note 3.3. We recall that, for a vector function u(Ωt)(x) = ut(x) =U(t,x) defined on
the variable domain Ωt , the domain shape derivative associated with the derivatives
of volume integrals equals u′(Ω ;V)(x) = u′(x) := ∂tU(0,x) in the reference domain
Ω , in contrast with the boundary shape derivative of the same function written as
z(Γt)(x) = zt(x) =U(t,x). For such a function depending on the surfaceΓt = ∂Ωt the
appropriate notion associated with the derivatives of surface integrals is called the
displacement derivative given by z′(Γ ;V)(x) = z′(x) := ∂tU(0,x)+∂nU(0,x)(V ·n).
From the definitions we get the relations with the material derivatives

u̇(Ω ;V) = u′(Ω ;V)+ (∇u)V, (3.177)

ż(Γ ;V) = z′(Γ ;V)+ (∇Γ z)V. (3.178)

Therefore, by taking into account that for the test function ϕ the displacement
derivative ϕ ′(Γ ;V) = ∂nϕ(V · n) is null on Γ by our assumption, we get after in-
tegrations by parts, the transmission conditions on Γ for the shape derivative u′.
Indeed, for a test function supported in Ωα it follows that divσα(u′α) = 0 in Ωα ,
and for a test function supported in Ωβ it follows that divσβ (u′β ) = 0 in Ωβ . Then

the solution u′ lives in H1(Ω), which requires the continuity of displacements

u′ := u′α = u′β on Γ , (3.179)

and from the variational formulation we obtain the nonhomogeneous transmission
conditions for the tractions

σα(u′α)n−σβ (u′β )n = (α−β )divΓ ((V ·n)σΓ (u))+ (bα − bβ )(V ·n) , (3.180)

with σΓ (u) := C(∇Γ u)s. Finally, given the shape derivative, we can find the shape
gradient of the energy shape functional, which we leave as an exercise.

3.5 Material and Shape Derivatives for Kirchhoff Plates

In this section the material and shape derivatives for the fourth order linear elliptic
equation are obtained. The derivation is performed in the same framework as in the
case of the elasticity boundary value problems. In particular, the linear model of
thin, solid elastic Kirchhoff plate is considered.
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3.5.1 Problem Formulation

The static response of the plate u = u(Ω), with Ω ⊂ R2, can be determined from
the Kirchhoff plate model, namely

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−div(divM) = b in Ω ,
u = ∂nu = 0 on Γ0 ,
u = Mnn = 0 on Γ1 ,
Mnn = Q = 0 on Γ2 ,

(3.181)

i.e. the plate is clamped, simply supported and free on the portions Γ0, Γ1 and Γ2 of
the boundary ∂Ω , respectively. The following condition is assumed for simplicity

Condition 3.3. The sets Γ i ∩Γ j = /0 for i �= j, i, j = 0,1,2.

In (3.181), Mnn = n ·Mn denotes the normal component of the moment and Q is the
effective shear force given by

Q =−∂τMτn − divM ·n , with Mτn = τ ·Mn . (3.182)

In addition, we consider the following constitutive relation

M(u) = C∇∇u . (3.183)

For the fourth order tensor field C= {ci jkl}, with ci jkl ∈C2(R2), i, j,k, l = 1,2, the
usual symmetry conditions hold

ci jkl(x) = c jikl(x) = ckli j(x) x ∈R2, i, j,k, l = 1,2 . (3.184)

Let us assume that there exists a constant α0 > 0 such that

Cξ ·ξ = ci jkl(x)ξi jξkl � α0ξi jξkl = α0ξ ·ξ (3.185)

for all x ∈ R2 and for all second order symmetric tensors ξ . The problem (3.181)
can be formulated in terms of the transversal displacement u as follows

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

−div(divM(u)) = b in Ω ,
M(u) = C∇∇u ,

u = ∂nu = 0 on Γ0 ,
u = Mnn(u) = 0 on Γ1 ,

Mnn(u) = Q(u) = 0 on Γ2 .

(3.186)

For a weak solution u ∈ H2(Ω) to (3.181) the following integral identity is satisfied

u ∈ V : a(u,φ) = l(φ) ∀φ ∈ V , (3.187)

where
V = {φ ∈ H2(Ω) : φ = 0 on Γ0 ∪Γ1, ∂nu = 0 on Γ0} , (3.188)
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and

a(ϕ ,φ) =
∫

Ω
C∇∇ϕ ·∇∇φ dΩ ∀ϕ ,φ ∈ H2(Ω) , (3.189)

l(φ) =
∫

Ω
bφ dΩ . (3.190)

The following Green’s formula holds for ϕ ∈ H4(Ω) and φ ∈ H2(Ω):

a(ϕ ,φ) =
∫

Ω
div(divM(ϕ))φ dΩ +

∫

Γ
(Q(ϕ)φ +Mnn(ϕ)∂nφ)dΓ . (3.191)

Using (3.191) the weak form of (3.181) can be defined, along with the nonhomoge-
neous boundary conditions prescribed on the portions Γ0, Γ1 and Γ2 of the boundary.
However, for the sake of simplicity we restrict our considerations to (3.181) with
homogeneous boundary conditions.

3.5.2 Material Derivatives for the Kirchhoff Plate

Let ut ∈ Vt denote a solution to (3.181) now defined in the variable domainΩt ⊂R2,
with Ωt = Tt(V)(Ω), for t ∈ [0,δ ),

ut ∈ Vt : at(ut ,φ) = lt(φ) ∀φ ∈ Vt , (3.192)

where

Vt = {φ ∈ H2(Ωt) : φ = 0 on Γ t
0 ∪Γ t

1 , ∂ntφ = 0 on Γ t
0 } , (3.193)

and

at(ϕ ,φ) =
∫

Ωt

C∇∇ϕ ·∇∇φ dΩt ∀ϕ ,φ ∈ Vt , (3.194)

lt(φ) =
∫

Ωt

bφ dΩt ∀φ ∈ Vt . (3.195)

First, the form of the material derivative is derived

u̇ = lim
t→0

1
t
(ut ◦Tt − u) . (3.196)

From (3.192) it follows that ut = ut ◦Tt ∈ H2(Ω) satisfies

ut ∈ V : at(ut ,φ) = lt(φ) ∀φ ∈ V , (3.197)
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where

at(ϕ ,φ) =
∫

Ω
C

tξ t(ϕ) ·ξ t(φ)dΩ ∀ϕ ,φ ∈ V , (3.198)

lt(φ) =
∫

Ω
btφ dΩ ∀φ ∈ V , (3.199)

with

ξ t(ϕ) = D((DTt)
−�Dϕ)(DTt)

−1 , (3.200)

C
t = {ct

i jkl}, ci jkl = g(t)(ci jkl ◦Tt) , (3.201)

bt = g(t)(b ◦Tt) . (3.202)

Note 3.4. Since by Proposition 2.41 in [210] the mapping

[0,δ ) � t �→ b ◦Tt ∈ (V )′ (3.203)

is strongly differentiable, then the following result is a consequence of Theorem
4.30 of Chapter 4 in [210].

Theorem 3.4. The strong material derivative for the Kirhchoff model is given by

u̇ ∈ V : a(u̇,φ) = l′(φ)− a′(u,φ) ∀φ ∈ V , (3.204)

where

a′(ϕ ,φ) =
∫

Ω
(Cξ ′(ϕ) ·ξ (φ)+C

′ξ (ϕ) ·ξ (φ)+Cξ (ϕ) ·ξ ′(φ))dΩ

∀ϕ ,φ ∈ V , (3.205)

and
l′(φ) =

∫

Ω
b′ξ (φ)dΩ ∀φ ∈ V , (3.206)

with

ξ ′(ϕ) = −D((DV)�Dϕ)−D(Dϕ)DV , (3.207)

C
′ = {c′i jkl}, c′i jkl = div(ci jklV) , (3.208)

ξ (φ) = D(Dφ) , (3.209)

b′ = div(bV) . (3.210)

Proof. The proof is left as an exercise. �

3.5.3 Shape Derivatives for the Kirchhoff Plate

Finally the form of the shape derivative u′ is to be determined

u′ = u̇−∇u ·V . (3.211)
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It is supposed that
∇u ·V ∈ H2(Ω) , (3.212)

then u′ ∈ H2(Ω).
Differentiating (3.192) with respect to t at t = 0, for the test functions φ ∈H2(Ωt)

given by restrictions to Ωt of φ ∈ H2(R2), we have
∫

Ω
M′ ·∇∇φ dΩ +

∫

Γ
vnM ·∇∇φ dΓ =

∫

Γ
vnbφ dΓ . (3.213)

Here it is assumed that the trace of the source term b is well defined, that is b ∈
L2(Γ ). Integration by parts of the first integral on the left hand side of (3.213),
yields
∫

Ω
M′ ·∇∇φ dΩ =

∫

Ω
div(divM′)φ dΩ +

∫

Γ
(M′n ·∇φ − divM′ ·nφ)dΓ . (3.214)

It should be remarked that on Γ = ∂Ω we have

∇φ = ∇Γ φ + ∂nφ n . (3.215)

Therefore, from integrating by parts on Γ we get
∫

Γ
M′n ·∇φ dΓ =

∫

Γ
M′

nn∂nφ dΓ +

∫

Γ
M′n ·∇Γ φ dΓ

=

∫

Γ
(M′

nn∂nφ − divΓ (M
′n)φ)dΓ

=

∫

Γ
(M′

nn∂nφ − ∂τ(M′
τn)φ)dΓ , (3.216)

where M′
nn = n ·M′n and M′

τn = τ ·M′n. Let us consider an appropriate extension ñ
of the normal vector field n on Γ with ∂ ñ/∂n = 0, and φ such that ∂ 2φ/∂n2 = 0
on Γ . Then, integration by parts on Γ accomplished for the second term on the left
hand side of (3.213) leads to

∫

Γ
vnM ·∇∇φ dΓ =−

∫

Γ
(2∂τ(vnMτn)∂nφ − ∂τ(∂τ(vnMττ ))φ)dΓ . (3.217)

By considering the above results in (3.213) it follows that

∫

Ω
div(divM′)φ dΩ +

∫

Γ
(M′

nn − 2∂τ(vnMτn))∂nφ dΓ−
∫

Γ
(∂τ (M′

τn)+ divM′ ·n− ∂τ(∂τ(vnMττ )))φ dΓ =

∫

Γ
vnbφ dΓ . (3.218)
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Hence the shape derivative u′ is a solution to the following boundary value problem
⎧

⎪

⎪

⎨

⎪

⎪

⎩

−div(divM′) = 0 in Ω ,
u′ =−vn∂nu, ∂nu′ = −vn∂n(∂nu) on Γ0 ,
u′ =−vn∂nu, M′

nn = 2∂τ(vnMτn) on Γ1 ,
M′

nn = 2∂τ(vnMτn), Q′ = vnb− ∂τ(∂τ (vnMττ)) on Γ2 ,

(3.219)

with Q′ =−∂τ(M′
τn)−divM′ ·n. The boundary conditions for u′ and ∂nu′ in (3.219)

are derived from (3.211).

3.6 Material and Shape Derivatives in Fluid Mechanics

The velocity method of shape optimization is used in this chapter. We have no re-
sults on mathematical properties of the method, we refer the reader to [210] for the
proofs. It turns out, that the properties of the method can be investigated in an ele-
mentary fashion by using the particular form of the change of variables defined by
the adjugate matrix. Such a formalism is recently introduced and employed in fluid
mechanics [196, 197]. It is important to mention, that within this formalism the eval-
uation of material derivatives can be performed for local solutions of the nonlinear
problems including compressible Navier-Stokes equations [197]. The new method
of shape sensitivity analysis proposed in [197] includes three steps. First the exis-
tence of material derivatives is proved by using the change of variables combined
with the stability result of solutions with respect to the coefficients of differential op-
erators. Then the shape derivatives are obtained by the singular limit passage in the
formulae for the material derivatives. In the limit passage, the support of the shape
velocity field is reduced to the moving boundary. We refer the reader to [196] for the
mathematical analysis of the method for the drag minimization in the framework of
the local, strong solutions for the nonhomogeneous, stationary, compressible flow
problem. In particular, all results on shape sensitivity analysis are given with the
complete proofs in Chapter 11 of the monograph [196].

Below the formal evaluations only of the material and shape derivatives of so-
lutions to the homogeneous, stationary, compressible flow problem are presented.
The topological differentiability of the drag functional in the case of such a flow
governed by a nonlinear elliptic & hyperbolic boundary value problem can be
analyzed. However, this is a new topic which is out of scope of the monograph,
therefore, it is left to the motivated reader.

3.6.1 The Adjugate Matrix Concept

Now, we describe the proposed method in details in three spacial dimensions. As
usually, the family of mappings Tt : Ω →Ωt is introduced, parameterized by t. The
mappings Tt can be defined in many ways. First, we recall here the classic velocity
method. Let y = y(x, t) denote the solution to the system of ordinary differential
equations
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{ d
dt

y(x, t) = V(y(x, t), t) ,

y(x,0) = x .
(3.220)

Then the mapping associated with the shape velocity field V takes the form

Tt(x) := y(x, t) . (3.221)

In the method employed in this section, we define the mapping

Tt(x) := x+ tT(x) . (3.222)

Therefore, the associated velocity field with the above mapping Tt is uniquely
determined

V(y, t) := T((1+ tT)−1(y)) , (3.223)

and we find that
V(x,0):=T(x) . (3.224)

We introduce the adjugate matrix N(x) for the Jacobian matrix (I+ tDT)(x)

N(x):=det((I+ tDT)(x))((I+ tDT)(x))−1. (3.225)

Remark 3.5. In Chapter 2 the velocity field is defined in the Lagrangian (material)
coordinates. Here, the velocity field V is written in the Eulerian (spatial) coordinates
and uniquely determined by the mapping Tt .

3.6.1.1 Dependence of Adjugate Matrix N on Shape Parameter t → 0

We are interested in the dependence of the adjugate matrix N of the Jacobian matrix
I+ tDT with respect to the small parameter t → 0. To this end let us consider

g(x) =
√

detN = det(I+ tDT(x)) . (3.226)

The characteristic equation (or secular equation) for a square matrix T is the equa-
tion in one variable s

det(T − sI) = detT − I2(T )s+ tr(T )s2 − s3 , (3.227)

where I2(T ) is the sum of the principal minors of the matrix T . Thus, it follows that

g(x) = det(DT(x))t3 + I2(DT(x))t2 + tr(DT(x))t + 1 . (3.228)

Therefore,

g(x) = 1+ tr(DT(x))t + o(t) . (3.229)
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On the other hand, the elementary equality

1
1− s

= 1+ s+ s2+ · · ·+ sk +
sk+1

1− s
(3.230)

leads to the Neumann series for the Jacobian matrix function

(I+ tDT(x))−1 = I− tDT(x)+ t2(DT(x))2+

· · ·+(−1)k(t)k(DT(x))k +(t)k+1(DT(x))k+1(I+ tDT(x))−1 . (3.231)

Proposition 3.12. We have the following first order expansion of the adjugate ma-
trix function N,

N(x) = I+ tQ(x)+ t2
˜Q(x, t) , (3.232)

where we denote
Q(x) := tr(DT(x))I−DT(x) , (3.233)

and the remainder o(t) := t2
˜Q(x, t) in (3.232) is obtained from (3.229). In addition,

the derivatives with respect to t at t = 0 take the form

Ṅ:=
dN
dt

= Q(x) and ġ:=
dg
dt

= divT(x) . (3.234)

3.6.1.2 Change of Variables in Stationary, Homogeneous, Compressible
Navier-Stokes Problem

In this paragraph a stationary model of compressible gas is considered.
Let (ut ,ρ t) denote a solution to the following boundary value problem posed in

variable domain Ωt .

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

Δu+∇divu = ∇p(ρ)+ρb in Ωt ,
div(ρu) = 0 in Ωt ,

u = 0 on ∂Ωt ,
1

|Ωt |
∫

Ωt

ρ(y)dy = m .

(3.235)

In the model, u stands for the fluid velocity field, ρ is the density, m |Ωt | is the mass
of gas contained in Ωt , and ρ �→ p(ρ) is the pressure under constant temperature.
We refer the reader to [194, 195] for the mathematical analysis of the boundary
value problem (3.235), and to [196] for physical modeling of compressible gases.

We want to determine the equations for the couple (ut ,ρt) defined by

ut(x) = Nut(x+ tT(x)) and ρt(x) = ρ t(x+ tT(x)) , (3.236)
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in the unperturbed domain Ω , starting from the system (3.235). The procedure is
divided into two steps. First, the equations for the couple

(ũ(x), ρ̃(x)) := (ut(y(x)),ρ t(y(x))) (3.237)

are derived by a simple change of variables y(x) := x+ tT(x) in (3.235). Here the
dependence of the couple (ũ(x), ρ̃(x)) on the shape parameter t is omitted. Then, in
the second step of our procedure, by the replacement

(ũ(x), ρ̃(x)) := (N−1ut(x),ρt(x)) , (3.238)

the equations for the unknown couple (ut(x),ρt(x)) defined in the unperturbed do-
main Ω are identified. For the couple (ut(x),ρt(x)) the differentiability with respect
to the shape parameter t can be established, but it is out of the scope of the book. The
reader interested on these mathematical aspects may refer to [197] for the general
case of shape sensitivity analysis in compressible gas dynamics. Here, we present
the change of variables technique for an example which is a representative model
for fluid dynamics.

Lemma 3.3. By the change of variables, the following boundary value problem is
obtained for the couple (ut ,ρt),

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

Δut +∇(g−1divut − p(ρt)) = A (ρt ,ut) in Ω ,
div(ρt ut) = 0 in Ω ,

ut = 0 on ∂Ω ,
∫

Ω
ρt(x)g(x)dx = m

∫

Ω
g(x)dx .

(3.239)

Here, the linear operator A is defined in terms of the adjugate matrix N,

A (ρ ,u) = ρ˜b+Δu−N−�div(g−1NN�∇(N−1u)) . (3.240)

Proof. For a function ϕ(y), y ∈Ωt , the composed function ϕ̃(x) := ϕ(y(x)), x ∈Ω ,
with the transformation Ω � x �→ y(x) ∈Ωt given by

y(x) = x+ tT(x), x ∈Ω , y ∈Ωt , (3.241)

is defined in the unperturbed domain Ω . Since the transformation (3.241) explicitly
depends on the shape parameter t, even if ϕ is defined by the restriction to Ωt of
a function defined over all space R3, the composed function ϕ̃(x) depends on the
shape parameter, and its material derivative with respect to t is non-null, in general.
Therefore, we multiply the equations (3.235) by smooth vector ϕ(y) and scalar φ(y)
test functions, with y ∈Ωt , and integrate over Ωt ,

∫

Ωt

(Δu+∇divu−∇p(ρ))(y) ·ϕ(y)dy =
∫

Ωt

ρ(y)b(y) ·ϕ(y)dy , (3.242)
∫

Ωt

div(ρu)(y)φ(y)dy = 0 . (3.243)
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By the change of variables (3.241) we obtain the integral identities in Ω ,

∫

Ω
(ρb)(y(x)) ·ϕ(y(x)) detM dx =

∫

Ω
(Δu+∇divu−∇p(ρ))(y(x)) ·ϕ(y(x)) detM dx , (3.244)

and
∫

Ω
div(ρu)(y(x))φ(y(x)) detM dx = 0 . (3.245)

The change of variables in the first integral of (3.244) is straightforward,
∫

Ω
ρ̃(x)˜b(x) · ϕ̃(x) detM dx :=

∫

Ω
(ρb)(y(x)) ·ϕ(y(x)) detM dx . (3.246)

Therefore, we make the change of variables in the remaining integrals. Now we
transport the partial differential operators to the unperturbed domain. To this end the
solutions of (3.235) are denoted by u(y) and ρ(y), y∈Ωt , and we have the following
notation for the change of variables, its Jacobian, and the composed functions

y = x+ tT(x), M(x) = I+ tDT(x), ũ(x) = u(y(x)), ρ̃(x) = ρ(y(x)), (3.247)

and, we set
ut(x) := Nũ(x) and ρt(x) := ρ̃(x) . (3.248)

The Jacobian matrix M is given in terms of the matrix N by the relations

detM =
√

detN ≡ g and M = gN−1 . (3.249)

For any function φ ∈ C1(Ωt) we have ∇yφ = M−�∇x˜φ , where ˜φ(x) = φ(y(x)). It
follows that the identities

∫

Ω
(divyu)(y(x)) ˜φ (x) detM dx =

∫

Ωt

(divyu)(y)φ(y)dy =−
∫

Ωt

u ·∇yφ dy

= −
∫

Ω
ũ ·M−�∇x ˜φ (x) detM dx

=
∫

Ω
divx((detM)M−1ũ) ˜φ (x)dx (3.250)

hold true for all φ ∈C∞
0 (Ωt). On the other hand, by (3.249) we have (detM)M−1ũ =

ut(x, t). This leads to the equalities

(divyu)(y(x)) = g
−1divx(N ũ(x))≡ g

−1divxut(x) , (3.251)

divy(ρu)(y(x)) = g
−1divx(ρt ut)(x) , (3.252)
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which imply the modified mass balance in equation (3.239). From the identity
M−� = g−1N� we obtain

∇(divu− p(ρ)) = g
−1N�∇(g−1divut − p(ρt)) . (3.253)

In view of the identity Δ = div∇ we obtain

Δu(y) = g
−1div(NM−�∇ũ)

= g
−1div(g−1NN�∇(N−1ut))

= g
−1N�(Δut −A (ρt ,ut)) , (3.254)

which concludes the proof. �

3.6.2 Shape Derivatives for the Stationary, Homogeneous
Navier-Stokes Problem

The shape derivatives (u′,ρ ′) are simply obtained from (3.235) by differentiation
with respect to the shape parameter t at t = 0. In this differentiation the atten-
tion should be payed to the boundary conditions, here we have only homogeneous
Dirichlet condition to be taken into account. Therefore, the shape derivatives (u′,ρ ′)
for the boundary value problem (3.235) are given by the system

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

Δu′+∇divu′ = ∇(p′(ρ)ρ ′)+ρ ′b+ρb′ in Ω ,
div(ρ ′u+ρu′) = 0 in Ω ,

u′ = −∂nu(T ·n) on ∂Ω ,
∫

Ω
ρ ′(x)dx =

∫

∂Ω
(m−ρ(x))(T ·n)ds(x) .

(3.255)

3.6.3 Material Derivatives for the Stationary, Homogeneous
Navier-Stokes Problem

Since we have the relation
ut = N−1ut , (3.256)

then the material derivative u̇ is defined by the relation

u̇ :=
dut

dt
=−Qu+ u,t , (3.257)

where u,t stands for the derivative

u,t :=
dut

dt
. (3.258)
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The derivatives (u,t , ρ̇) are obtained from the boundary value problem (3.239) by
simple differentiation with respect to the shape parameter t, at t = 0.

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

Δu,t +∇(−divTdivu+ divu,t − p′(ρ)ρ̇) = ˙A (ρ , ρ̇,u) in Ω ,
div(ρ̇u+ρu,t) = 0 in Ω ,

u,t = 0 on ∂Ω ,
∫

Ω
ρ̇(x)dx =

∫

Ω
(m−ρ)divT(x)dx .

(3.259)
Here, the linear operator ˙A is defined in terms of Ṅ = Q,

˙A (ρ , ρ̇ ,u) = ρ̇b+ρ ḃ+QΔu− div[(−(divT)I+Q+Q�)∇u]+Δ(Qu) . (3.260)
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3.7 Exercises

Please derive using the adjugate matrix formalism the material derivatives for the
following boundary value problems:

• Dirichlet Poisson equation.
• Neumann Poisson equation.
• Elasticity system.
• Kirchhoff plate problem.



Chapter 4
Singular Perturbations of Energy Functionals

The closed formulae for the topological derivatives are identified and a method for
its evaluation is presented in this chapter. To this end the shape sensitivity analysis
is combined with the asymptotic expansions of solutions to singularly perturbed
elliptic boundary value problems.

The full proofs of the method for the specific boundary value problems necessar-
ily include the compound asymptotic expansions of solutions in singularly perturbed
geometrical domains. The proofs are relegated to Chapters 9 and 10 as well as to
Appendices B, C and E for some selected problems.

In this chapter the topological derivatives for the energy shape functionals as-
sociated to a representative class of linear elliptic boundary value problems are
obtained. Namely, scalar (Laplace) and vectorial (Navier) second-order partial dif-
ferential equations and scalar fourth-order partial differential equation (Kirchhoff)
are considered in a smooth, bounded domain Ω .

The domain is topologically perturbed by the nucleation of a small circular hole,
as shown in fig. 4.1. Since Ω ⊂R2 is the original (unperturbed) domain, therefore,
Ωε(x̂) = Ω \Bε(x̂) is the topologically perturbed domain, where Bε(x̂), with Bε �
Ω , is a ball of radius ε and center at x̂ ∈Ω representing a circular hole.

In the particular case of circular holes, for a given x̂ ∈ Ω and 0 < ε < �, with
� := dist(x̂,∂Ω), we can construct a shape change velocity field V that represents
an uniform expansion of Bε(x̂). In fact, it is sufficient to define V on the boundaries
∂Ω and ∂Bε and consider the family of admissible fields for given centre x̂ and size
ε of the singular perturbation Bε(x̂)

S (ε, x̂) = {V ∈C2
0(Ω ;R2) : V|∂Bε (x̂)

=−n} , (4.1)

where n =−(x− x̂)/ε , with x ∈ ∂Bε , is the normal unit vector field pointing toward
the center of the circular hole Bε , as it can be seen in fig. 4.1. It means that for a
given centre of the singular domain perturbation, the shape change velocity fields V
always belongs to the family of fields denoted, for the sake of simplicity, by

Sε :=
⋃

x̂∈Ω

⋃

0<ε<�

S (ε, x̂) . (4.2)
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Fig. 4.1 Topologically perturbed domain by the nucleation of a small circular hole

By this construction of velocity fields V ∈ Sε combined with Proposition 1.1, we
can use the concept of shape derivatives as an intermediate step in the topological
asymptotic analysis, leading to a simple and constructive method for evaluation of
the topological derivatives through formula (1.49).

4.1 Second Order Elliptic Equation: The Poisson Problem

In this section we evaluate the topological derivative of the total potential energy
associated to steady-state heat conduction problem, considering homogeneous Neu-
mann and Dirichlet conditions on the boundary of the hole ∂Bε .

4.1.1 Problem Formulation

The shape functional in the unperturbed domain Ω is given by

ψ(χ) := JΩ (u) =
1
2

∫

Ω
‖∇u‖2 −

∫

Ω
bu+

∫

ΓN

qu , (4.3)

where the scalar function u is the solution to the variational problem:
⎧

⎨

⎩

Find u ∈ U , such that
∫

Ω
∇u ·∇η =

∫

Ω
bη−

∫

ΓN

qη ∀η ∈ V .
(4.4)

In the above equation, b is a source-term assumed to be constant everywhere. The
set U and the space V are respectively defined as

U := {ϕ ∈ H1(Ω) : ϕ|ΓD
= u} , (4.5)

V := {ϕ ∈ H1(Ω) : ϕ|ΓD
= 0} . (4.6)
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Fig. 4.2 The Poisson prob-
lem defined in the unper-
turbed domain Ω

In addition, ∂Ω = Γ D ∪Γ N with ΓD ∩ΓN = ∅, where ΓD and ΓN are Dirichlet and
Neumann boundaries, respectively. Thus u is a Dirichlet data on ΓD and q is a Neu-
mann data on ΓN , both functions are assumed to be smooth enough. See the details
in fig. 4.2. The strong formulation associated to the variational problem (4.4) leads
to the so-called Poisson equation, namely:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find u, such that
−Δu = b in Ω ,

u = u on ΓD ,
−∂nu = q on ΓN .

(4.7)

Now, let us state the same problem in the perturbed domain Ωε . In this case, the
total potential energy reads

ψ(χε) := JΩε (uε) =
1
2

∫

Ωε
‖∇uε‖2 −

∫

Ωε
buε +

∫

ΓN

quε , (4.8)

where the scalar function uε solves the variational problem:
⎧

⎨

⎩

Find uε ∈ Uε , such that
∫

Ωε
∇uε ·∇η =

∫

Ωε
bη−

∫

ΓN

qη ∀η ∈ Vε .
(4.9)

The set Uε and the space Vε must be defined according to the boundary condition
on ∂Bε . In particular, we have

Uε := {ϕ ∈ H1(Ωε) : ϕ|ΓD
= u, βϕ|∂Bε

= 0} , (4.10)

Vε := {ϕ ∈ H1(Ωε) : ϕ|ΓD
= 0, βϕ|∂Bε

= 0} , (4.11)

with β ∈ {0,1}. This notation have to be understood as follows:

• When β = 1, we have homogeneous Dirichlet boundary condition on ∂Bε , since
uε = 0 and η = 0 on ∂Bε .
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Fig. 4.3 The Poisson problem defined in the perturbed domain Ωε

• When β = 0, uε and η are free on the boundary of the hole ∂Bε , then we have
homogeneous Neumann boundary condition on ∂Bε .

The strong formulation associated to the variational problem (4.9) reads (see the
details in fig. 4.3):

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find uε , such that
−Δuε = b in Ωε ,

uε = u on ΓD ,
−∂nuε = q on ΓN ,

βuε +(1−β )∂nuε = 0 on ∂Bε .

(4.12)

4.1.2 Shape Sensitivity Analysis

In order to apply the result presented in Proposition 1.1, we need to evaluate the
shape derivative of functional JΩε (uε) with respect to an uniform expansion of the
hole Bε . Before starting, let us introduce the Eshelby energy-momentum tensor [57]
of the form

Σε =
1
2
(‖∇uε‖2 − 2buε)I−∇uε ⊗∇uε . (4.13)

Therefore, we can state the following result:

Proposition 4.1. Let JΩε (uε) be the shape functional defined by (4.8). Then, the
derivative of this functional with respect to the small parameter ε is given by

J̇Ωε (uε) =
∫

Ωε
Σε ·∇V , (4.14)

where V is the shape change velocity field defined through (4.2) and Σε is the Es-
helby energy-momentum tensor given by (4.13).
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Proof. We want to differentiate the function (0,ε0] � ε �→ JΩε (uε) ∈ R at ε > 0.
Thus, by making use of the Reynolds’ transport theorem through formula (2.84), the
shape derivative (the material or total derivative with respect to the parameter ε) of
the functional (4.8) is given by

J̇Ωε (uε) =
1
2

∫

Ωε
((‖∇uε‖2)·+ ‖∇uε‖2divV)

−
∫

Ωε
b(u̇ε + uεdivV)+

∫

ΓN

qu̇ε , (4.15)

since ΓN remains fixed according to (4.2). Next, by using the concept of material
derivative of spatial fields through formula (2.89), we find that the first term of the
above right hand side integral can be written as

(‖∇uε‖2)· = (∇uε ·∇uε)
·

= 2∇uε ·∇u̇ε − 2∇V�∇uε ·∇uε
= 2∇uε ·∇u̇ε − 2(∇uε ⊗∇uε) ·∇V . (4.16)

From these last results we obtain

J̇Ωε (uε) =
1
2

∫

Ωε
((‖∇uε‖2 − 2buε)I− 2∇uε ⊗∇uε) ·∇V

+
∫

Ωε
∇uε ·∇u̇ε −

∫

Ωε
bu̇ε +

∫

ΓN

qu̇ε , (4.17)

where we have made use of the identity divV= I ·∇V. Since u̇ε is a variation of uε
in the direction of the velocity field V, then u̇ε ∈ Vε [210]. Finally, by taking u̇ε as
test function in the variational problem (4.9), we have that the last three terms of the
above equation vanish. �

Now, we can prove that the shape derivative of the functional JΩε (uε) can be writ-
ten in terms of quantities concentrated on the boundary ∂Ωε . In fact, the following
result holds:

Proposition 4.2. Let JΩε (uε) be the shape functional defined by (4.8). Then, the
derivative of this functional with respect to the small parameter ε is given by

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V , (4.18)

where V is the shape change velocity field defined through (4.2) and tensor Σε is
given by (4.13).

Proof. From the tensor relation (G.23) and by applying the divergence theorem
(G.32) in (4.14), we have

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V−

∫

Ωε
divΣε ·V . (4.19)
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Let us evaluate the divergence of the Eshelby tensor (4.13). Then, from (G.20),
(G.22) and (G.24), we obtain

divΣε =
1
2
∇(∇uε ·∇uε − 2buε)− div(∇uε ⊗∇uε)

= (∇∇uε)
�∇uε − b∇uε −∇uεdiv∇uε − (∇∇uε)∇uε

= (∇∇uε)
�∇uε − (∇∇uε)∇uε − (Δuε + b)∇uε . (4.20)

Thus, since ∇∇uε = (∇∇uε)� and taking into account that uε is the solution to the
state equation (4.12), namely, −Δuε = b, we observe that

∫

Ωε
divΣε ·V= 0 ∀V , (4.21)

which leads to the result. �

Remark 4.1. The proof of Proposition 4.2 requires more regularity of solution uε
than in its variational form (4.9), namely we need uε ∈ H2(Ωε) instead of uε ∈
H1(Ωε). On the other hand, this requirement can be weakened by proving (4.21)
from variational arguments. This task we leave as an exercise.

Corollary 4.1. According to the obtained result in Proposition 4.2, we have

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V=

∫

∂Bε
Σεn ·V+

∫

∂Ω
Σεn ·V . (4.22)

Since we are dealing with an uniform expansion of the circular hole, then by taking
into account the associated velocity field defined through (4.2), namely, V=−n on
∂Bε and V= 0 on ∂Ω , we finally obtain for ε > 0 small enough

d
dε

ψ(χε) = J̇Ωε (uε) =−
∫

∂Bε
Σεn ·n . (4.23)

From the above corollary, we observe that the distributed shape gradient originally
defined in the whole domain Ωε leads to the boundary shape gradient given by an
integral defined only on the boundary of the hole ∂Bε . In particular, the shape deriva-
tive of functional JΩε (uε), given by the final formula (4.23), is written in terms of
quantities concentrated on ∂Bε . It means that we need to know the asymptotic be-
havior of the solution uε with respect to ε in the neighborhood of the hole Bε . We
will see later that this result simplifies enormously the next steps of the topological
derivative calculation.

Remark 4.2. The final formula (4.23) is conform to the Hadamard’s structure the-
orem [210]. This obtained expression for the boundary shape gradient is in general
only a distribution, however, under appropriate regularity assumptions the boundary
shape gradient for elliptic problems becomes a function, as well. More precisely,
here we have assumed that Σε ∈ L2(Ωε ;R2 ×R2). Since V is a smooth vector field,
the shape gradient can be given by a distribution and, (4.23) is written in the form
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of a duality paring on ∂Bε . Then the order of the distribution is one. On the other
hand, by the elliptic regularity we can always require the regularity of the boundary
as well as the data b, u and q, which makes the gradient∇uε on ∂Bε to be a function,
and Σε is a function.

4.1.3 Asymptotic Analysis of the Solution

The shape derivative of functional JΩε (uε) is given exclusively in terms of an inte-
gral over the boundary of the hole ∂Bε (4.23). Therefore, in order to apply the result
of Proposition 1.1, we need to know the behavior of the function uε with respect to ε
in the neighborhood of the hole Bε . In particular, once we know this behavior explic-
itly, we can identify function f (ε) and perform the limit passage ε → 0 in (1.49) to
obtain the final formula for the topological derivative T of the shape functional ψ .
However, in general it is not an easy task. In fact, we need to perform the asymptotic
analysis of uε with respect to ε . In this section we present the formal calculation of
the expansions of the solution uε associated to both Neumann and Dirichlet bound-
ary conditions on ∂Bε . For a rigorous justification of the asymptotic expansions of
uε , the reader may refer to the book by Kozlov et al. 1999 [120], for instance. For the
general theory on asymptotic analysis of solutions in singularly perturbed domains
we refer the reader to the book by Mazja, Nasarow and Plamenewski, 1991 [148].

4.1.3.1 Neumann Condition on the Boundary of the Hole

For the case β = 0 in (4.12), let us propose an ansätz for the expansion of uε in the
form [120, 148]

uε(x) = u(x)+ εw(ε−1x)+ ũε(x)

= u(x̂)+∇u(x̂) · (x− x̂)+
1
2
∇∇u(y)(x− x̂) · (x− x̂)

+ εw(ε−1x)+ ũε(x) , (4.24)

where y is an intermediate point between x and x̂. On the boundary of the hole ∂Bε
we have ∂nuε|∂Bε

= 0. Thus, the normal derivative of the above expansion, evaluated
on ∂Bε , leads to

∇u(x̂) ·n− ε∇∇u(y)n ·n+ ε∂nw(ε−1x)+ ∂nũε(x) = 0 . (4.25)

Thus, we can choose w such that

ε∂nw(ε−1x) =−∇u(x̂) ·n on ∂Bε . (4.26)
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In the new variable ξ = ε−1x, which implies ∇ξw(ξ ) = ε∇w(ε−1x), the following
exterior problem is considered, and formally obtained as ε → 0:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find w, such that
Δξw = 0 in R2 \B1 ,

w → 0 at ∞ ,
∇ξw ·n = −∇u(x̂) ·n on ∂B1 .

(4.27)

The above boundary value problem admits an explicit solution, namely

w(ε−1x) =
ε

‖x− x̂‖2∇u(x̂) · (x− x̂) . (4.28)

Now we can construct ũε in such a way that it compensates the discrepancies in-
troduced by the higher-order terms in ε as well as by the boundary-layer w on the
exterior boundary ∂Ω . It means that the remainder ũε must be solution to the fol-
lowing boundary value problem:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find ũε , such that
Δ ũε = 0 in Ωε ,

ũε = −εw on ΓD ,
∂nũε = −ε∂nw on ΓN ,
∂nũε = ε∇∇u(y)n ·n on ∂Bε ,

(4.29)

where, under appropriate regularity assumption [148], clearly ũε = O(ε). However,
this estimate can be improved [120, 148], namely ũε =O(ε2), and the expansion for
uε reads

uε(x) = u(x)+
ε2

‖x− x̂‖2∇u(x̂) · (x− x̂)+O(ε2) . (4.30)

4.1.3.2 Dirichlet Condition on the Boundary of the Hole

For the case β = 1 in (4.12), initially we consider the following ansätz for the ex-
pansion of uε [120, 148]

uε(x) = u(x)+ vε(x)+ εw(ε−1x)+ ũε(x)

= u(x̂)+∇u(x̂) · (x− x̂)+
1
2
∇∇u(y)(x− x̂) · (x− x̂)

+ vε(x)+ εw(ε−1x)+ ũε(x) , (4.31)

where y is an intermediate point between x and x̂. In addition, the function vε is
defined as

vε(x) = α(ε)u(x̂)G(x) . (4.32)
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The function G is the solution to the following boundary value problem:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find G, such that
−ΔG = δ (x− x̂) in Ω ,

G = 0 on ΓD ,
∂nG = 0 on ΓN ,

(4.33)

which, by means of the fundamental solution for the Laplacian, admits a represen-
tation in the neighborhood of the point x̂ ∈Ω of the form

G(x) =−
(

1
2π

log‖x− x̂‖+ g(x)

)

, with ‖x− x̂‖> 0 , (4.34)

where g is harmonic in Ω and must compensate the discrepancy on ∂Ω introduced
by the above representation, that is, g is the solution of the auxiliary boundary value
problem:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find g, such that
Δg = 0 in Ω ,

g = −(2π)−1 log‖x− x̂‖ on ΓD ,

∂ng = −(2π)−1 x− x̂
‖x− x̂‖2 ·n on ΓN .

(4.35)

On the boundary of the hole ∂Bε we have uε|∂Bε
= 0. Thus, the expansion for uε ,

evaluated on ∂Bε , leads to

u(x̂)− ε∇u(x̂) ·n+ ε2∇∇u(y)n ·n−

α(ε)u(x̂)
(

1
2π

logε+ g(x̂)− ε∇g(x̂) ·n+ ε2∇∇g(z)n ·n
)

+

εw
(

ε−1x
)

+ ũε(x) = 0 , (4.36)

where z is an intermediate point between x and x̂. In addition, we have used the
regularity of function g around x̂. Now we can construct ũε in such a way that it
compensates the discrepancy introduced by the higher-order terms in ε , namely

ũε(x) = ε2(α(ε)u(x̂)∇∇g(z)n−∇∇u(y)n) ·n on ∂Bε . (4.37)

Furthermore, in the new variable ξ = ε−1x function w is solution of the exterior
problem:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find w, such that
Δξw = 0 in R2 \B1

w → 0 at ∞
w = (∇u(x̂)−α(ε)u(x̂)∇g(x̂)) ·n on ∂B1

(4.38)

which has a closed solution, given by

w(ε−1x) =− ε
‖x− x̂‖2 (∇u(x̂)−α(ε)u(x̂)∇g(x̂)) · (x− x̂) . (4.39)
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Thus, the previous expansion (4.36) reduces itself to

u(x̂)−α(ε)u(x̂)
(

1
2π

logε+ g(x̂)

)

= 0 on ∂Bε , (4.40)

which can be solved in terms of α(ε), leading to

α(ε) =
2π

logε+ 2πg(x̂)
. (4.41)

Finally, function ũε is constructed in such a way that it compensates the discrepancy
introduced by the previous terms of the expansion for uε , thus ũε solves:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find ũε , such that
Δ ũε = 0 in Ωε ,

ũε = −εw on ΓD ,
∂nũε = −ε∂nw on ΓN ,

ũε = ε2(α(ε)u(x̂)∇∇g(z)n−∇∇u(y)n) ·n on ∂Bε ,

(4.42)

where y and z are intermediate points between x and x̂. Under appropriate regularity
assumption [148], clearly ũε =O(ε2), since w =O(ε) on the exterior boundary ∂Ω .
Therefore, the expansion for uε reads

uε(x) = u(x)−α(ε)u(x̂)
(

1
2π

log‖x− x̂‖+ g(x)

)

− ε2

‖x− x̂‖2 (∇u(x̂)−α(ε)u(x̂)∇g(x̂)) · (x− x̂)+O(ε2) , (4.43)

with α(ε) given by (4.41).

4.1.4 Topological Derivative Evaluation

From an orthonormal curvilinear coordinate system n and τ on the boundary ∂Bε
(see fig. 4.4), the gradient ∇uε can be decomposed into its normal and tangential
components, that is

∇uε|∂Bε
= (∂nuε)n+(∂τuε)τ . (4.44)

Therefore, on the boundary of the hole ∂Bε we observe that

Σεn ·n|∂Bε
=

1
2
(‖∇uε‖2 − 2buε)In ·n− (∇uε⊗∇uε)n ·n

=
1
2
(‖∇uε‖2 − 2buε)− (∇uε ·n)2

=
1
2
((∂nuε)

2 +(∂τuε)
2 − 2buε)− (∂nuε)

2

=
1
2
((∂τuε)

2 − (∂nuε)
2 − 2buε) . (4.45)
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Fig. 4.4 Polar coordinate
system (r,θ ) centered at the
point x̂ ∈ Ω

Now, we shall analyze the behavior of the total potential energy with respect to the
parameter ε by taking into account each type of boundary condition on ∂Bε , namely,
Neumann (β = 0) and Dirichlet (β = 1).

4.1.4.1 Neumann Condition on the Boundary of the Hole

By taking β = 0 in (4.12), we have homogeneous Neumann boundary condition
on ∂Bε , namely ∂nuε|∂Bε

= 0. Therefore, the shape derivative of the cost functional
(4.23) reads

d
dε

ψ(χε) = J̇Ωε (uε) =−1
2

∫

∂Bε
((∂τuε)

2 − 2buε) , (4.46)

where we have used the result (4.45). In addition, we have that the following expan-
sion for uε holds in the neighborhood of the hole (4.30)

uε(x) = u(x)+
ε2

‖x− x̂‖2∇u(x̂) · (x− x̂)+ o(ε)

= u(x̂)+∇u(x̂) · (x− x̂)+
ε2

‖x− x̂‖2∇u(x̂) · (x− x̂)+ o(ε) , (4.47)

which can be written in a polar coordinate system (r,θ ) centered at the point x̂ (see
fig. 4.4), namely

uε(r,θ ) = ϕ0 +
r2 + ε2

r
(ϕ1 cosθ +ϕ2 sinθ )+ o(ε) , (4.48)

where we have introduced the notation u(x̂) = ϕ0 and ∇u(x̂) = (ϕ1,ϕ2)
�. The tan-

gential derivative of uε is obtained in the following way

∂τuε(x) = −1
r
∂θuε(r,θ )

=
r2 + ε2

r2 (ϕ1 sinθ −ϕ2 cosθ )+ o(ε) ,

∂τuε(x)|∂Bε
= 2(ϕ1 sinθ −ϕ2 cosθ )+ o(ε) , (4.49)
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where the last expression was obtained by taking r = ε in the previous one. In ad-
dition, considering the above expansion in (4.46) and after explicitly evaluating the
integral on the boundary of the hole ∂Bε , we obtain

d
dε

ψ(χε) = −1
2

∫ 2π

0
(4(ϕ1 sinθ −ϕ2 cosθ )2 − 2bϕ0)εdθ + o(ε2)

= −2πε((ϕ2
1 +ϕ2

2 )− bϕ0)+ o(ε2) . (4.50)

Therefore, the above result together with the relation between shape and topological
derivatives given by (1.49) leads to

T =− lim
ε→0

1
f ′(ε)

(

2πε((ϕ2
1 +ϕ2

2 )− bϕ0)+ o(ε2)
)

. (4.51)

Now, in order to identify the leading term of the above expansion, we choose

f (ε) = πε2 , (4.52)

which leads to
T =−(ϕ2

1 +ϕ2
2 )+ bϕ0 . (4.53)

Recalling that u(x̂) =ϕ0 and∇u(x̂)= (ϕ1,ϕ2)
�, the final formula for the topological

derivative becomes [185, 204]

T (x̂) =−‖∇u(x̂)‖2 + bu(x̂) . (4.54)

This leads to the topological asymptotic expansion of the energy shape functional,
namely

ψ(χε(x̂)) = ψ(χ)−πε2(‖∇u(x̂)‖2 − bu(x̂))+ o(ε2) . (4.55)

The full mathematical justification for the above expansion will be given in details
in Chapter 10.

4.1.4.2 Dirichlet Condition on the Boundary of the Hole

By taking β = 1 in (4.12), we have homogeneous Dirichlet boundary condition on
∂Bε , namely uε |∂Bε

= 0 ⇒ ∂τuε|∂Bε
= 0. Therefore, the shape derivative of the cost

functional (4.23) reads

d
dε

ψ(χε) = J̇Ωε (uε) =
1
2

∫

∂Bε
(∂nuε)

2 . (4.56)

In addition, we have that the following expansion for ∇uε holds in the neighborhood
of the hole (4.43)
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∇uε(x) = ∇u(x̂)+∇∇u(y)(x− x̂) (4.57)

− α(ε)u(x̂)
(

1
2π

x− x̂
‖x− x̂‖2 +∇g(x̂)+∇∇g(z)(x− x̂)

)

− ε2

‖x− x̂‖2

(

I− 2
x− x̂

‖x− x̂‖2 ⊗ (x− x̂)

)

(∇u(x̂)−α(ε)u(x̂)∇g(x̂))+ o(ε) ,

where y and z are intermediate points between x and x̂. Recalling that g is the solution
to (4.35) or, equivalently, solution to the following auxiliary variational problem:

⎧

⎨

⎩

Find g ∈ Vg, such that
∫

Ω
∇g ·∇η =

∫

ΓN

gNη ∀η ∈ V0 ,
(4.58)

where the solution g lives in the set Vg, and the test functions belong to the linear
space V0, which are defined, respectively, as

Vg = {ϕ ∈ H1(Ω) : ϕ|ΓD
= gD} and V0 = {ϕ ∈ H1(Ω) : ϕ|ΓD

= 0} , (4.59)

and functions gD and gN are respectively given by

gD(x) =− 1
2π

log‖x− x̂‖ and gN(x) =− 1
2π

x− x̂
‖x− x̂‖2 ·n . (4.60)

Since ∂nuε|∂Bε
= ∇uε · n|∂Bε

and x− x̂ = −εn on the boundary of the hole ∂Bε , we
have

∂nuε|∂Bε
= ∇u(x̂) ·n− ε∇∇u(y)n ·n

− α(ε)u(x̂)
(

− 1
2πε

+∇g(x̂) ·n− ε∇∇g(z)n ·n
)

− (I− 2n⊗ n)(∇u(x̂)−α(ε)u(x̂)∇g(x̂)) ·n+ o(ε)

= ∇u(x̂) ·n−α(ε)u(x̂)
(

− 1
2πε

+∇g(x̂) ·n
)

+ (∇u(x̂)−α(ε)u(x̂)∇g(x̂)) ·n+O(ε)

=
α(ε)
2πε

u(x̂)+ 2∇u(x̂) ·n− 2α(ε)u(x̂)∇g(x̂) ·n+O(ε) . (4.61)

Considering the above expansion in (4.56) and after explicitly evaluating the integral
on the boundary of the hole ∂Bε , we obtain

∫

∂Bε

(

α(ε)
2πε

u(x̂)

)2

=
α(ε)2

2πε
u(x̂)2 =

2π
ε(logε+ 2πg(x̂))2 u(x̂)2 , (4.62)
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∫

∂Bε
(∇u(x̂) ·n)2 = (∇u(x̂)⊗∇u(x̂)) ·

∫

∂Bε
n⊗ n

= πε(∇u(x̂)⊗∇u(x̂)) · I = πε‖∇u(x̂)‖2 , (4.63)

α(ε)u(x̂)
∫

∂Bε
(∇g(x̂) ·n)(∇u(x̂) ·n) = O(εα(ε)) = o(ε) , (4.64)

α(ε)2
∫

∂Bε
(∇g(x̂) ·n)2 = O(εα(ε)2) = o(ε) , (4.65)

where the first term in (4.61) is orthogonal to the following two terms. Therefore we
have

d
dε

ψ(χε(x̂)) =
π

ε(logε+ 2πg(x̂))2 u(x̂)2 + 2πε‖∇u(x̂)‖2 + o(ε) . (4.66)

The above result, together with the relation between shape and topological deriva-
tives given by (1.49), leads to

T (x̂) = lim
ε→0

1
f ′(ε)

(

π
ε(logε+ 2πg(x̂))2 u(x̂)2 +O(ε)

)

. (4.67)

Now, in order to identify the leading term of the above expansion, we choose

f (ε) =− π
logε+ 2πg(x̂)

, (4.68)

which leads to the final formula for the topological derivative, namely [44, 185]

T (x̂) = u(x̂)2 . (4.69)

Finally, the topological asymptotic expansion of the energy shape functional takes
the form

ψ(χε(x̂)) = ψ(χ)− π
logε+ 2πg(x̂)

u(x̂)2 +O(ε) . (4.70)

The full mathematical justification for the above expansion is given in Chapter 10.

Remark 4.3. It is important to observe that the domain truncation technique widely
used in the literature introduces an artificial parameter R in the topological asymp-
totic expansion, which cannot be explicitly evaluated. Thus, the simplification
f (ε) ≈ −π/ logε is often adopted, leading to the following expansion (see, for in-
stance, [80])

ψ(χε(x̂)) = ψ(χ)− π
logε

u(x̂)2 + o(
−1

logε
) , (4.71)

which introduces a discrepancy in the topological asymptotic expansion.

In addition, we can go further in the expansion. In fact, let us consider one more
term is the topological asymptotic expansion of the form



4.1 Second Order Elliptic Equation: The Poisson Problem 105

ψ(χε(x̂)) = ψ(χ)+ f (ε)T (x̂)+ f2(ε)T 2(x̂)+R( f2(ε)) , (4.72)

where T and T 2 are the first and the second order topological derivatives of ψ ,
respectively. Some terms in the above expansion require explanation. In particular,
we make the following assumptions in order to evaluate T 2:

Condition 4.1. Let us consider that expansion (4.72) holds true. Then, the proper-
ties bellow have to be fulfilled:

• The term f2(ε) is a positive second order correction function that decreases
monotonically such that f2(ε)→ 0 with ε → 0. Furthermore,

lim
ε→0

f2(ε)
f (ε)

= 0 . (4.73)

• For the remainder we have

lim
ε→0

R( f2(ε))
f2(ε)

= 0 , (4.74)

and for its derivative

R ′( f2(ε))→ 0 , for ε → 0 . (4.75)

Now, if we divide (4.72) by f2(ε) and perform the limit passage ε → 0, then, in
view of (4.74), we recognize the second order topological derivative

T 2(x̂) := lim
ε→0

ψ(χε(x̂))−ψ(χ)− f (ε)T (x̂)
f2(ε)

. (4.76)

Proposition 4.3. Let the assumptions of Condition 4.1 be satisfied. Then the second
order topological derivative T 2 can be obtained as

T 2(x̂) = lim
ε→0

1
f ′2(ε)

(

d
dε

ψ(χε(x̂))− f ′(ε)T (x̂)

)

. (4.77)

Proof. We differentiate (4.72) with respect to ε , then

d
dε

ψ(χε(x̂))− f ′(ε)T (x̂) = f ′2(ε)T 2(x̂)+R ′( f2(ε)) f ′2(ε) . (4.78)

After division by f ′2(ε) we have

T 2(x̂) =
1

f ′2(ε)

(

d
dε

ψ(χε(x̂))− f ′(ε)T (x̂)

)

−R ′( f2(ε)) . (4.79)

In view of (4.75), the limit passage ε → 0 leads to the result. �

Remark 4.4. The topological derivatives of arbitrary order are derived for the simple
eigenvalues in Section 9.2.
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Now, we can evaluate the second order topological derivative of the energy shape
functional from the obtained relation. More precisely, in view of (4.66) combined
with (4.68) and (4.69) we have

d
dε

ψ(χε(x̂))− f ′(ε)T (x̂) = 2πε‖∇u(x̂)‖2 + o(ε) . (4.80)

Therefore, the relation between shape derivative and the second order topological
derivative given by (4.77) provides

T 2(x̂) = lim
ε→0

1
f ′2(ε)

(

2πε‖∇u(x̂)‖2 + o(ε)
)

. (4.81)

Now, in order to identify the leading term of the above expansion, we choose

f2(ε) = πε2 , (4.82)

which leads to the final formula for the second order topological derivative [48]

T 2(x̂) = ‖∇u(x̂)‖2 . (4.83)

Finally, the topological asymptotic expansion of the energy shape functional takes
the form

ψ(χε(x̂)) = ψ(χ)− π
logε+ 2πg(x̂)

u(x̂)2 +πε2‖∇u(x̂)‖2 + o(ε2) . (4.84)

Remark 4.5. The mathematical justification for the above expansion follows the
same steps as it is presented in Chapter 10.

4.1.5 Examples with Explicit Form of Topological Derivatives

Now, we shall verify, through some examples, the accuracy of the obtained topo-
logical asymptotic expansions. For that, we compute an approximation for the
shape functional by taking into account the obtained expansions (4.55), (4.70)
and also (4.84). Thus, let us consider the Laplace problem defined in the domain
Ωε =Ω \Bε , where, for ε < ρ , we have

Ω =
{

x ∈R2 : ‖x‖< ρ
}

and Bε =
{

x ∈R2 : ‖x‖< ε
}

. (4.85)

4.1.5.1 Example A: The Neumann’s Case

By taking b = 0 and q = −cosθ , the problem formulation associated to the
perturbed domain Ωε reads:
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⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find uε , such that
Δuε = 0 in Ωε ,
∂nuε = cosθ on ∂Ω ,
∂nuε = 0 on ∂Bε .

(4.86)

The analytical solution is given, up to an arbitrary additive constant, by

uε(r,θ ) =
ρ2

r

(

r2 + ε2

ρ2 − ε2

)

cosθ . (4.87)

Thus, the shape functional can be written as

ψ(χε) =−πρ2

2

(

ρ2 + ε2

ρ2 − ε2

)

, (4.88)

which can be expanded in powers of ε , namely

ψ(χε) =−1
2
πρ2−πε2 +O(ε4) . (4.89)

On the other hand, according to (4.55), the topological asymptotic expansion reads

ψ(χε) = ψ(χ)−πε2‖∇u‖2 + o(ε2)

= −1
2
πρ2 −πε2+ o(ε2) , (4.90)

that coincides with the above expansion in powers of ε , since ‖∇u‖2 = 1. In partic-
ular, by taking ρ = 1, the topological asymptotic expansion is given by

ψ(χε)≈−π
2
−πε2 . (4.91)

These results are compared in the graphic of fig. 4.5, where we observe that the
approximation (4.91) is fairly exact for small values of ε , with the exact values
given by (4.88).

4.1.5.2 Example B: The Dirichlet’s Case

Now, let us consider b = 0 and u = a+ cosθ . Then, the problem formulation asso-
ciated to the perturbed domain Ωε reads:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find uε , such that
Δuε = 0 in Ωε ,

uε = a+ cosθ on ∂Ω ,
uε = 0 on ∂Bε ,

(4.92)
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Fig. 4.5 Topological asymptotic expansions explicitly evaluated in the ring: the Neumann’s
case

whose analytical solution is given by

uε(r,θ ) = a
log(r/ε)
log(ρ/ε)

+
ρ
r

(

r2 − ε2

ρ2 − ε2

)

cosθ . (4.93)

Thus, the shape functional results in

ψ(χε) =
π

log(ρ/ε)
a2 +

π
2
ρ2 + ε2

ρ2 − ε2 , (4.94)

which can by expanded in powers of ε , such that

ψ(χε) =
π
2
+

π
log(ρ/ε)

a2 +πε2 1
ρ2 +O(ε4) . (4.95)

Taking into account the final formula for the topological asymptotic expansion given
by (4.70), we have

ψ(χε) = ψ(χ)− π
logε+ 2πg

u2 +πε2‖∇u‖2 + o(ε2)

=
π
2
+

π
log(ρ/ε)

a2 +πε2 1
ρ2 + o(ε2) , (4.96)
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Fig. 4.6 Topological asymptotic expansions explicitly evaluated in the ring: the Dirichlet’s
case

that coincides with the above expansion in powers of ε , since ‖∇u‖2 = 1/ρ2, where
g is the solution to (4.35), that is

{

Δg = 0 in Ω
g = − 1

2π logρ on ∂Ω ⇒ g(x̂) =− 1
2π

logρ . (4.97)

By choosing ρ = a = 1, we can compute the approximation for the shape functional
taking into account only the first order topological derivative

ψ(χε)≈ π
2
− π

logε
. (4.98)

Then we will compare it with the approximation considering both first and second
order topological derivatives, that is

ψ(χε)≈ π
2
− π

logε
+πε2 . (4.99)

These results are compared in the graphic of fig. 4.6, where we observe that the ap-
proximation (4.98) gives good results in comparison with (4.94) for small values for
ε . In addition, we note that the second order topological derivative is an important
correction factor in the expansion, since the expansion (4.99) remains precise even
for large values of ε .
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4.1.6 Additional Comments and Summary of the Results

In this section we have evaluated the topological derivatives for the energy shape
functional associated to the Poisson equation in two-dimensional domains, taking
into account homogeneous Neumann or Dirichlet conditions on the boundary of the
hole.

In addition, we can also consider the Robin condition on the boundary of the
hole. For that, we need to take β = 0 and add one more term to the total potential
energy (4.8), namely

1
2

∫

∂Bε
u2
ε , (4.100)

which leads the following condition on the boundary of the hole

uε + ∂nuε = 0 on ∂Bε . (4.101)

The solution to the problem with the above boundary condition has the following
expansion

uε(x) = u(x)+O(ε) = u(x̂)+O(ε) . (4.102)

Therefore the shape derivative of the energy functional, taking into account the term
associated to the Robin boundary condition on the hole (4.100), can be written as

J̇Ωε (uε) =
1
2

∫

∂Bε
u2
εdivΓV+O(ε) , (4.103)

where divΓV = (I− n⊗ n) ·∇V, with V standing for the shape change velocity
field defined through (4.2). Since we are dealing with an uniform expansion of the
circular hole, then by taking into account the associated velocity field, V = −n on
∂Bε , which implies divΓV= 1/ε on ∂Bε , we obtain

d
dε

ψ(χε) = J̇Ωε (uε) =
1

2ε

∫

∂Bε
u2
ε +O(ε) . (4.104)

We note that on the boundary of the hole ∂Bε , the velocity field can be written as

V=−n =
x− x̂
ε

⇒ ∇V=
1
ε

I . (4.105)

Therefore, the tangential divergence of the velocity on ∂Bε is given by

divΓV= (I− n⊗ n) ·∇V=
1
ε
(I− n⊗ n) · I= 1

ε
(tr(I)− n ·n) = 1

ε
, (4.106)
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with tr(I) = 2 and n ·n = 1. Considering the expansion (4.102) in (4.104) and after
explicitly evaluating the integral on the boundary of the hole ∂Bε , we obtain

d
dε

ψ(χε(x̂)) =
1

2ε

∫ 2π

0
u(x̂)2εdθ +O(ε) = πu(x̂)2 +O(ε) . (4.107)

Therefore, the above result together with the relation between shape and topological
derivatives given by (1.49) leads to

T (x̂) = lim
ε→0

1
f ′(ε)

(

πu(x̂)2 +O(ε)
)

. (4.108)

Now, in order to identify the leading term of the above expansion, we choose

f (ε) = πε , (4.109)

which leads to the final formula for the topological derivative, namely [185]

T (x̂) = u(x̂)2 . (4.110)

Finally, the topological asymptotic expansion of the energy shape functional takes
the form

ψ(χε(x̂)) = ψ(χ)+πεu(x̂)2 + o(ε) . (4.111)

Let us now summarize the results for topological derivatives obtained in this section,
which are reported in Table 4.1. Recalling that u is the solution to (4.4) and g is the
solution to (4.58), both defined in the unperturbed domain Ω .

Table 4.1 Topological derivatives for the energy shape functional associated to the Poisson
equation in two-dimensional domains, taking into account homogeneous Neumann, Dirichlet
or Robin conditions on the boundary of the hole

Boundary condition on ∂Bε f (ε) T (x̂)

Neumann πε2 −‖∇u(x̂)‖2 +bu(x̂)

Dirichlet − π
logε+2πg(x̂)

u(x̂)2

Robin πε u(x̂)2



112 4 Singular Perturbations of Energy Functionals

4.2 Second Order Elliptic System: The Navier Problem

In this section we evaluate the topological derivative of the total potential energy
associated to plane stress linear elasticity problem, considering only homogeneous
Neumann condition on the boundary of the hole ∂Bε .

4.2.1 Problem Formulation

The shape functional in the unperturbed domain Ω is given by

ψ(χ) := JΩ (u) =
1
2

∫

Ω
σ(u) ·∇us−

∫

Ω
b ·u−

∫

ΓN

q ·u , (4.112)

where the vector function u is the solution to the variational problem:

⎧

⎪

⎨

⎪

⎩

Find u ∈ U , such that
∫

Ω
σ(u) ·∇ηs =

∫

Ω
b ·η+

∫

ΓN

q ·η ∀η ∈ V ,

with σ(u) = C∇us .

(4.113)

In the above equation, b is a constant body force distributed in the domain Ω and C

is the constitutive tensor given by

C=
E

1−ν2 ((1−ν)I+νI⊗ I) , (4.114)

where I and I are the second and fourth order identity tensors, respectively, E is
the Young modulus and ν the Poisson ratio, both considered constants everywhere.
For the sake of simplicity, we also assume that the thickness of the elastic body is
constant and equal to one. The set U and the space V are respectively defined as

U := {ϕ ∈ H1(Ω ;R2) : ϕ|ΓD
= u} , (4.115)

V := {ϕ ∈ H1(Ω ;R2) : ϕ|ΓD
= 0} . (4.116)

In addition, ∂Ω = Γ D ∪Γ N with ΓD ∩ΓN = ∅, where ΓD and ΓN are Dirichlet and
Neumann boundaries, respectively. Thus u is a Dirichlet data on ΓD and q is a Neu-
mann data on ΓN , both assumed to be smooth enough. See the details in fig. 4.7. The
strong system associated to the variational problem (4.113) reads:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find u, such that
−divσ(u) = b in Ω ,

σ(u) = C∇us ,
u = u on ΓD ,

σ(u)n = q on ΓN .

(4.117)
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Fig. 4.7 The Navier prob-
lem defined in the unper-
turbed domain Ω

Remark 4.6. Since the Young modulus E and the Poisson ratio ν are constants, the
above boundary value problem reduces itself to the well-known Navier system,

− μΔu− (λ+ μ)∇(divu) = b in Ω , (4.118)

with the Lame’s coefficients μ and λ respectively given by

μ =
E

2(1+ν)
and λ =

νE
1−ν2 . (4.119)

Now, let us state the same problem in the perturbed domain Ωε . In this case, the
total potential energy reads

ψ(χε) := JΩε (uε) =
1
2

∫

Ωε
σ(uε) ·∇us

ε −
∫

Ωε
b ·uε−

∫

ΓN

q ·uε , (4.120)

where the vector function uε solves the variational problem:

⎧

⎪

⎨

⎪

⎩

Find uε ∈ Uε , such that
∫

Ωε
σ(uε) ·∇ηs =

∫

Ωε
b ·η+

∫

ΓN

q ·η ∀η ∈ Vε ,

with σ(uε) = C∇us
ε .

(4.121)

The set Uε and the space Vε are defined as

Uε := {ϕ ∈ H1(Ωε ;R2) : ϕ|ΓD
= u} , (4.122)

Vε := {ϕ ∈ H1(Ωε ;R2) : ϕ|ΓD
= 0} . (4.123)

Since uε is free on ∂Bε , then we have homogeneous Neumann condition on the
boundary of the hole. It means that the hole is a void with the free boundary. See the
details in fig. 4.8. The strong system associated to the variational problem (4.121)
reads:
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Fig. 4.8 The Navier problem defined in the perturbed domain Ωε

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find uε , such that
−divσ(uε) = b in Ωε ,

σ(uε) = C∇us
ε ,

uε = u on ΓD ,
σ(uε)n = q on ΓN ,
σ(uε)n = 0 on ∂Bε .

(4.124)

4.2.2 Shape Sensitivity Analysis

In order to apply the result of Proposition 1.1, we need to evaluate the shape deriva-
tive of functional JΩε (uε) with respect to an uniform expansion of the hole Bε . Let
us introduce the Eshelby energy-momentum tensor [57], which is given by

Σε =
1
2
(σ(uε) ·∇us

ε − 2b ·uε)I−∇u�ε σ(uε) . (4.125)

Therefore, we start by proving the following result:

Proposition 4.4. Let JΩε (uε) be the shape functional defined by (4.120). Then, the
derivative of this functional with respect to the small parameter ε is given by

J̇Ωε (uε) =
∫

Ωε
Σε ·∇V , (4.126)

where V is the shape change velocity field defined through (4.2) and Σε is the Es-
helby energy-momentum tensor given by (4.125).

Proof. By making use of the Reynolds’ transport theorem through formula (2.84),
the shape derivative (the material or total derivative with respect to the parameter ε)
of the functional (4.120) is given by
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J̇Ωε (uε) =
1
2

∫

Ωε
((σ(uε ) ·∇us

ε)
·+(σ(uε) ·∇us

ε)divV)

−
∫

Ωε
b · (u̇ε + uεdivV)−

∫

ΓN

q · u̇ε . (4.127)

Next, by using the concept of material derivative of spatial fields through formula
(2.92), we find that the first term of the above right hand side integral can be written
as

(σ(uε) ·∇us
ε)

· = 2σ(uε) ·∇u̇s
ε − 2σ(uε) · (∇uε∇V)s

= 2σ(uε) ·∇u̇s
ε − 2∇u�ε σ(uε) ·∇V , (4.128)

since σ(uε) = C∇us
ε . From the latter result we obtain

J̇Ωε (uε) =
1
2

∫

Ωε
((σ(uε) ·∇us

ε − 2b ·uε)I− 2∇u�ε σ(uε)) ·∇V

+

∫

Ωε
σ(uε) ·∇u̇s

ε −
∫

Ωε
b · u̇ε −

∫

ΓN

q · u̇ε , (4.129)

where we have made use of the identity divV= I ·∇V. Since u̇ε is a variation of uε
in the direction of the velocity field V, then u̇ε ∈ Vε [210]. Finally, by taking u̇ε as
test function in the variational problem (4.121), we have that the last three terms of
the above equation vanish. �

Now, we can prove that the shape derivative of the functional JΩε (uε) can be writ-
ten in terms of quantities concentrated on the boundary ∂Ωε . In fact, the following
result holds:

Proposition 4.5. Let JΩε (uε) be the shape functional defined by (4.120). Then, its
derivative with respect to the small parameter ε is given by

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V , (4.130)

with V standing for the shape change velocity field defined through (4.2) and tensor
Σε is given by (4.125).

Proof. By making use of the other version of the Reynolds’ transport theorem given
by formula (2.85), we obtain the shape derivative of the functional (4.120)

J̇Ωε (uε) =
1
2

∫

Ωε
(σ(uε) ·∇us

ε)
′+

1
2

∫

∂Ωε
(σ(uε ) ·∇us

ε)n ·V

−
∫

Ωε
b ·u′ε−

∫

∂Ωε
(b ·uε)n ·V−

∫

ΓN

q · u̇ε . (4.131)

Next, by using the concept of shape derivatives of spatial fields, we find that the first
term of the above right hand side integral can be written as

(σ(uε) ·∇us
ε)

′ = 2σ(uε) · (∇u′ε)
s , (4.132)
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since σ(uε) = σ(uε)� and (·)′ is the partial derivative of (·) with respect to ε . Now,
let us use the relation between material and spatial derivatives of vector fields (2.83),
namely ϕ ′ = ϕ̇− (∇ϕ)V, which leads to

(σ(uε) ·∇us
ε)

′ = 2σ(uε) ·∇(u̇ε − (∇uε)V)s

= 2σ(uε) ·∇u̇s
ε − 2σ(uε) ·∇((∇uε)V)s . (4.133)

From this last result we obtain

J̇Ωε (uε) =
1
2

∫

∂Ωε
(σ(uε ) ·∇us

ε − 2b ·uε)n ·V

−
∫

Ωε
(σ(uε) ·∇((∇uε)V)s − b · (∇uε)V)

+

∫

Ωε
σ(uε) ·∇u̇s

ε −
∫

Ωε
b · u̇ε −

∫

ΓN

q · u̇ε . (4.134)

Since u̇ε is a variation of uε in the direction of the velocity field V, then u̇ε ∈ Vε .
Now, by taking into account that uε is the solution to the variational problem (4.121),
we have that the last three terms of the above equation vanish. By using the tensor
relation (G.23) and after applying the divergence theorem (G.33), we have

J̇Ωε (uε) =
1
2

∫

∂Ωε
(σ(uε) ·∇us

ε − 2b ·uε)n ·V−
∫

∂Ωε
(∇uε)V ·σ(uε)�n

+
∫

Ωε
(divσ(uε)+ b) · (∇uε)V . (4.135)

Then, since σ(uε)� = σ(uε), we can rewrite the above equation in the compact
form

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V+

∫

Ωε
(divσ(uε)+ b) · (∇uε)V . (4.136)

The last term of the above equation vanishes provided that uε is also solution to the
strong system (4.124), namely −divσ(uε) = b, which leads to the result. �
Corollary 4.2. From the tensor relation (G.23) and after applying the divergence
theorem (G.32) to the right hand side of (4.126), we obtain

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V−

∫

Ωε
divΣε ·V . (4.137)

Since the above equation and (4.130) remain valid for all velocity fields V, we have
that the second term of the above equation satisfies

∫

Ωε
divΣε ·V= 0 ∀V ⇒ divΣε = 0 , (4.138)

that is, Σε is a divergence free tensor field.
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Fig. 4.9 Polar coordinate
system (r,θ ) centered at the
point x̂ ∈ Ω

Corollary 4.3. According to Proposition 4.5, we have

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V=

∫

∂Bε
Σεn ·V+

∫

∂Ω
Σεn ·V . (4.139)

Since we are dealing with an uniform expansion of the circular hole Bε , then in view
of the associated velocity field (4.2), namely, V=−n on ∂Bε and V= 0 on ∂Ω , we
finally obtain

d
dε

ψ(χε) = J̇Ωε (uε) =−
∫

∂Bε
Σεn ·n . (4.140)

It means that the shape derivative of the cost functional is represented either by a
boundary integral of the shape gradient given by a function or by the duality pairing
with the shape gradient given by a distribution concentrated (supported) on ∂Bε .

From the above corollary, we observe that the distributed shape gradient originally
defined in the whole domain Ωε leads to the boundary shape gradient and to an in-
tegral defined only on the boundary of the hole ∂Bε . In particular, the shape deriva-
tive of functional JΩε (uε), given by the final formula (4.140), is written in terms
of quantities supported on ∂Bε . It means that we need to know the asymptotic be-
havior of the solution uε with respect to ε in the neighborhood of the hole Bε . We
will see later that this result simplifies enormously the next steps of the topological
derivative calculation.

4.2.3 Asymptotic Analysis of the Solution

The shape derivative of functional JΩε (uε) is given exclusively in terms of an
integral over the boundary of the hole ∂Bε (4.140). Therefore, in order to apply
the result of Proposition 1.1, we need to know the behavior of the function uε with
respect to ε in the neighborhood of the hole Bε . In particular, once we know this
behavior explicitly, we can identify function f (ε) and perform the limit passage
ε → 0 in (1.49) to obtain the final formula for the topological derivative T of the
shape functional ψ . Therefore, we need to perform the asymptotic analysis of uε
with respect to ε .
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In this section, we present the formal calculation of the expansions of the solution
uε associated to homogeneous Neumann condition on the boundary of the hole. For
a rigorous justification of the asymptotic expansions of uε , the reader may refer to
[120, 148], for instance. Let us start with an ansätz for the expansion of uε in the
form [120]

uε(x) = u(x)+wε(x)+ ũε(x) . (4.141)

After applying the operator σ we have

σ(uε(x)) = σ(u(x))+σ(wε(x))+σ(ũε(x))
= σ(u(x̂))+∇σ(u(y))(x− x̂)+σ(wε(x))+σ(ũε(x)) , (4.142)

where y is an intermediate point between x and x̂. On the boundary of the hole
∂Bε we have σ(uε)n|∂Bε

= 0. Thus, the normal projection of the above expansion,
evaluated on ∂Bε , leads to

σ(u(x̂))n− ε(∇σ(u(y))n)n+σ(wε(x))n+σ(ũε(x))n = 0 . (4.143)

Thus, we can choose σ(wε ) such that

σ(wε (x))n =−σ(u(x̂))n on ∂Bε . (4.144)

Now, the following exterior boundary value problem is considered and formally
obtained as ε → 0:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find σ(wε ), such that
divσ(wε ) = 0 in R2 \Bε ,

σ(wε ) → 0 at ∞ ,
σ(wε )n = −σ(u(x̂))n on ∂Bε .

(4.145)

The above boundary value problem admits an explicit solution (see, for instance,
the book by Little 1973 [139]), which can be written in a polar coordinate system
(r,θ ) centered at the point x̂ as (see fig. 4.9)

σ rr(wε (r,θ )) = −ϕ1
ε2

r2 −ϕ2

(

4
ε2

r2 − 3
ε4

r4

)

cos2θ , (4.146)

σθθ (wε (r,θ )) = ϕ1
ε2

r2 − 3ϕ2
ε4

r4 cos2θ , (4.147)

σ rθ (wε (r,θ )) = −ϕ2

(

2
ε2

r2 − 3
ε4

r4

)

sin2θ . (4.148)

Some terms in the above formulae require explanations. The coefficients ϕ1 and ϕ2

are given by

ϕ1 =
1
2
(σ1(u(x̂))+σ2(u(x̂))) , ϕ2 =

1
2
(σ1(u(x̂))−σ2(u(x̂))) , (4.149)
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where σ1(u(x̂)) and σ2(u(x̂)) are the eigenvalues of tensor σ(u(x̂)), which can be
expressed as

σ1,2(u(x̂)) =
1
2

(

trσ(u(x̂))±
√

2σD(u(x̂)) ·σD(u(x̂))

)

, (4.150)

with σD(u(x̂)) standing for the deviatory part of the stress tensor σ(u(x̂)), namely

σD(u(x̂)) = σ(u(x̂))− 1
2

trσ(u(x̂))I . (4.151)

In addition, σ rr(ϕ), σθθ (ϕ) and σ rθ (ϕ) are the components of tensor σ(ϕ) in the
polar coordinate system, namely, σ rr(ϕ) = er ·σ(ϕ)er, σθθ (ϕ) = eθ ·σ(ϕ)eθ and
σ rθ (ϕ) = σθr(ϕ) = er ·σ(ϕ)eθ , with er and eθ used to denote the canonical basis
associated to the polar coordinate system (r,θ ), such that, ||er|| = ||eθ || = 1 and
er · eθ = 0. See fig. 4.9.

Now we can construct ũε in such a way that it compensates the discrepancies
introduced by the higher-order terms in ε as well as by the boundary-layer wε on
the exterior boundary ∂Ω . It means that the remainder ũε must be solution to the
following boundary value problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find ũε , such that
divσ(ũε) = 0 in Ωε ,

σ(ũε) = C∇ũs
ε ,

ũε = −wε on ΓD ,
σ(ũε)n = −σ(wε )n on ΓN ,
σ(ũε)n = εh on ∂Bε ,

(4.152)

where clearly ũε =O(ε), since h is independent of ε and wε = O(ε2) on the exterior
boundary ∂Ω . Nevertheless, according to [120, 148], this estimate can be improved,
namely, ũε = O(ε2). Finally, the expansion for σ(uε) in polar coordinate system
(r,θ ) reads (see fig. 4.9)

σ rr(uε(r,θ )) = ϕ1

(

1− ε2

r2

)

+ϕ2

(

1− 4
ε2

r2 + 3
ε4

r4

)

cos2θ +O(ε2) , (4.153)

σθθ (uε(r,θ )) = ϕ1

(

1+
ε2

r2

)

−ϕ2

(

1+ 3
ε4

r4

)

cos2θ +O(ε2) , (4.154)

σ rθ (uε(r,θ )) = −ϕ2

(

1+ 2
ε2

r2 − 3
ε4

r4

)

sin2θ +O(ε2) , (4.155)

where we have used the fact that σ rr(u(x̂)) = ϕ1 +ϕ2 cos2θ , σθθ (u(x̂)) = ϕ1 −
ϕ2 cos2θ and σ rθ (u(x̂)) =−ϕ2 sin2θ .
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4.2.4 Topological Derivative Evaluation

From an orthonormal curvilinear coordinate system n and τ defined on the boundary
∂Bε (see fig. 4.9), the tensors σ(uε) and ∇uε can be decomposed as

σ(uε)|∂Bε
= σnn(uε)(n⊗ n)+σnτ(uε)(n⊗ τ)

+ στn(uε)(τ⊗ n)+σττ(uε)(τ⊗ τ) , (4.156)

∇uε |∂Bε
= ∂nun

ε(n⊗ n)+ ∂τun
ε(n⊗ τ)

+ ∂nuτε(τ⊗ n)+ ∂τuτε(τ⊗ τ) . (4.157)

Therefore, we observe that

σ(uε)n|∂Bε
= σnn(uε)n+στn(uε)τ = 0 , (4.158)

which implies

σnn(uε) = στn(uε) = σnτ(uε) = 0 on ∂Bε , (4.159)

since σ(uε) = σ(uε)�. In addition,

Σεn ·n|∂Bε
=

1
2
(σ(uε) ·∇us

ε − 2b ·uε)In ·n−∇u�ε σ(uε)n ·n

=
1
2
(σ(uε) ·∇us

ε − 2b ·uε)n ·n−σ(uε)n · (∇uε)n

=
1
2
(σ(uε) ·∇us

ε − 2b ·uε)

=
1
2
(σττ(uε)∂τuτε − 2b ·uε) . (4.160)

On the other hand, the constitutive tensor C is invertible, namely,

C
−1 =

1
E
((1+ν)I−νI⊗ I)) , (4.161)

which implies

∇us
ε = C

−1σ(uε)

⇒ ∂τuτε =
1
E
(σττ(uε)−νσnn(uε)) =

1
E
σττ (uε) on ∂Bε . (4.162)

Therefore, we have

Σεn ·n|∂Bε
=

1
2

(

1
E
(σττ(uε))

2 − 2b ·uε
)

. (4.163)
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The shape derivative of the cost functional (4.140) reads

d
dε

ψ(χε) = J̇Ωε (uε) =−1
2

∫

∂Bε

(

1
E
(σττ(uε))

2 − 2b ·uε
)

, (4.164)

where we have used (4.163). From formula (4.154), we have that the following
expansion for σττ(uε) holds in the neighborhood of the hole

σττ (uε(x)) = σθθ (uε(r,θ ))

= ϕ1

(

1+
ε2

r2

)

−ϕ2

(

1+ 3
ε4

r4

)

cos2θ +O(ε)

⇒ σττ (uε(x))|∂Bε
= 2ϕ1 − 4ϕ2 cos2θ +O(ε) . (4.165)

In addition, the following expansion for the displacement field uε holds on the
boundary of the hole

uε(x)|∂Bε
= ϕ0 +O(ε) , (4.166)

where ϕ0 = u(x̂). Considering the above expansions in (4.164) and after solving the
integral on the boundary of the hole ∂Bε , we obtain

d
dε

ψ(ε) = −1
2

∫ 2π

0

(

1
E
(2ϕ1 − 4ϕ2 cos2θ )2 − 2b ·ϕ0

)

εdθ +O(ε2)

= −2πε
(

2
E
(ϕ2

1 + 2ϕ2
2 )− b ·ϕ0

)

+O(ε2) . (4.167)

Therefore, the above result together with the relation between shape and topological
derivatives given by (1.49) results in

T =− lim
ε→0

1
f ′(ε)

[

2πε
(

2
E
(ϕ2

1 + 2ϕ2
2)− b ·ϕ0

)

+O(ε2)

]

. (4.168)

Now, in order to extract the leading term of the above expansion, the correction
function is set as

f (ε) = πε2 . (4.169)

Therefore, the limit passage ε → 0 in (4.168) leads to the final formula for the
topological derivative, that is

T =− 2
E
(ϕ2

1 + 2ϕ2
2 )+ b ·ϕ0 . (4.170)

Recalling that ϕ1 = (σ1(u(x̂))+σ2(u(x̂)))/2, ϕ2 = (σ1(u(x̂))−σ2(u(x̂)))/2 and
ϕ0 = u(x̂), the topological derivative evaluated at x̂ ∈ Ω can be written as follows
[70, 135, 204]:
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• In terms of the principal stresses σ1(x̂) = σ1(u(x̂)) and σ2(x̂) = σ2(u(x̂))

T (x̂) =− 1
2E

[

(σ1(x̂)+σ2(x̂))
2 + 2(σ1(x̂)−σ2(x̂))

2
]

+ b ·u(x̂) . (4.171)

• In terms of the stress tensor σ(u(x̂))

T (x̂) =− 1
2E

[

4σ(u(x̂)) ·σ(u(x̂))− tr2σ(u(x̂))
]

+ b ·u(x̂) . (4.172)

• In terms of the stress tensor σ(u(x̂)) and the strain tensor ∇us(x̂)

T (x̂) =−Pσ(u(x̂)) ·∇us(x̂)+ b ·u(x̂) , (4.173)

where P is the Pólya-Szegö polarization tensor, given in this particular case by
the following isotropic fourth order tensor

P=
2

1+ν
I− 1− 3ν

2(1−ν2)
I⊗ I . (4.174)

Finally, the topological asymptotic expansion of the energy shape functional reads

ψ(χε(x̂)) = ψ(χ)−πε2(Pσ(u(x̂)) ·∇us(x̂)− b ·u(x̂))+ o(ε2) . (4.175)

The full mathematical justification for the above expansion follows the same steps
to be presented in Chapter 10 for another problem.

Remark 4.7. In the case of plane strain linear elasticity, the elasticity tensor is given
by

C=
E

1+ν

(

I+
ν

1− 2ν
I⊗ I

)

. (4.176)

Therefore, the polarization tensor leads to

P=
1−ν

2

(

4I− 1− 4ν
1− 2ν

I⊗ I

)

, (4.177)

and the topological asymptotic expansion of the energy shape functional is given by
(4.175), with the above formula for the polarization tensor.

4.3 Fourth Order Elliptic Equation: The Kirchhoff Problem

In this section we evaluate the topological derivative of the total potential energy
associated to linear and elastic Kirchhoff plate bending problem, considering only
homogeneous Neumann condition on the boundary of the hole Bε .
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4.3.1 Problem Formulation

The shape functional in the unperturbed domain Ω is given by

ψ(χ) := JΩ (u) = −1
2

∫

Ω
M(u) ·∇∇u+

∫

Ω
bu

−
∫

ΓNq

qu+
∫

ΓNm

m∂nu+
ns

∑
i=1

Qiu(xi) , (4.178)

where the scalar function u is the solution to the variational problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find u ∈ U , such that

−
∫

Ω
M(u) ·∇∇η = −

∫

Ω
bη+

∫

ΓNq

qη

−
∫

ΓNm

m∂nη−
ns

∑
i=1

Qiη(xi) ∀η ∈ V ,

with M(u) =−C∇∇u .

(4.179)

In the above equation, C is the constitutive tensor given by

C=
E

1−ν2 ((1−ν)I+νI⊗ I) , (4.180)

where I and I are the second and fourth order identity tensors, respectively, E is
the Young modulus and ν the Poisson ratio, both considered constants everywhere.
For the sake of simplicity, we have assumed that the plate thickness is constant and
equal to 121/3. The set U and the space V are respectively defined as

U := {ϕ ∈ H2(Ω) : ϕ|ΓDu
= u, ∂nϕ|ΓDρ

= ρ} , (4.181)

V := {ϕ ∈ H2(Ω) : ϕ|ΓDu
= 0, ∂nϕ|ΓDρ

= 0} . (4.182)

In addition, b is a constant body force distributed in the domain Ω , q is a shear load
distributed on the boundary ΓNq , m is a moment distributed on the boundary ΓNm

and Qi is a concentrated shear load supported at the points xi where there are some
geometrical singularities, with i = 1, ...,ns, and ns the number of such singularities.
The displacement field u has to satisfy u|ΓDu

= u and ∂nu|ΓDρ
= ρ , where u and ρ

are a displacement and a rotation respectively prescribed on the boundariesΓDu and
ΓDρ . Furthermore,ΓD =Γ Du ∪Γ Dρ and ΓN =Γ Nq ∪Γ Nm are such that ΓDu ∩ΓNq =∅

and ΓDρ ∩ΓNm =∅. See the details in fig. 4.10. The strong formulation associated to
the variational problem (4.179) reads:
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Fig. 4.10 The Kirchhoff
problem defined in the
unperturbed domain Ω
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⎪

⎪

⎪

⎪

⎪
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⎪

⎪

⎩

Find u, such that
div(divM(u)) = b in Ω ,

M(u) = −C∇∇u ,
u

∂nu
=
=

u
ρ

on
on

ΓDu ,
ΓDρ ,

Mnn(u)
∂τMτn(u)+ divM(u) ·n

�Mτn(u(xi))�

=
=
=

m
q
Qi

on
on
on

ΓNm ,
ΓNq ,
xi ∈ ΓNq .

(4.183)

Remark 4.8. Since the Young modulus E , the Poisson ratio ν and the plate thickness
are assumed to be constants, the above boundary value problem reduces itself to the
well-known Kirchhoff equation, namely

− kΔ2u = b in Ω , with k =
Eh3

12(1−ν2)
, (4.184)

where h is the plate thickness given by h = 121/3.

Now, let us state the problem associated to the perturbed domain Ωε . In this case,
the total potential energy reads

ψ(χε):=JΩε (uε) = −1
2

∫

Ωε
M(uε) ·∇∇uε +

∫

Ωε
buε

−
∫

ΓNq

quε +
∫

ΓNm

m∂nuε +
ns

∑
i=1

Qiuε(xi) , (4.185)

where the scalar function uε solves the variational problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find uε ∈ Uε , such that

−
∫

Ωε
M(uε) ·∇∇η = −

∫

Ωε
bη+

∫

ΓNq

qη

−
∫

ΓNm

m∂nη−
ns

∑
i=1

Qiη(xi) ∀η ∈ Vε ,

with M(uε ) =−C∇∇uε .

(4.186)
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Fig. 4.11 The Kirchhoff problem defined in the perturbed domain Ωε

The set Uε and the space Vε are defined as

Uε := {ϕ ∈ H2(Ωε) : ϕ|ΓDu
= u, ∂nϕ|ΓDρ

= ρ} , (4.187)

Vε := {ϕ ∈ H2(Ωε) : ϕ|ΓDu
= 0, ∂nϕ|ΓDρ

= 0} . (4.188)

Since uε and ∂nuε are free on ∂Bε , then we have homogeneous Neumann condition
on the boundary of the hole. It means that the hole is a free boundary representing a
void. See the details in fig. 4.11. The strong formulation associated to the variational
problem (4.186) reads:
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⎪
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⎪

⎪

⎪
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⎪
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⎪
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⎪

⎪

⎪

⎪
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⎪

⎪

⎪

⎪

⎩

Find uε , such that
div(divM(uε )) = b in Ωε ,

M(uε) = −C∇∇uε ,
uε

∂nuε
=
=

u
ρ

on
on

ΓDu ,
ΓDρ ,

Mnn(uε)
∂τMτn(uε)+ divM(uε ) ·n

�Mτn(uε(xi))�

=
=
=

m
q
Qi

on
on
on

ΓNm ,
ΓNq ,
xi ∈ ΓNq ,

Mnn(uε)
∂τMτn(uε)+ divM(uε ) ·n

=
=

0
0

}

on ∂Bε .

(4.189)

4.3.2 Shape Sensitivity Analysis

In order to apply the result presented in Proposition 1.1, we need to evaluate the
shape derivative of functional JΩε (uε) with respect to an uniform expansion of the
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hole Bε . Therefore, let us introduce the Eshelby energy-momentum tensor [57] of
the form

Σε =−1
2
(M(uε ) ·∇∇uε − 2buε)I+(∇∇uε)M(uε )−∇uε ⊗ divM(uε) (4.190)

and state the following result:

Proposition 4.6. Let JΩε (uε) be the shape functional defined by (4.185). Then, the
derivative of this functional with respect to the small parameter ε is given by

J̇Ωε (uε) =
∫

Ωε
Σε ·∇V+

∫

∂Ωε
∇V�∇uε ·M(uε)n , (4.191)

where V is the shape change velocity field defined trough (4.2) and Σε is the Eshelby
energy-momentum tensor given by (4.190).

Proof. By making use of the Reynolds’ transport theorem through formula (2.84),
the shape derivative (the material or total derivative with respect to the parameter ε)
of the functional (4.185) is given by

J̇Ωε (uε) = −1
2

∫

Ωε
((M(uε ) ·∇∇uε)

·+M(uε) ·∇∇uεdivV)

+

∫

Ωε
b(u̇ε + uεdivV)−

∫

ΓNq

qu̇ε

+

∫

ΓNm

m(∂nuε)
·+

ns

∑
i=1

Qiu̇ε(xi) , (4.192)

where (∂nuε)· = ∂nu̇ε since V = 0 on ∂Ω . Next, by using the concept of material
derivative of spatial fields through formulae (2.89) and (2.90), we find that the first
term of the above right hand side integral can be written as

(M(uε) ·∇∇uε)
· = 2M(uε) ·∇(∇uε)

· − 2M(uε) · (∇∇uε)∇V
= 2M(uε) ·∇∇u̇ε − 2M(uε) ·∇(∇V�∇uε)

− 2(∇∇uε)M(uε ) ·∇V
= 2M(uε) ·∇∇u̇ε − 2(∇∇uε)M(uε ) ·∇V
+ 2divM(uε) ·∇V�∇uε − 2div(M(uε)∇V�∇uε) , (4.193)

since M(uε ) =−C∇∇uε . From these last results we obtain

J̇Ωε (uε) = −1
2

∫

Ωε
Σε ·∇V+

∫

∂Ωε
∇V�∇uε ·M(uε)n

−
∫

Ωε
M(uε ) ·∇∇u̇ε +

∫

Ωε
bu̇ε

−
∫

ΓNq

qu̇ε +
∫

ΓNm

m∂nu̇ε +
ns

∑
i=1

Qiu̇ε(xi) , (4.194)
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with divV = I ·∇V. Since u̇ε is a variation of uε in the direction of the velocity
field V, then u̇ε ∈ Vε [210]. Finally, by taking u̇ε as test function in the variational
problem (4.186), we have that the last five terms of the above equation vanish. �

Now, we can prove that the shape derivative of the functional JΩε (uε) can be writ-
ten in terms of quantities concentrated on the boundary ∂Ωε . In fact, the following
result also holds:

Proposition 4.7. Let JΩε (uε) be the shape functional defined by (4.185). Then, the
derivative of this functional with respect to the small parameter ε is given by

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V+

∫

∂Ωε
∇V�∇uε ·M(uε)n , (4.195)

where V is the shape change velocity field defined through (4.2) and tensor Σε is
given by (4.190).

Proof. By making use of the other version of the Reynolds’ transport theorem given
by formula (2.85), the shape derivative of the functional (4.185) results in

J̇Ωε (uε) = −1
2

∫

Ωε
(M(uε) ·∇∇uε)

′ − 1
2

∫

∂Ωε
(M(uε) ·∇∇uε)n ·V

+

∫

Ωε
bu′ε +

∫

∂Ωε
(buε)n ·V−

∫

ΓNq

qu̇ε

+

∫

ΓNm

m(∂nuε)
·+

ns

∑
i=1

Qiu̇ε(xi) , (4.196)

where (∂nuε)
· = ∂nu̇ε , provided that V vanishes on ∂Ω . Next, by using the concept

of shape derivatives of spatial fields, we find that the first term of the above right
hand side integral can be written as follows

(M(uε ) ·∇∇uε)
′ = 2M(uε) ·∇∇u′ε , (4.197)

since M(uε ) = M(uε)� and u′ε is the partial derivative of uε with respect to ε . Now,
let us use the relation between material and spatial derivatives of scalar fields (2.82),
namely ϕ ′ = ϕ̇−∇ϕ ·V, which leads to

(M(uε ) ·∇∇uε)
′ = 2M(uε) ·∇∇(u̇ε −∇uε ·V)

= 2M(uε) ·∇∇u̇ε − 2M(uε) ·∇∇(∇uε ·V) . (4.198)
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From the latter result we obtain

J̇Ωε (uε) = −1
2

∫

∂Ωε
(M(uε ) ·∇∇uε − 2buε)n ·V

+

∫

Ωε
(M(uε) ·∇∇(∇uε ·V)− b(∇uε ·V))

−
∫

Ωε
M(uε) ·∇∇u̇ε +

∫

Ωε
bu̇ε

−
∫

ΓNq

qu̇ε +
∫

ΓNm

m∂nu̇ε +
ns

∑
i=1

Qiu̇ε(xi) . (4.199)

Since u̇ε is a variation of uε in the direction of the velocity field V, then u̇ε ∈ Vε .
Now, by taking u̇ε as test function in the variational problem (4.186), we have
that the last five terms of the above equation vanish. By using the tensor relations
(G.18,G.20,G.23) and after applying twice the divergence theorem (G.33,G.35), we
have

∫

Ωε
M(uε) ·∇∇(∇uε ·V) =

∫

∂Ωε
∇(∇uε ·V) ·M(uε)n

−
∫

Ωε
divM(uε ) ·∇(∇uε ·V)

=

∫

∂Ωε
((∇∇uε )

�
V+∇V�∇uε) ·M(uε)n

−
∫

∂Ωε
(divM(uε ) ·n)(∇uε ·V)

+

∫

Ωε
div(divM(uε))(∇uε ·V) . (4.200)

Therefore, the shape derivative of functional JΩε (uε) leads to

J̇Ωε (uε) = −1
2

∫

∂Ωε
(M(uε) ·∇∇uε − 2buε)n ·V

+

∫

∂Ωε
(∇∇uε)

�
V ·M(uε)n

−
∫

∂Ωε
(divM(uε ) ·n)(∇uε ·V)

+
∫

∂Ωε
∇V�∇uε ·M(uε)n

+

∫

Ωε
(div(divM(uε))− b)(∇uε ·V) . (4.201)

Then, after some rearrangements we obtain

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V+

∫

∂Ωε
∇V�∇uε ·M(uε)n

+

∫

Ωε
(div(divM(uε ))− b)(∇uε ·V) . (4.202)
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Since div(divM(uε)) = b provided that uε is also solution to the boundary value
problem (4.189), the last term of the above equation vanishes, which completes the
proof. �

Corollary 4.4. From the tensor relation (G.23) and after applying the divergence
theorem (G.32) to the right hand side of (4.191), we obtain

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V−

∫

Ωε
divΣε ·V+

∫

∂Ωε
∇V�∇uε ·M(uε)n . (4.203)

Since equations (4.195) and (4.203) remain valid for all velocity fields V, the do-
main integral in the above equation satisfies

∫

Ωε
divΣε ·V= 0 ∀V ⇒ divΣε = 0 , (4.204)

that is, Σε is a divergence free tensor field.

Corollary 4.5. According to Proposition 4.7, the shape derivative for ε � 0 is given
by

J̇Ωε (uε) =
∫

∂Bε
Σεn ·V+

∫

∂Ω
Σεn ·V

+

∫

∂Ω
∇V�∇uε ·M(uε)n+

∫

∂Bε
∇V�∇uε ·M(uε)n . (4.205)

Since it concerns an uniform expansion of the circular hole, then in view of the
associated velocity field defined through (4.2), V= −n on ∂Bε and V = 0 on ∂Ω .
Therefore, the derivative with respect to ε of the energy shape functional is given by

d
dε

ψ(χε) = J̇Ωε (uε) =−
∫

∂Bε
Σεn ·n−

∫

∂Bε
M(uε )n ·∇n�∇uε . (4.206)

From the above corollary, we observe that the shape gradient originally defined
in the whole domain Ωε leads to an integral defined only on the boundary of the
hole ∂Bε . In particular, the shape derivative of functional JΩε (uε), given by the
formula (4.206), is written in terms of quantities supported on ∂Bε . It means that
we need to know the asymptotic behavior of the solution uε with respect to ε in the
neighborhood of the hole Bε . We will see later that this result simplifies enormously
the next steps of the topological derivative evaluation.

4.3.3 Asymptotic Analysis of the Solution

The shape derivative of functional JΩε (uε) is given exclusively in terms of an
integral over the boundary of the hole ∂Bε (4.206). Therefore, in order to apply the
result of Proposition 1.1, we need to investigate the behavior of the function uε with
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Fig. 4.12 Polar coordinate
system (r,θ ) centered at the
point x̂ ∈ Ω

respect to ε in the neighborhood of the hole Bε . In particular, once this behavior is
explicitly known, the function f (ε) can be identified and the limit passage ε → 0 in
(1.49) can be performed, leading to the final formula for the topological derivative
T of the shape functional ψ . However, in general this is not a trivial procedure. In
fact, we need to perform the asymptotic analysis of uε with respect to ε .

In this section, we establish formally the expansions of the solution uε for the
problem with homogeneous Neumann condition on the boundary of the hole. For
a rigorous justification of the asymptotic expansions of uε , the reader may refer to
[120, 148], for instance. Let us start with an ansätz for the expansion of uε in the
form [120]

uε(x) = u(x)+wε(x)+ ũε(x) . (4.207)

After applying the operator M we have

M(uε(x)) = M(u(x))+M(wε (x))+M(ũε(x))

= M(u(x̂))+∇M(u(y))(x− x̂)

+ M(wε (x))+M(ũε(x)) , (4.208)

where y is an intermediate point between x and x̂. On the boundary of the hole
∂Bε we have ∂τMτn(uε)+ divM(uε) · n = 0 and Mnn(uε) = 0 on ∂Bε . The above
expansion, evaluated on ∂Bε , leads to

M(u(x̂))n ·n− ε(∇M(u(y))n)n ·n+Mnn(wε (x))+Mnn(ũε(x)) = 0 , (4.209)

and

(∂τM(u(x̂))n · τ+ divM(u(x̂)) ·n)−
ε(∂τ (∇M(u(y))n)n · τ+ div(∇M(u(y))n) ·n)+

(∂τMτn(wε(x))+ divM(wε (x)) ·n)+
(∂τMτn(ũε(x))+ divM(ũε (x)) ·n) = 0 . (4.210)

Thus, we can choose M(wε ) such that on the boundary of the hole ∂Bε the relations
hold

Mnn(wε(x)) = −M(u(x̂))n ·n , (4.211)

∂τMτn(wε (x))+ divM(wε (x)) ·n = −(∂τM(u(x̂))n · τ+ divM(u(x̂)) ·n) . (4.212)
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Now, the following exterior problem is considered, and formally obtained as ε → 0:
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find M(wε ), such that
div(divM(wε )) = 0 in R2 \Bε ,

M(wε ) → 0 at ∞ ,
Mnn(wε )

∂τMτn(wε )+ divM(wε ) ·n
=
=

û1

û2

}

on ∂Bε ,

(4.213)

with

û1 = −M(u(x̂))n ·n , (4.214)

û2 = −(∂τM(u(x̂))n · τ+ divM(u(x̂)) ·n) . (4.215)

The above boundary value problem admits an explicit solution (see, for instance,
the book by Little 1973 [139]), which can be written in a polar coordinate system
(r,θ ) centered at the point x̂ as (see fig. 4.12)

Mrr(wε (r,θ )) = −ϕ1
ε2

r2 −ϕ2

(

4ν
3+ν

ε2

r2 + 3
1−ν
3+ν

ε4

r4

)

cos2θ , (4.216)

Mθθ (wε (r,θ )) = ϕ1
ε2

r2 −ϕ2

(

4
3+ν

ε2

r2 − 3
1−ν
3+ν

ε4

r4

)

cos2θ , (4.217)

Mrθ (wε (r,θ )) = ϕ2
1−ν
3+ν

(

2
ε2

r2 − 3
ε4

r4

)

sin2θ . (4.218)

Some terms in the above formulae require explanations. The coefficients ϕ1 and ϕ2

are given by

ϕ1 =
1
2
(m1(u(x̂))+m2(u(x̂))), ϕ2 =

1
2
(m1(u(x̂))−m2(u(x̂))), (4.219)

where m1(u(x̂)) and m2(u(x̂)) are the eigenvalues of the tensor M(u(x̂)), which can
be expressed as

m1,2(u(x̂)) =
1
2

(

trM(u(x̂))±
√

2MD(u(x̂)) ·MD(u(x̂))

)

, (4.220)

with MD(u(x̂)) standing for the deviatory part of the moment tensor M(u(x̂)),
namely

MD(u(x̂)) = M(u(x̂))− 1
2

trM(u(x̂))I . (4.221)

In addition, Mrr(ϕ), Mθθ (ϕ) and Mrθ (ϕ) are the components of tensor M(ϕ) in
the polar coordinate system, namely, Mrr(ϕ) = er ·M(ϕ)er , Mθθ (ϕ) = eθ ·M(ϕ)eθ
and Mrθ (ϕ) = Mθr(ϕ) = er ·M(ϕ)eθ , where er and eθ are the unit vectors in the
canonical basis of the polar coordinate system (r,θ ), such that, ||er||= ||eθ ||= 1 and
er · eθ = 0. See fig. 4.12.
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Now we can construct the remainder ũε in such a way that it compensates the
discrepancies introduced by the higher-order terms in ε as well as by the boundary-
layer wε on the exterior boundary ∂Ω . It means that the remainder ũε must be the
solution to the following boundary value problem:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find M(ũε ), such that
div(divM(ũε)) = 0 in Ωε ,

M(ũε ) = −M(wε ) on ∂Ω ,
Mnn(ũε)

∂τMτn(ũε)+ divM(ũε) ·n
=
=

εg1

εg2

}

on ∂Bε ,

(4.222)

with

g1 = (∇M(u(y))n)n ·n , (4.223)

g2 = ∂τ(∇M(u(y))n)n · τ+ div(∇M(u(y))n) ·n . (4.224)

Clearly ũε = O(ε), since g1 and g2 are independent of ε and wε = O(ε2) on the
exterior boundary ∂Ω . According to [120, 148], we can obtain an estimation for the
remainder ũε of the form ũε = O(ε2). Finally, the expansion for M(uε) in the polar
coordinate system (r,θ ) reads (see fig. 4.12)

Mrr(uε(r,θ )) = ϕ1

(

1− ε2

r2

)

+ ϕ2

(

1− 4ν
3+ν

ε2

r2 − 3
1−ν
3+ν

ε4

r4

)

cos2θ +O(ε2) , (4.225)

Mθθ (uε(r,θ )) = ϕ1

(

1+
ε2

r2

)

− ϕ2

(

1+
4

3+ν
ε2

r2 − 3
1−ν
3+ν

ε4

r4

)

cos2θ +O(ε2) , (4.226)

Mrθ (uε(r,θ )) = −ϕ2

(

1− 2
1−ν
3+ν

ε2

r2 + 3
1−ν
3+ν

ε4

r4

)

sin2θ +O(ε2) , (4.227)

where we have used the fact that Mrr(u(x̂)) = ϕ1 +ϕ2 cos2θ , Mθθ (u(x̂)) = ϕ1 −
ϕ2 cos2θ and Mrθ (u(x̂)) =−ϕ2 sin2θ .

4.3.4 Topological Derivative Evaluation

From an orthonormal curvilinear coordinate system n and τ defined on the boundary
∂Bε (see fig. 4.12), the tensors M(uε ) and ∇∇uε can be decomposed as
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M(uε)|∂Bε
= Mnn(uε)(n⊗ n)+Mnτ(uε)(n⊗ τ)

+ Mτn(uε)(τ⊗ n)+Mττ(uε)(τ ⊗ τ) , (4.228)

∇∇uε |∂Bε
= ∂ 2

nnuε(n⊗ n)+ ∂ 2
nτuε(n⊗ τ)

+ ∂ 2
τnuε(τ⊗ n)+ ∂ 2

ττuε(τ⊗ τ) . (4.229)

In addition,

Σεn ·n = −1
2
(M(uε) ·∇∇uε − 2buε)

+M(uε)n · (∇∇uε)
�n− (∇uε ·n)(divM(uε) ·n) . (4.230)

However, the identity below

∇(∇uε ·n) = (∇∇uε )
�n+∇n�∇uε , (4.231)

implies

M(uε)n · (∇∇uε)
�n = M(uε)n ·∇(∇uε ·n)−M(uε)n ·∇n�∇uε , (4.232)

which leads to

Σεn ·n|∂Bε
= −1

2
(Mnn(uε)∂ 2

nnuε + 2Mτn(uε)∂ 2
τnuε +Mττ(uε)∂ 2

ττuε − 2buε)

−M(uε)n ·∇n�∇uε +Mnn(uε)∂ 2
nnuε

+Mτn(uε)∂τ(∂nuε)− ∂nuε(divM(uε) ·n) . (4.233)

From integration by parts of the first term in the integral below, we obtain

∫

∂Bε
(Mτn(uε)∂τ(∂nuε)− ∂nuε(divM(uε) ·n)) =

−
∫

∂Bε
(∂τMτn(uε)+ divM(uε) ·n)(∂nuε) . (4.234)

Therefore, since ∂τMτn(uε)+ divM(uε) ·n = 0 and Mnn(uε) = 0 on ∂Bε , we have

Σεn ·n|∂Bε
= −1

2
(Mττ (uε)∂ 2

ττuε + 2Mτn(uε)∂ 2
τnuε − 2buε)

−M(uε)n ·∇n�∇uε . (4.235)

Note that the integral on the boundary ∂Bε of the last term in the above equation
cancels with the last term in (4.206), leading to

J̇Ωε (uε) =
1
2

∫

∂Bε
(Mττ (uε)∂ 2

ττuε + 2Mτn(uε)∂ 2
τnuε − 2buε) . (4.236)
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On the other hand, the constitutive tensor C is invertible, namely,

C
−1 =

1
E
((1+ν)I−νI⊗ I)) , (4.237)

which implies ∇∇uε =−C
−1M(uε). In particular, on the boundary of the hole ∂Bε

we have

∂ 2
ττuε = − 1

E
(Mττ (uε)−νMnn(uε)) =− 1

E
Mττ (uε) , (4.238)

∂ 2
τnuε = − 1

E
(1+ν)Mτn(uε) , (4.239)

since Mnn(uε) = 0 on ∂Bε . Therefore, the shape derivative of the cost functional
(4.206) reads

d
dε

ψ(χε) = J̇Ωε (uε) =

− 1
2

∫

∂Bε

[

1
E

(

(Mττ (uε))
2 + 2(1+ν)(Mτn(uε))

2
)

+ 2buε

]

. (4.240)

From formulae (4.226) and (4.227), we have that the following expansions for
Mττ (uε) and Mτn(uε) hold in the neighborhood of the hole

Mττ(uε(x)) = Mθθ (uε(r,θ ))

= ϕ1

(

1+
ε2

r2

)

−ϕ2

(

1+
4

3+ν
ε2

r2 − 3
1−ν
3+ν

ε4

r4

)

cos2θ +O(ε)

⇒ Mττ (uε(x))|∂Bε
= 2ϕ1 − 4

1+ν
3+ν

ϕ2 cos2θ +O(ε), (4.241)

Mτn(uε(x)) = Mrθ (uε(r,θ ))

= −ϕ2

(

1− 2
1−ν
3+ν

ε2

r2 + 3
1−ν
3+ν

ε4

r4

)

sin 2θ +O(ε)

⇒ Mτn(uε(x))|∂Bε
=− 4

3+ν
ϕ2 sin2θ +O(ε). (4.242)

In addition, the following expansion for the displacement field uε holds on the
boundary of the hole

uε(x)|∂Bε
= ϕ0 +O(ε) , (4.243)

where ϕ0 = u(x̂). Considering the above expansions in (4.240)

d
dε

ψ(χε) = −1
2

∫ 2π

0

(

1
E
ϕ+ 2bϕ0

)

εdθ +O(ε2) , (4.244)

where

ϕ :=

(

2ϕ1 − 4
1+ν
3+ν

ϕ2 cos2θ
)2

+ 2(1+ν)
(

4
3+ν

ϕ2 sin2θ
)2

, (4.245)
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and after analytically solving the integral on the boundary of the hole ∂Bε , we obtain

d
dε

ψ(χε) =−2πε
(

2
E

(

ϕ2
1 + 2

1+ν
3+ν

ϕ2
2

)

+ bϕ0

)

+O(ε2) . (4.246)

Therefore, the above result together with the relation between shape and topological
derivatives given by (1.49) leads to

T =− lim
ε→0

1
f ′(ε)

[

2πε
(

2
E

(

ϕ2
1 + 2

1+ν
3+ν

ϕ2
2

)

+ bϕ0

)

+O(ε2)

]

. (4.247)

Now, in order to extract the leading term of the above expansion, we choose

f (ε) = πε2 , (4.248)

which results in

T =− 2
E

(

ϕ2
1 + 2

1+ν
3+ν

ϕ2
2

)

− bϕ0 , (4.249)

where ϕ1 = (m1(u(x̂))+m2(u(x̂)))/2, ϕ2 = (m1(u(x̂))−m2(u(x̂)))/2 and ϕ0 =
u(x̂). Therefore, the final formula for the topological derivative evaluated at x̂ ∈ Ω
becomes [20, 186]:

• In terms of the principal moments m1(x̂) = m1(u(x̂)) and m2(x̂) = m2(u(x̂))

T (x̂) =− 1
2E

[

(m1(x̂)+m2(x̂))
2 + 2 1+ν

3+ν (m1(x̂)−m2(x̂))
2
]

− bu(x̂) . (4.250)

• In terms of the moment tensor M(u(x̂))

T (x̂) =− 1
2E

[

4 1+ν
3+ν M(u(x̂)) ·M(u(x̂))+ 1−ν

3+ν tr2M(u(x̂))
]− bu(x̂) . (4.251)

• In terms of the moment tensor M(u(x̂)) and the curvature tensor ∇∇u(x̂)

T (x̂) = PM(u(x̂)) ·∇∇u(x̂)− bu(x̂) , (4.252)

where P is the Pólya-Szegö polarization tensor, given in this particular case by
the following isotropic fourth order tensor

P=
2

3+ν
I+

1+ 3ν
2(1−ν)(3+ν)

I⊗ I . (4.253)

Finally, the topological asymptotic expansion of the energy shape functional reads

ψ(χε(x̂)) = ψ(χ)+πε2(PM(u(x̂)) ·∇∇u(x̂)− bu(x̂))+ o(ε2) . (4.254)

The complete mathematical justification for the above expansion follows the same
steps to be presented in Chapter 10 for another problem.
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4.4 Exercises

1. Consider the Poisson problem described in Section 4.1:

a. From (4.8), derive (4.9) and (4.12).
b. Take into account Remark 4.1.
c. By using separation of variables, find the explicit solution to the boundary

value problem (4.27).
d. Consider the problem defined in a ring as presented in Section 4.1.5.1. By

taking into account a shape functional of the form

ψ(χε) =
1
2

∫

Ωε
‖∇uε‖2 +

1
2

∫

∂Bε
u2
ε ,

where uε is solution to:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find uε , such that
Δuε = 0 in Ωε ,

uε = a+ cosθ on ∂Ω ,
uε + ∂nuε = 0 on ∂Bε .

Develop ψ(χε) in powers of ε around the origin to obtain

ψ(χε) =
π
2
+πεa2+ o(ε2) ,

and compare it with the topological asymptotic expansion (4.111).

2. Consider the Navier problem described in Section 4.2:

a. From (4.117), derive the Navier system as presented in Remark 4.6.
b. From (4.120), derive (4.121) and (4.124).
c. By using separation of variables, find the stress distribution around the hole

explicitly, which is solution to the boundary value problem (4.145). Hint: take
a look on the book by Little 1973 [139] and look for the Airy functions in
polar coordinates.

3. Consider the Kirchhoff problem described in Section 4.3:

a. From (4.183), derive the Kirchhoff equation as presented in Remark 4.8.
b. From (4.185), derive (4.186) and (4.189).
c. By using separation of variables, find the moment distribution around the hole

explicitly, which is solution to the boundary value problem (4.213). Hint: take
a look on the book by Little 1973 [139] and look for the Airy functions in
polar coordinates.



Chapter 5
Configurational Perturbations of Energy
Functionals

The evaluation of the topological derivatives for the energy shape functionals asso-
ciated to the representative boundary value problems for the scalar (Laplace) and
the vectorial (Navier) second-order partial differential equations and for the scalar
fourth-order (Kirchhoff) partial differential equation is presented in this chapter. In
contrast with Chapter 4, here the domain is topologically perturbed by the nucle-
ation of a small inclusion, instead of a hole.

More precisely, the perturbed domain is obtained if a circular hole Bε(x̂) is in-
troduced inside Ω ⊂R2, where Bε(x̂) � Ω denotes a ball of radius ε and center at
x̂ ∈ Ω . Then, Bε(x̂) is filled by an inclusion with different material property com-
pared to the unperturbed domain Ω , as it shown in fig. 5.1. The material properties
are characterized by a piecewise constant function γε of the form

γε = γε(x) :=

{

1 ifx ∈Ω \Bε ,
γ if x ∈ Bε ,

(5.1)

where γ ∈R+ is the contrast coefficient.
In the same way as in Chapter 4 the shape change velocity field V ∈ Sε that

represents an uniform expansion of the circular inclusion Bε(x̂) is constructed, with
the set Sε defined in (4.2). Such a velocity field V is the key point when using
Proposition 1.1 leading to a simple and constructive method for evaluation of the
topological derivative through formula (1.49). Note that in this case the topologies
of the original and perturbed domains are preserved. However, we are introducing
a nonsmooth perturbation in the coefficients of the differential operator through the
contrast γε , by changing the material property of the background in a small region
Bε ⊂ Ω . This procedure is called the configurational perturbation. Since we are
dealing with a nonsmooth perturbation of the material properties, the sensitivity
of the shape functional with respect to the nucleation of an inclusion can also be
studied through the topological asymptotic analysis concept, which is, in fact, the
most appropriate approach for such a problem.
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Fig. 5.1 Topologically perturbed domain by the nucleation of a small circular inclusion

5.1 Second Order Elliptic Equation: The Laplace Problem

In this section we evaluate the topological derivative of the total potential energy
associated to the steady-state heat conduction problem, considering the nucleation
of a small inclusion, represented by Bε ⊂Ω , as the topological perturbation.

5.1.1 Problem Formulation

The shape functional associated to the unperturbed domain which we are dealing
with is defined as

ψ(χ) := JΩ (u) =−1
2

∫

Ω
q(u) ·∇u+

∫

ΓN

qu , (5.2)

where the scalar function u is the solution to the variational problem:

⎧

⎪

⎨

⎪

⎩

Find u ∈ U , such that
∫

Ω
q(u) ·∇η =

∫

ΓN

qη ∀η ∈ V ,

with q(u) =−k∇u .

(5.3)

In the above equation, k is the thermal conductivity of the medium, assumed to be
constant everywhere. The set U and the space V are respectively defined as

U := {ϕ ∈ H1(Ω) : ϕ|ΓD
= u} , (5.4)

V := {ϕ ∈ H1(Ω) : ϕ|ΓD
= 0} . (5.5)

In addition, ∂Ω = Γ D ∪Γ N with ΓD ∩ΓN = ∅, where ΓD and ΓN are Dirichlet and
Neumann boundaries, respectively. Thus u is a Dirichlet data on ΓD and q is a
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Fig. 5.2 The Laplace prob-
lem defined in the unper-
turbed domain

Neumann data on ΓN , both assumed to be smooth enough. See the details in fig. 5.2.
The strong equation associated to the above variational problem (5.3) reads:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find u, such that
divq(u) = 0 in Ω ,

q(u) = −k∇u ,
u = u on ΓD ,

q(u) ·n = q on ΓN .

(5.6)

Remark 5.1. Since the thermal conductivity k is assumed to be constant, the above
boundary value problem reduces itself to the well-known Laplace equation, namely

−Δu = 0 in Ω . (5.7)

Now, let us state the same problem in the perturbed domain. In this case, the total
potential energy reads

ψ(χε) := Jχε (uε) =−1
2

∫

Ω
qε(uε) ·∇uε +

∫

ΓN

quε , (5.8)

where the scalar function uε solves the variational problem:

⎧

⎪

⎨

⎪

⎩

Find uε ∈ Uε , such that
∫

Ω
qε(uε) ·∇η =

∫

ΓN

qη ∀η ∈ Vε ,

with qε(uε) =−γεk∇uε ,

(5.9)

with γε defined by (5.1). The set Uε and the space Vε are defined as

Uε := {ϕ ∈ U : �ϕ� = 0 on ∂Bε} , (5.10)

Vε := {ϕ ∈ V : �ϕ� = 0 on ∂Bε} , (5.11)
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Fig. 5.3 The Laplace problem defined in the perturbed domain

where the operator �ϕ� is used to denote the jump of function ϕ on the boundary of
the inclusion ∂Bε , namely �ϕ� := ϕ|Ω\Bε

−ϕ|Bε on ∂Bε . See the details in fig. 5.3.
The strong equation associated to the variational problem (5.9) reads:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find uε , such that
divqε(uε) = 0 in Ω ,

qε(uε) = −γεk∇uε ,
uε = u on ΓD ,

q(uε) ·n = q on ΓN ,
�uε�

�qε (uε)� ·n
=
=

0
0

}

on ∂Bε .

(5.12)

The transmission condition on the boundary of the inclusion ∂Bε comes out from
the variation formulation (5.9).

5.1.2 Shape Sensitivity Analysis

Let us evaluate the shape derivative of functional Jχε (uε) with respect to an uni-
form expansion of the inclusion Bε . We start by introducing the Eshelby energy-
momentum tensor [57] of the form

Σε =−1
2
(qε(uε) ·∇uε)I+∇uε ⊗ qε(uε) . (5.13)

After considering the constitutive relation qε(uε) =−γεk∇uε in (5.8), with the con-
trast γε given by (5.1), we note that the shape functional Jχε (uε) can be written as
follows

Jχε (uε) =−1
2

(
∫

Ω\Bε
q(uε) ·∇uε +

∫

Bε
γq(uε) ·∇uε

)

+
∫

ΓN

quε , (5.14)
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where q(uε) = −k∇uε . Thus, we have an explicit dependence with respect to the
parameter ε , which allows us to state the following result:

Proposition 5.1. Let Jχε (uε) be the shape functional defined by (5.8). Then, the
derivative of this functional with respect to the small parameter ε is given by

J̇χε (uε) =
∫

Ω
Σε ·∇V , (5.15)

where V stands for the shape change velocity field defined through (4.2) and Σε is
the Eshelby energy-momentum tensor given by (5.13).

Proof. Before starting, let us recall that the constitutive operator is defined as
qε(ϕ) =−γεk∇ϕ . Thus, by making use of the Reynolds’ transport theorem given by
the result (2.84) and the concept of material derivative of spatial fields through for-
mula (2.89), the derivative with respect to ε of the shape functional (5.14) is given
by

J̇χε (uε) = −1
2

(
∫

Ω\Bε
q(uε) ·∇uε +

∫

Bε
γq(uε) ·∇uε

)·
+

∫

ΓN

qu̇ε

= −
∫

Ω\Bε
q(uε) ·∇u̇ε −

∫

Bε
γq(uε) ·∇u̇ε

−1
2

∫

Ω\Bε
((q(uε) ·∇uε)I− 2∇uε ⊗ q(uε)) ·∇V

−1
2

∫

Bε
γ((q(uε) ·∇uε)I− 2∇uε⊗ q(uε)) ·∇V+

∫

ΓN

qu̇ε

= −1
2

∫

Ω
((qε(uε) ·∇uε)I− 2∇uε ⊗ qε(uε)) ·∇V

−
∫

Ω
qε(uε) ·∇u̇ε +

∫

ΓN

qu̇ε . (5.16)

Since u̇ε is a variation of uε in the direction of the velocity field V, then u̇ε ∈ Vε
[210]. Finally, by taking u̇ε as test function in the variational problem (5.9), we have
that the last two terms of the above equation vanish. �

Proposition 5.2. Let Jχε (uε) be the shape functional defined by (5.8). Then, its
derivative with respect to the small parameter ε is given by

J̇χε (uε) =
∫

∂Ω
Σεn ·V+

∫

∂Bε
�Σε�n ·V , (5.17)

where V is the shape change velocity field defined through (4.2) and tensor Σε is
given by (5.13).

Proof. Before starting, let us recall the constitutive operator qε(ϕ) = −γεk∇ϕ and
the relation between material and spatial derivatives of scalar fields (2.82), namely
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ϕ̇ = ϕ ′ +∇ϕ ·V. By making use of the other version of the Reynolds’ transport
theorem given by formula (2.85), the shape derivative of the functional (5.14) results
in

J̇χε (uε) = −1
2

(
∫

Ω
qε(uε) ·∇uε

)·
+

∫

ΓN

qu̇ε

= −
∫

Ω
qε(uε) ·∇u′ε −

1
2

∫

∂Ω
(qε(uε) ·∇uε)n ·V

−1
2

∫

∂Bε
�qε(uε) ·∇uε�n ·V+

∫

ΓN

qu̇ε . (5.18)

In addition, we have

J̇χε (uε) = −1
2

∫

∂Ω
(qε(uε) ·∇uε)n ·V− 1

2

∫

∂Bε
�qε(uε) ·∇uε�n ·V

+

∫

Ω
qε(uε) ·∇(∇uε ·V)−

∫

Ω
qε(uε) ·∇u̇ε +

∫

ΓN

qu̇ε . (5.19)

Since u̇ε is a variation of uε in the direction of the velocity field V, then u̇ε ∈ Vε
[210]. Now, by taking into account that uε is the solution to the variational problem
(5.9), we have that the last two terms of the above equation vanish. From integration
by parts

J̇χε (uε) = −1
2

∫

∂Ω
(qε(uε) ·∇uε)n ·V− 1

2

∫

∂Bε
�qε (uε) ·∇uε�n ·V

+

∫

∂Ω
(∇uε ⊗ qε(uε))n ·V+

∫

∂Bε
�∇uε ⊗ qε(uε))�n ·V

−
∫

Ω
div(qε(uε))∇uε ·V , (5.20)

and rewriting the above equation in the compact form, we obtain

J̇χε (uε) =
∫

∂Ω
Σεn ·V+

∫

∂Bε
�Σε�n ·V−

∫

Ω
div(qε(uε))∇uε ·V . (5.21)

Finally, taking into account that uε is the solution to the state equation (5.12), namely
divqε(uε)= 0, we have that the last term in the above equation vanishes, which leads
to the result. �

Corollary 5.1. From the tensor relation (G.23) and after applying the divergence
theorem (G.32) to the right hand side of (5.15), we obtain

J̇χε (uε) =
∫

∂Ω
Σεn ·V+

∫

∂Bε
�Σε �n ·V−

∫

Ω
divΣε ·V . (5.22)

Since the above equation and (5.17) remain valid for all velocity fields V, we have
that the last term of the above equation must satisfy

∫

Ω
divΣε ·V= 0 ∀V ⇒ divΣε = 0 . (5.23)
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Corollary 5.2. Since we are dealing with an uniform expansion of the circular in-
clusion, then by taking into account the associated velocity field defined through
(4.2), V= −n on ∂Bε and V = 0 on ∂Ω . Therefore, according to Proposition 5.2,
we have

d
dε

ψ(χε) = J̇χε (uε) =−
∫

∂Bε
�Σε�n ·n . (5.24)

5.1.3 Asymptotic Analysis of the Solution

The shape derivative of functional Jχε (uε) is given in terms of an integral over
the boundary of the inclusion ∂Bε (5.24). Therefore, in order to apply the result
of Proposition 1.1, we need to know the behavior of the function uε with respect
to ε . In particular, once we know this behavior explicitly, we can identify function
f (ε) and evaluate the limit passage ε → 0 in (1.49), leading to the final formula
for the topological derivative T of the shape functional ψ . However, in general
this procedure is quite involved. In fact, we need to perform an asymptotic analysis
of uε with respect to ε . In this section we obtain the asymptotic expansion of the
solution uε associated to the transmission condition on the inclusion. In particular,
let us propose an ansätz for the expansion of uε in the form [120]

uε(x) = u(x)+wε(x)+ ũε(x)

= u(x̂)+∇u(x̂) · (x− x̂)+
1
2
∇∇u(y)(x− x̂) · (x− x̂)

+ wε(x)+ ũε(x) , (5.25)

where y is an intermediate point between x and x̂. On the boundary of the inclusion
∂Bε we have

�qε(uε)� ·n = 0 ⇒ ∂nuε |Ω\Bε
− γ∂nuε |Bε = 0 , (5.26)

with qε(ϕ) = −γεk∇ϕ . Therefore, the normal derivative of the above expansion,
evaluated on ∂Bε , leads to

(1− γ)∇u(x̂) ·n− ε(1− γ)∇∇u(y)n ·n+
∂nwε(x)|Ω\Bε

− γ∂nwε (x)|Bε +

∂nũε(x)|Ω\Bε
− γ∂nũε(x)|Bε = 0 . (5.27)

Thus, we can choose wε such that

∂nwε (x)|Ω\Bε
− γ∂nwε(x)|Bε =−(1− γ)∇u(x̂) ·n on ∂Bε . (5.28)
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Now, the following exterior problem is considered, and formally obtained as ε → 0:
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

Find wε , such that
div(γε∇wε ) = 0 in R2 ,

wε → 0 at ∞ ,
wε |Ω\Bε

−wε |Bε
∂nwε |Ω\Bε

− γ∂nwε |Bε

=
=

0
û

}

on ∂Bε ,

(5.29)

with û = −(1− γ)∇u(x̂) · n. The above boundary value problem admits an explicit
solution, namely

wε (x)|Ω\Bε
=

1− γ
1+ γ

ε2

‖x− x̂‖2∇u(x̂) · (x− x̂) , (5.30)

wε (x)|Bε =
1− γ
1+ γ

∇u(x̂) · (x− x̂) . (5.31)

Now we can construct ũε in such a way that it compensates the discrepancies in-
troduced by the higher order terms in ε as well as by the boundary layer wε on
the exterior boundary ∂Ω . It means that the remainder ũε must be solution to the
following boundary value problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find ũε , such that
divqε(ũε) = 0 in Ω ,

qε(ũε) = −γεk∇ũε ,
ũε = −wε on ΓD ,

q(ũε) ·n = −q(wε) ·n on ΓN ,
�ũε�

�qε (ũε)� ·n
=
=

0
−εh

}

on ∂Bε ,

(5.32)

where h = k(1− γ)∇∇u(y)n ·n. Clearly ũε = O(ε), since h doesn’t depend on ε and
wε = O(ε2) on the exterior boundary ∂Ω . However, this estimate can be improved
[120, 148], namely ‖ũε‖H1(Ω) = O(ε2), and the expansion for uε reads

uε(x)|Ω\Bε
= u(x)+

1− γ
1+ γ

ε2

‖x− x̂‖2∇u(x̂) · (x− x̂)+O(ε2) , (5.33)

uε(x)|Bε = u(x)+
1− γ
1+ γ

∇u(x̂) · (x− x̂)+O(ε2) . (5.34)

In fact, before proceeding, let us state the following result:

Lemma 5.1. Let ũε be the solution to (5.32) or equivalently the solution to the fol-
lowing variational problem:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find ũε ∈ ˜Uε , such that

−
∫

Ω
qε(ũε) ·∇η = ε2

∫

ΓN

q(g) ·nη+ ε
∫

∂Bε
hη ∀η ∈ ˜Vε ,

with qε(ũε) =−γεk∇ũε ,

(5.35)
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where the set ˜Uε and the space ˜Vε are defined as

˜Uε := {ϕ ∈ H1(Ω) : �ϕ� = 0 on ∂Bε , ϕ|ΓD
=−ε2g} ,

˜Vε := {ϕ ∈ H1(Ω) : �ϕ� = 0 on ∂Bε , ϕ|ΓD
= 0} ,

with functions g = ε−2wε and h = k(1− γ)∇∇u(y)n · n independent of the small
parameter ε . Then, we have the estimate ‖ũε‖H1(Ω) = O(ε2) for the remainder.

Proof. By taking η = ũε − ϕε in (5.35), where ϕε is the lifting of the Dirichlet
boundary data ε2g on ΓD, we have

−
∫

Ω
qε(ũε) ·∇ũε = ε2

∫

ΓN

q(g) ·n ũε + ε2
∫

ΓD

gq(ũε) ·n+ ε
∫

∂Bε
h ũε . (5.36)

From the Cauchy-Schwarz inequality we obtain

−
∫

Ω
qε(ũε) ·∇ũε � ε2‖q(g) ·n‖H−1/2(ΓN )

‖ũε‖H1/2(ΓN )

+ ε2‖g‖H1/2(ΓD)
‖q(ũε) ·n‖H−1/2(ΓD)

+ ε‖h‖H−1/2(∂Bε )
‖ũε‖H1/2(∂Bε )

. (5.37)

Taking into account the trace theorem, we have

−
∫

Ω
qε(ũε) ·∇ũε � ε2C1‖ũε‖H1(Ω) + ε2C2‖∇ũε‖L2(Ω) + ε‖h‖L2(Bε )‖ũε‖H1(Bε )

� ε2C1‖ũε‖H1(Ω) + ε2C3‖ũε‖H1(Ω) + ε2C4‖ũε‖H1(Ω)

� ε2C5‖ũε‖H1(Ω) , (5.38)

where we have used the interior elliptic regularity of function u. Finally, from the
coercivity of the bilinear form on the left hand side of (5.35), namely,

c‖ũε‖2
H1(Ω) �−

∫

Ω
qε(ũε) ·∇ũε , (5.39)

we obtain
‖ũε‖H1(Ω) �Cε2 , (5.40)

which leads to the result, with C =C5/c. �

5.1.4 Topological Derivative Evaluation

Now, we need to evaluate the integral in formula (5.24) to collect the terms in power
of ε and recognize function f (ε). With this result, we can perform the limit pas-
sage ε → 0. The integral in (5.24) can be evaluated in the same way as shown in
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Fig. 5.4 Polar coordinate
system (r,θ ) centered at the
point x̂ ∈ Ω

Section 4.1 by using the expansion for the solution uε given by (5.33) and (5.34).
The idea is to introduce a polar coordinate system (r,θ ) with center at x̂ (see fig. 5.4).
Then, we can write uε in this coordinate system and evaluate the integral explicitly.
In particular, the integral in (5.24) yields

−
∫

∂Bε
�Σε�n ·n = 2πεPγq(u(x̂)) ·∇u(x̂)+ o(ε) . (5.41)

Finally, the topological derivative given by (1.49) leads to

T (x̂) = lim
ε→0

1
f ′(ε)

(

2πεPγq(u(x̂)) ·∇u(x̂)+ o(ε)
)

, (5.42)

where the polarization tensor Pγ is given by the following second order isotropic
tensor

Pγ =
1− γ
1+ γ

I . (5.43)

Now, in order to extract the leading term of the above expansion, we choose

f (ε) = πε2 , (5.44)

which leads to the final formula for the topological derivative, namely [13, 49]

T (x̂) = Pγq(u(x̂)) ·∇u(x̂) . (5.45)

Finally, the topological asymptotic expansion of the energy shape functional takes
the form

ψ(χε(x̂)) = ψ(χ)+πε2Pγq(u(x̂)) ·∇u(x̂)+ o(ε2) , (5.46)

whose mathematical justification will be given at the end of this chapter through
Theorem 5.1.

Remark 5.2. We note that the obtained polarization tensor is isotropic because we
are dealing with circular inclusions. For the polarization tensor associated to arbi-
trary shaped inclusions the reader may refer to [10], for instance.

Remark 5.3. Formally, we can take the limit cases γ → 0 and γ → ∞. For γ → 0,
the inclusion leads to an ideal thermal insulator and the transmission condition
on the boundary of the inclusion degenerates to homogeneous Neumann boundary
condition. In fact, in this case the polarization tensor is given by
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P0 = I , (5.47)

which, together with (5.45), corroborates with the obtained formula (4.54) for b = 0
and k = 1, since q(u(x̂)) = −k∇u(x̂). In addition, for γ → ∞, the inclusion leads to
an ideal thermal conductor and the polarization tensor is given by

P∞ =−I . (5.48)

5.1.5 Numerical Example

Let us present a simple numerical example consisting in the design of a heat con-
ductor. For that, we propose the following shape functional

ΨΩ (u) :=−JΩ (u)+β |Ω | , (5.49)

where |Ω | is the Lebesgue measure of Ω and β > 0 is a fixed Lagrange multiplier.
It means that the shape functional to be minimized is the energy stored in the body
with a volume constraint. The topological derivative ofΨΩ (u) is given by

T =−P0q(u) ·∇u−β , (5.50)

with q(u) =−k∇u, where we have used formula (5.45) with γ = 0 and the fact that
the topological derivative of the term β |Ω | is trivial. In addition, the temperature
field u is evaluated by solving problem (5.3) numerically.

In the numerical example shown in fig. 5.5, the initial domain is represented by a
1× 1 square, with thermal conductivity k = 1. The temperature u = 0 is prescribed
on the thick lines of length 0.2 and the body is submitted to a uniformly distributed
heat flux q̄ = 1 on the left and q̄ = −1 on the right of the square. Each heat flux is
applied in a region of length 0.2. The remainder part of the boundary of the square
remains insulated. The Lagrange multiplier is fixed as β = 0.8 and the contrast
γ → 0.

Fig. 5.5 Hold-all-domain
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(a) topological derivative (b) final topology

Fig. 5.6 Topological derivative in the hold-all domain and optimal shape design [185]

The topological derivative of the shape functional ΨΩ (u) which is obtained in
the first iteration of the shape and topology optimization numerical procedure is
shown in fig. 5.6(a), where white to black levels mean smaller (negative) to higher
(positive) values. This picture induces a level-set domain representation for the op-
timal shape, as proposed in [16]. The resulting topology design in the form of a heat
conductor is shown in fig. 5.6(b).

5.2 Second Order Elliptic System: The Navier Problem

In this section we evaluate the topological derivative of the total potential energy
associated to the plane stress linear elasticity problem, considering the nucleation of
a small inclusion, represented by Bε ⊂Ω , as the topological perturbation.

5.2.1 Problem Formulation

The shape functional associated to the unperturbed domain which we are dealing
with is defined as

ψ(χ) := JΩ (u) =
1
2

∫

Ω
σ(u) ·∇us −

∫

ΓN

q ·u , (5.51)

where the vector function u is the solution to the variational problem:

⎧

⎪

⎨

⎪

⎩

Find u ∈ U , such that
∫

Ω
σ(u) ·∇ηs =

∫

ΓN

q ·η ∀η ∈ V ,

with σ(u) = C∇us .

(5.52)
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Fig. 5.7 The Navier prob-
lem defined in the unper-
turbed domain

In the above equation, C is the constitutive tensor given by

C=
E

1−ν2 ((1−ν)I+νI⊗ I) , (5.53)

where I and I are the second and fourth order identity tensors, respectively, E is
the Young modulus and ν the Poisson ratio, both considered constants everywhere.
For the sake of simplicity, we also assume that the thickness of the elastic body is
constant and equal to one. The set U and the space V are respectively defined as

U := {ϕ ∈ H1(Ω ;R2) : ϕ|ΓD
= u} , (5.54)

V := {ϕ ∈ H1(Ω ;R2) : ϕ|ΓD
= 0} . (5.55)

In addition, ∂Ω = Γ D ∪Γ N with ΓD ∩ΓN = ∅, where ΓD and ΓN are Dirichlet and
Neumann boundaries, respectively. Thus u is a Dirichlet data on ΓD and q is a Neu-
mann data on ΓN , both assumed to be smooth enough. See the details in fig. 5.7. The
strong system associated to the variational problem (5.52) reads:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find u, such that
divσ(u) = 0 in Ω ,

σ(u) = C∇us ,
u = u on ΓD ,

σ(u)n = q on ΓN .

(5.56)

Remark 5.4. Since the Young modulus E and the Poisson ratio ν are constants,
the above boundary value problem reduces itself to the well-known Navier system,
namely

− μΔu− (λ+ μ)∇(divu) = 0 in Ω , (5.57)

with the Lame’s coefficients μ and λ respectively given by

μ =
E

2(1+ν)
and λ =

νE
1−ν2 . (5.58)
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Fig. 5.8 The Navier problem defined in the perturbed domain

Now, let us state the same problem in the perturbed domain. In this case, the shape
functional reads

ψ(χε) := Jχε (uε) =
1
2

∫

Ω
σε(uε) ·∇us

ε −
∫

ΓN

q ·uε , (5.59)

where the vector function uε solves the variational problem:

⎧

⎪

⎨

⎪

⎩

Find uε ∈ Uε , such that
∫

Ω
σε(uε) ·∇ηs =

∫

ΓN

q ·η ∀η ∈ Vε ,

with σε(uε) = γεC∇us
ε ,

(5.60)

with γε given by (5.1). The set Uε and the space Vε are defined as

Uε := {ϕ ∈ U : �ϕ� = 0 on ∂Bε} , (5.61)

Vε := {ϕ ∈ V : �ϕ� = 0 on ∂Bε} , (5.62)

where the operator �ϕ� is used to denote the jump of function ϕ on the boundary of
the inclusion ∂Bε , namely �ϕ� := ϕ|Ω\Bε

−ϕ|Bε on ∂Bε . See the details in fig. 5.8.
The strong system associated to the variational problem (5.60) reads:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find uε , such that
divσε(uε) = 0 in Ω ,

σε(uε) = γεC∇us
ε ,

uε = u on ΓD ,
σ(uε)n = q on ΓN ,

�uε�
�σε(uε)�n

=
=

0
0

}

on ∂Bε .

(5.63)
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The transmission condition on the boundary of the inclusion ∂Bε comes out from
the variation formulation (5.60).

5.2.2 Shape Sensitivity Analysis

The next step consists in evaluating the shape derivative of functional Jχε (uε) with
respect to an uniform expansion of the inclusion Bε . Before starting, let us introduce
the Eshelby energy-momentum tensor [57], namely

Σε =
1
2
(σε (uε) ·∇us

ε)I−∇u�ε σε(uε) . (5.64)

In addition, we note that after considering the constitutive relation σε(uε) = γεC∇us
ε

in (5.59), with the contrast γε given by (5.1), the shape functional Jχε (uε) can be
written as follows

Jχε (uε) =
1
2

(
∫

Ω\Bε
σ(uε) ·∇us

ε +

∫

Bε
γσ(uε) ·∇us

ε

)

−
∫

ΓN

q ·uε , (5.65)

where σ(uε) = C∇us
ε . Therefore, the explicit dependence with respect to the pa-

rameter ε arises, with allows us to state the following result:

Proposition 5.3. Let Jχε (uε) be the shape functional defined by (5.59). Then, the
derivative of Jχε (uε) with respect to the small parameter ε is given by

J̇χε (uε) =
∫

Ω
Σε ·∇V , (5.66)

where V is the shape change velocity field defined through (4.2) and Σε is the Es-
helby energy-momentum tensor given by (5.64).

Proof. Before starting, let us recall that the constitutive operator is defined as
σε(ϕ) = γεC∇ϕs. Thus, by making use of the Reynolds’ transport theorem given by
the result (2.84) and the concept of material derivative of spatial fields through for-
mula (2.92), the derivative with respect to ε of the shape functional (5.65) is given
by

J̇χε (uε) =
1
2

(
∫

Ω\Bε
σ(uε) ·∇us

ε +

∫

Bε
γσ(uε) ·∇us

ε

)·
−
∫

ΓN

q · u̇ε

=

∫

Ω\Bε
σ(uε) ·∇u̇s

ε +

∫

Bε
γσ(uε) ·∇u̇s

ε

+
1
2

∫

Ω\Bε
((σ(uε) ·∇us

ε)I− 2∇u�ε σ(uε)) ·∇V

+
1
2

∫

Bε
γ((σ(uε) ·∇us

ε)I− 2∇u�ε σ(uε)) ·∇V−
∫

ΓN

q · u̇ε . (5.67)



152 5 Configurational Perturbations of Energy Functionals

Then,

J̇χε (uε) =
1
2

∫

Ω
((σε(uε) ·∇us

ε)I− 2∇u�ε σε(uε)) ·∇V

+

∫

Ω
σε(u) ·∇u̇s

ε −
∫

ΓN

q · u̇ε . (5.68)

Since u̇ε is a variation of uε in the direction of the velocity field V, then u̇ε ∈ Vε
[210]. Finally, by taking u̇ε as test function in the variational problem (5.60), we
have that the last two terms of the above equation vanish. �

Proposition 5.4. Let Jχε (uε) be the shape functional defined by (5.59). Then, its
derivative with respect to the small parameter ε is given by

J̇χε (uε) =
∫

∂Ω
Σεn ·V+

∫

∂Bε
�Σε�n ·V , (5.69)

with V standing for the shape change velocity field defined through (4.2) and tensor
Σε given by (5.64).

Proof. Before starting, let us recall the constitutive operator σε(ϕ) = γεC∇ϕs and
the relation between material and spatial derivatives of vector fields (2.83), namely
ϕ̇ = ϕ ′ +(∇ϕ)V. By making use of the other version of the Reynolds’ transport
theorem given by formula (2.85), the shape derivative of the functional (5.59) results
in

J̇χε (uε) =

(

1
2

∫

Ω
σε(uε) ·∇us

ε

)·
−
∫

ΓN

q · u̇ε

=

∫

Ω
σε(uε) · (∇u′ε)

s +
1
2

∫

∂Ω
(σε(uε) ·∇us

ε)n ·V

+
1
2

∫

∂Bε
�σε (uε) ·∇us

ε�n ·V−
∫

ΓN

q · u̇ε . (5.70)

In addition, we have

J̇χε (uε) =
1
2

∫

∂Ω
(σε(uε) ·∇us

ε)n ·V+
1
2

∫

∂Bε
�σε (uε) ·∇us

ε�n ·V

−
∫

Ω
σε(uε) ·∇((∇uε)V)s +

∫

Ω
σε (u) ·∇u̇s

ε −
∫

ΓN

q · u̇ε . (5.71)

Since u̇ε is a variation of uε in the direction of the velocity field V, then u̇ε ∈ Vε
[210]. Now, by taking into account that uε is the solution to the variational problem
(5.60), we have that the last two terms of the above equation vanish. From integra-
tion by parts
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J̇χε (uε) =
1
2

∫

∂Ω
(σε (uε) ·∇us

ε)n ·V+
1
2

∫

∂Bε
�σε (uε) ·∇us

ε�n ·V

−
∫

∂Ω
(∇u�ε σε (uε))n ·V−

∫

∂Bε
�∇u�ε σε(uε)�n ·V

+

∫

Ω
div(σε(uε)) · (∇uε)V , (5.72)

and rewriting the above equation in the compact form, we obtain

J̇χε (uε) =
∫

∂Ω
Σεn ·V+

∫

∂Bε
�Σε�n ·V+

∫

Ω
div(σε (uε)) · (∇uε)V . (5.73)

Finally, taking into account that uε is the solution to the state equation (5.63), namely
divσε(uε)= 0, we have that the last term in the above equation vanishes, which leads
to the result. �

Corollary 5.3. From the tensor relation (G.23) and after applying the divergence
theorem (G.32) to the right hand side of (5.66), we obtain

J̇χε (uε) =
∫

∂Ω
Σεn ·V+

∫

∂Bε
�Σε �n ·V−

∫

Ω
divΣε ·V . (5.74)

Since the above equation and (5.69) remain valid for all velocity fields V, we have
that the last term of the above equation must satisfy

∫

Ω
divΣε ·V= 0 ∀V ⇒ divΣε = 0 . (5.75)

Corollary 5.4. Since we are dealing with an uniform expansion of the circular in-
clusion, then by taking into account the associated velocity field defined through
(4.2), V = −n on ∂Bε and V = 0 on ∂Ω . Therefore, according to the obtained
result in Proposition 5.4, we have

d
dε

ψ(χε) = J̇χε (uε) =−
∫

∂Bε
�Σε�n ·n . (5.76)

5.2.3 Asymptotic Analysis of the Solution

The shape derivative of functional Jχε (uε) is given in terms of an integral over
the boundary of the inclusion ∂Bε (5.76). Therefore, in order to apply the result
of Proposition 1.1, we need to know the behavior of the function uε with respect
to ε . In particular, once we know this behavior explicitly, we can identify function
f (ε) and perform the limit passage ε → 0 in (1.49) to obtain the final formula for
the topological derivative T of the shape functional ψ . However, in general this
is not a trivial procedure. In fact, we need to perform an asymptotic analysis of uε
with respect to ε . In this section we obtain the asymptotic expansion of the solution
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uε associated to the transmission condition on the inclusion. Thus, let us start by
proposing an ansätz for uε of the form [120]

uε(x) = u(x)+wε(x)+ ũε(x) . (5.77)

After applying the operator σε we have

σε(uε(x)) = σε(u(x))+σε(wε (x))+σε(ũε(x))
= σε(u(x̂))+∇σε(u(y))(x− x̂)+σε(wε (x))+σε(ũε(x)) , (5.78)

where y is an intermediate point between x and x̂. On the boundary of the inclusion
∂Bε we have

�σε (uε)�n = 0 ⇒ (σ(uε)|Ω\Bε
− γσ(uε)|Bε )n = 0 , (5.79)

with σε(ϕ) = γεC∇ϕs and σ(ϕ) =C∇ϕs. The above expansion, evaluated on ∂Bε ,
leads to

(1− γ)σ(u(x̂))n− ε(1− γ)(∇σ(u(y))n)n+
�σε(wε (x))�n+ �σε(ũε(x))�n = 0 . (5.80)

Thus, we can choose σε (wε) such that

�σε (wε (x))�n =−(1− γ)σ(u(x̂))n on ∂Bε . (5.81)

Now, the following exterior problem is considered, and formally obtained as ε → 0:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find σε(wε ), such that
divσε(wε ) = 0 in R2 ,

σε(wε ) → 0 at ∞ ,
�σε(wε )�n = û on ∂Bε ,

(5.82)

with û = −(1− γ)σ(u(x̂))n. The above boundary value problem admits an explicit
solution, which will be used later to construct the expansion for σε (uε). Now we can
construct σε(ũε) in such a way that it compensates the discrepancies introduced by
the higher order terms in ε as well as by the boundary layer σε(wε ) on the exterior
boundary ∂Ω . It means that the remainder ũε must be solution to the following
boundary value problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find ũε , such that
divσε(ũε) = 0 in Ω ,

σε(ũε) = γεC∇ũs
ε ,

ũε = −wε on ΓD ,
σ(ũε)n = −σ(wε )n on ΓN ,

�ũε�
�σε (ũε)�n

=
=

0
εh

}

on ∂Bε ,

(5.83)
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with h = (1− γ)(∇σ(u(y))n)n. Analogously to the Section 5.1 (see Theorem 5.1
and the references [120, 148]), we can obtain an estimate for the remainder ũε of
the form ‖ũε‖H1(Ω ;R2) =O(ε2). In fact, before proceeding, let us state the following
result:

Lemma 5.2. Let ũε be the solution to (5.83) or equivalently the solution to the fol-
lowing variational problem:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find ũε ∈ ˜Uε , such that
∫

Ω
σε(ũε) ·∇ηs = ε2

∫

ΓN

σ(g)n ·η+ ε
∫

∂Bε
h ·η ∀η ∈ ˜Vε ,

with σε(ũε) = γεC∇ũs
ε ,

(5.84)

where the set ˜Uε and the space ˜Vε are defined as

˜Uε := {ϕ ∈ H1(Ω ;R2) : �ϕ� = 0 on ∂Bε , ϕ|ΓD
= ε2g} ,

˜Vε := {ϕ ∈ H1(Ω ;R2) : �ϕ� = 0 on ∂Bε , ϕ|ΓD
= 0} ,

with functions g =−ε−2wε and h = (1− γ)(∇σ(u(y))n)n independent of the small
parameter ε . Then, we have the estimate ‖ũε‖H1(Ω ;R2) = O(ε2) for the remainder.

Proof. By taking η = ũε − ϕε in (5.84), where ϕε is the lifting of the Dirichlet
boundary data ε2g on ΓD, we have

∫

Ω
σε (ũε) ·∇ũs

ε = ε2
∫

ΓN

σ(g)n · ũε+ ε2
∫

ΓD

g ·σ(ũε)n+ ε
∫

∂Bε
h · ũε . (5.85)

From the Cauchy-Schwarz inequality we obtain
∫

Ω
σε(ũε) ·∇ũs

ε � ε2‖σ(g)n‖H−1/2(ΓN ;R2)‖ũε‖H1/2(ΓN ;R2)

+ ε2‖g‖H1/2(ΓD;R2)‖σ(ũε)n‖H−1/2(ΓD;R2)

+ ε‖h‖H−1/2(∂Bε ;R2)‖ũε‖H1/2(∂Bε ;R2) . (5.86)

Taking into account the trace theorem, we have
∫

Ω
σε(ũε) ·∇ũs

ε � (ε2C1 + ε‖h‖L2(Bε ;R2))‖ũε‖H1(Ω ;R2)

� ε2C2‖ũε‖H1(Ω ;R2) , (5.87)

where we have used the interior elliptic regularity of function u. Finally, from the
coercivity of the bilinear form on the left hand side of (5.84), namely,

c‖ũε‖2
H1(Ω ;R2) �

∫

Ω
σε (ũε) ·∇ũs

ε , (5.88)
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we obtain
‖ũε‖H1(Ω ;R2) �Cε2 , (5.89)

which leads to the result, with C =C2/c. �

Therefore, the expansion for σε(uε) (see, for instance, the book by Little 1973 [139])
can be written in a polar coordinate system (r,θ ) centered at the point x̂ (see fig. 5.9)
as:

• For r � ε (outside the inclusion)

σ rr
ε (uε(r,θ )) = ϕ1

(

1− 1−γ
1+γα

ε2

r2

)

+ ϕ2

(

1− 4 1−γ
1+γβ

ε2

r2 + 3 1−γ
1+γβ

ε4

r4

)

cos2θ +O(ε2), (5.90)

σθθ
ε (uε(r,θ )) = ϕ1

(

1+ 1−γ
1+γα

ε2

r2

)

− ϕ2

(

1+ 3 1−γ
1+γβ

ε4

r4

)

cos2θ +O(ε2), (5.91)

σ rθ
ε (uε(r,θ )) = −ϕ2

(

1+ 2 1−γ
1+γβ

ε2

r2 − 3 1−γ
1+γβ

ε4

r4

)

sin2θ +O(ε2). (5.92)

• For 0 < r < ε (inside the inclusion)

σ rr
ε (uε(r,θ )) = ϕ1

(

2
1−ν

γ
1+γα

)

+ϕ2

(

4
1+ν

γ
1+γβ

)

cos2θ +O(ε2), (5.93)

σθθ
ε (uε(r,θ )) = ϕ1

(

2
1−ν

γ
1+γα

)

−ϕ2

(

4
1+ν

γ
1+γβ

)

cos2θ +O(ε2), (5.94)

σ rθ
ε (uε(r,θ )) = −ϕ2

(

4
1+ν

γ
1+γβ

)

sin2θ +O(ε2). (5.95)

Some terms in the above formulae require explanations. The coefficients ϕ1 and ϕ2

are given by

ϕ1 =
1
2
(σ1(u(x̂))+σ2(u(x̂))) , ϕ2 =

1
2
(σ1(u(x̂))−σ2(u(x̂))) , (5.96)

where σ1(u(x̂)) and σ2(u(x̂)) are the eigenvalues of tensor σ(u(x̂)), which can be
expressed as

σ1,2(u(x̂)) =
1
2

(

trσ(u(x̂))±
√

2σD(u(x̂)) ·σD(u(x̂))

)

, (5.97)

with σD(u(x̂)) standing for the deviatory part of the stress tensor σ(u(x̂)), namely

σD(u(x̂)) = σ(u(x̂))− 1
2

trσ(u(x̂))I . (5.98)

In addition, the constants α and β are given by

α =
1+ν
1−ν

and β =
3−ν
1+ν

. (5.99)
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Fig. 5.9 Polar coordinate
system (r,θ ) centered at the
point x̂ ∈ Ω

Finally, σ rr
ε (uε), σθθ

ε (uε) and σ rθ
ε (uε) are the components of tensor σε (uε) in the

polar coordinate system, namely σ rr
ε (uε) = er ·σε (uε)er, σθθ

ε (uε) = eθ ·σε (uε)eθ
and σ rθ

ε (uε) = σθr
ε (uε) = er ·σε(uε)eθ , with er and eθ used to denote the canonical

basis associated to the polar coordinate system (r,θ ), such that, ||er||= ||eθ ||= 1 and
er · eθ = 0. See fig. 5.9.

Note 5.1 (Eshelby’s theorem). According to (5.93), (5.94) and (5.95), we observe
that the strain tensor field associated to the solution of the exterior problem (5.82)
is uniform inside the inclusion Bε(x̂). It means that the strain acting in the inclusion
embedded in the whole two-dimensional space R2 can be written in the following
compact form

∇ws
ε |Bε (x̂) = T∇us(x̂) , (5.100)

where T is a fourth order uniform (constant) tensor. Therefore, the above result fits
the famous Eshelby’s problem. This problem, formulated by Eshelby in 1957 [55]
and 1959 [56], represents one of the major advances in the continuum mechanics
theory of the 20th century [104]. It plays a central role in the theory of elasticity
involving the determination of effective elastic properties of materials with multiple
inhomogeneities. For more details, see the book by Mura 1987 [159], for instance.
The Eshelby’s problem, also referred as the Eshelby’s theorem, is also related to the
Polarization tensor in asymptotic analysis of the strain energy with respect to sin-
gular domain perturbations [168]. In fact, tensor T represents one term contribution
to the Polarization tensor coming from the solution to the exterior problem (5.82).
In the next section we will apply the Eshelby’s theorem to the derivation of the po-
larization tensor and to the topological derivative evaluation as well. Concerning
applications of the Eshelby’s theorem to the problem of optimal patch in elasticity,
see [132, 169].

5.2.4 Topological Derivative Evaluation

Now, we can evaluate the integral in formula (5.76) to collect the terms in power of ε
and recognize function f (ε). With this result, we can perform the limit passage ε →
0. The integral in (5.76) can be evaluated in the same way as shown in Section 4.2
by using the expansion for σε(uε) given by (5.90)-(5.95). The idea is to introduce a
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polar coordinate system (r,θ ) with center at x̂ (see fig. 5.9). Then, we can write uε
in this coordinate system to evaluate the integral explicitly. In particular, the integral
in (5.76) yields

∫

∂Bε
�Σε�n ·n = 2πεPγσ(u(x̂)) ·∇us(x̂)+ o(ε) . (5.101)

Finally, the topological derivative given by (1.49) leads to

T (x̂) =− lim
ε→0

1
f ′(ε)

(

2πεPγσ(u(x̂)) ·∇us(x̂)+ o(ε)
)

, (5.102)

where the polarization tensor Pγ is given by the following fourth order isotropic
tensor

Pγ =
1
2

1− γ
1+ γβ

(

(1+β )I+
1
2
(α−β )

1− γ
1+ γα

I⊗ I

)

, (5.103)

with the parameters α and β given by (5.99). Now, in order to extract the leading
term of the above expansion, we choose

f (ε) = πε2 , (5.104)

which leads to the final formula for the topological derivative, namely [13, 77]

T (x̂) =−Pγσ(u(x̂)) ·∇us(x̂) . (5.105)

Finally, the topological asymptotic expansion of the energy shape functional takes
the form

ψ(χε(x̂)) = ψ(χ)−πε2
Pγσ(u(x̂)) ·∇us(x̂)+ o(ε2) , (5.106)

whose mathematical justification will be given at the end of this chapter.

Remark 5.5. We note that the obtained polarization tensor is isotropic because we
are dealing with circular inclusions. For the polarization tensor associated to arbi-
trary shaped inclusions the reader may refer to [10], for instance.

Remark 5.6. Formally, we can consider the limit cases γ → 0 and γ →∞. For γ → 0,
the inclusion leads to a void and the transmission condition on the boundary of the
inclusion degenerates to homogeneous Neumann boundary condition. In fact, in this
case the polarization tensor is given by

P0 =
1
2
(1+β )I+

1
4
(α−β )I⊗ I=

2
1+ν

I− 1− 3ν
2(1−ν2)

I⊗ I , (5.107)

which, together with (5.105), corroborates with the obtained formula (4.173) for
b = 0. In addition, for γ → ∞, the elastic inclusion leads to a rigid one and the
polarization tensor is given by

P∞ =−1+β
2β

I+
α−β
4αβ

I⊗ I =− 2
3−ν

I− 1− 3ν
2(1+ν)(3−ν)

I⊗ I . (5.108)
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5.2.5 Numerical Example

We start with the description of the model in the hold-all domain and compute the
topological derivative of the compliance to be minimized with a volume constraint,
and finally present the optimal shape. It is clear from the numerical experiments that
the topological derivative reflects an optimal topology for the shape optimization
problem. Thus, in three figures below we present the initial guess of the structure
to be optimized, the contour plot of the topological derivative of the goal functional
obtained for the hold-all geometrical domain, and finally the optimal shape in the
form of the bridge structure, which is well known from the literature on the subject.
We start by proposing the following shape functional

ΨΩ (u) :=−JΩ (u)+β |Ω | , (5.109)

where |Ω | is the Lebesgue measure of Ω and β > 0 is a fixed Lagrange multiplier.
It means that the shape functional to be minimized is the strain energy stored in the
structure with a volume constraint. The topological derivative ofΨΩ (u) is given by

T = P0σ(u) ·∇us−β , (5.110)

with σ(u) =C∇us, where we have used formula (5.105) with γ = 0 and the fact that
the topological derivative of the term β |Ω | is trivial. In addition, the displacement
vector field u is evaluated by solving problem (5.52) numerically.

In the numerical example shown in fig. 5.10, the initial domain is represented
by a rectangular panel 180× 60 m2, with Young modulus E = 210× 109N/m2 and
Poisson ratio ν = 1/3, clamped on the region a = 9m and submitted to an uniformly
distributed traffic loading q̄= 250×103 N/m2. This load is applied on the dark strip
of height h = 3m, which is placed at the distance c = 30m from the top of the design
domain. The dark strip will not be optimized. The Lagrange multiplier is fixed as
β = 10× 106 N/m2 and the contrast γ → 0.

Fig. 5.10 Hold-all-domain
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Fig. 5.11 Topological derivative in the hold-all domain

The topological derivative of the shape functionalΨΩ (u) which is obtained in the
first iteration of the shape and topology optimization numerical procedure is shown
in fig. 5.11, where white to black levels mean smaller (negative) to higher (positive)
values. This picture induces a level-set domain representation for the optimal shape,
as proposed in [16].

Fig. 5.12 Optimal shape design [97]

The resulting topology design in the form of a well-known tie-arch bridge struc-
ture, which is acceptable from practical point of view, is shown in fig. 5.12. Usually
it is a local minimizer obtained numerically for the compliance minimization with
volume constraint. Indeed, there is a lack of sufficient optimality conditions for such
shape optimization problems.

5.3 Fourth Order Elliptic Equation: The Kirchhoff Problem

In this section we evaluate the topological derivative of the total potential energy
associated to the Kirchhoff plate bending problem, considering the nucleation of a
small inclusion, represented by Bε ⊂Ω , as the topological perturbation.
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5.3.1 Problem Formulation

The shape functional associated to the unperturbed domain which we are dealing
with is defined as

ψ(χ) := JΩ (u) = − 1
2

∫

Ω
M(u) ·∇∇u

−
∫

ΓNq

qu+
∫

ΓNm

m∂nu+
ns

∑
i=1

Qiu(xi) . (5.111)

The scalar function u is the solution to the variational problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find u ∈ U , such that

−
∫

Ω
M(u) ·∇∇η =

∫

ΓNq

qη

−
∫

ΓNm

m∂nη−
ns

∑
i=1

Qiη(xi) ∀η ∈ V ,

with M(u) =−C∇∇u .

(5.112)

In the above equation, C is the constitutive tensor given by

C=
E

1−ν2 ((1−ν)I+νI⊗ I) , (5.113)

where I and I are the second and fourth order identity tensors, respectively, E is
the Young modulus and ν the Poisson ratio, both considered constants everywhere.
For the sake of simplicity, we have assumed that the plate thickness is constant and
equal to 121/3. The set U and the space V are respectively defined as

U := {ϕ ∈ H2(Ω) : ϕ|ΓDu
= u, ∂nϕ|ΓDρ

= ρ} , (5.114)

V := {ϕ ∈ H2(Ω) : ϕ|ΓDu
= 0, ∂nϕ|ΓDρ

= 0} . (5.115)

In addition, q is a shear load distributed on the boundary ΓNq , m is a moment dis-
tributed on the boundary ΓNm and Qi is a concentrated shear load supported at the
points xi where there are some geometrical singularities, with i= 1, ...,ns, and ns the
number of such singularities. The displacement field u has to satisfy u|ΓDu

= u and

∂nu|ΓDρ
= ρ , where u and ρ are a displacement and a rotation respectively prescribed

on the boundaries ΓDu and ΓDρ . Furthermore, ΓD = Γ Du ∪Γ Dρ and ΓN = Γ Nq ∪Γ Nm

are such that ΓDu ∩ΓNq = ∅ and ΓDρ ∩ΓNm = ∅. See the details in fig. 5.13. The
strong formulation associated to the variational problem (5.112) reads:
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Fig. 5.13 The Kirchhoff
problem defined in the
unperturbed domain

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find u, such that
div(divM(u)) = 0 in Ω ,

M(u) = −C∇∇u ,
u

∂nu
=
=

u
ρ

on
on

ΓDu ,
ΓDρ ,

Mnn(u)
∂τMτn(u)+ divM(u) ·n

�Mτn(u(xi))�

=
=
=

m
q
Qi

on
on
on

ΓNm ,
ΓNq ,
xi ∈ ΓNq .

(5.116)

Remark 5.7. Since the Young modulus E , the Poisson ratio ν and the plate thickness
are assumed to be constants, the above boundary value problem reduces itself to the
well-known Kirchhoff equation, namely

− kΔ2u = 0 in Ω , with k =
Eh3

12(1−ν2)
, (5.117)

where h is the plate thickness given by h = 121/3.

Now, let us state the same problem in the perturbed domain. In this case, the shape
functional reads

ψ(χε) := Jχε (uε) = − 1
2

∫

Ω
Mε(uε) ·∇∇uε

−
∫

ΓNq

quε +
∫

ΓNm

m∂nuε +
ns

∑
i=1

Qiuε(xi) , (5.118)

where the scalar function uε solves the variational problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find uε ∈ Uε , such that

−
∫

Ω
Mε(uε) ·∇∇η =

∫

ΓNq

qη

−
∫

ΓNm

m∂nη−
ns

∑
i=1

Qiη(xi) ∀η ∈ Vε ,

with Mε (uε) =−γεC∇∇uε ,

(5.119)
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Fig. 5.14 The Kirchhoff problem defined in the perturbed domain

with γε defined by (5.1). The set Uε and the space Vε are defined as

Uε := {ϕ ∈ U : �ϕ� = �∂nϕ� = 0 on ∂Bε} , (5.120)

Vε := {ϕ ∈ V : �ϕ� = �∂nϕ� = 0 on ∂Bε} , (5.121)

where the operator �ϕ� is used to denote the jump of function ϕ on the boundary of
the inclusion ∂Bε , namely �ϕ� := ϕ|Ω\Bε

−ϕ|Bε on ∂Bε . See the details in fig. 5.14.

The strong formulation associated to the variational problem (5.119) reads:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find uε , such that
div(divMε(uε)) = 0 in Ω ,

Mε(uε) = −γεC∇∇uε ,
uε

∂nuε
=
=

u
ρ

on
on

ΓDu ,
ΓDρ ,

Mnn(uε)
∂τMτn(uε)+ divM(uε ) ·n

�Mτn(uε(xi))�

=
=
=

m
q
Qi

on
on
on

ΓNm ,
ΓNq ,
xi ∈ ΓNq ,

�uε�
�∂nuε�

�Mnn
ε (uε)�

�∂τMτn
ε (uε)�+ �divMε(uε)� ·n

=
=
=
=

0
0
0
0

⎫

⎪

⎪

⎬

⎪

⎪

⎭

on ∂Bε .

(5.122)

The transmission condition on the boundary of the inclusion ∂Bε comes out from
the variation formulation (4.186).
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5.3.2 Shape Sensitivity Analysis

The next step consists in evaluating the shape derivative of functional Jχε (uε) with
respect to an uniform expansion of the inclusion Bε . Before starting, let us introduce
the Eshelby energy-momentum tensor [57], that is

Σε =−1
2
(Mε(uε) ·∇∇uε)I+(∇∇uε)Mε (uε)−∇uε ⊗ div(Mε (uε)) . (5.123)

Furthermore, we note that after considering the constitutive relation Mε (uε) =
−γεC∇∇uε in (5.118), with the contrast γε given by (5.1), the shape functional
Jχε (uε) can be written as follows

Jχε (uε) = −1
2

(
∫

Ω\Bε
M(uε) ·∇∇uε +

∫

Bε
γM(uε) ·∇∇uε

)

−
∫

ΓNq

quε +
∫

ΓNm

m∂nuε +
ns

∑
i=1

Qiuε(xi) , (5.124)

where M(uε ) =−C∇∇uε . Thus, we have an explicit dependence with respect to the
parameter ε . Therefore, let us start by proving the following result:

Proposition 5.5. Let Jχε (uε) be the shape functional defined by (5.118). Then, its
derivative with respect to the small parameter ε is given by

J̇χε (uε) =
∫

Ω
Σε ·∇V

+

∫

∂Ω
Mε(uε)n ·∇V�∇uε +

∫

∂Bε
�Mε(uε)�n ·∇V�∇uε , (5.125)

where V is the shape change velocity field defined through (4.2) and Σε is the Es-
helby energy-momentum tensor given by (5.123).

Proof. Before starting, let us recall that the constitutive operator is defined as
Mε(ϕ) =−γεC∇∇ϕ . Thus, by making use of the Reynolds’ transport theorem given
by the result (2.84) and the concept of material derivative of spatial fields through
formulae (2.89) and (2.90), the derivative with respect to ε of the shape functional
(5.124) is given by

J̇χε (uε) = −1
2

(
∫

Ω\Bε
M(uε ) ·∇∇uε +

∫

Bε
γM(uε ) ·∇∇uε

)·

−
∫

ΓNq

qu̇ε +
∫

ΓNm

m∂nu̇ε +
ns

∑
i=1

Qiu̇ε(xi) . (5.126)
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In addition, we have

J̇χε (uε) = −
∫

Ω\Bε
M(uε ) ·∇∇u̇ε −

∫

Bε
γM(uε ) ·∇∇u̇ε

−1
2

∫

Ω
[(Mε (uε) ·∇∇uε)I

−2(∇∇uε)Mε(uε)+ 2∇uε ⊗ div(Mε(uε))] ·∇V
+

∫

∂Ω
Mε(uε)n ·∇V�∇uε +

∫

∂Bε
�Mε (uε)�n ·∇V�∇uε

−
∫

ΓNq

qu̇ε +
∫

ΓNm

m∂nu̇ε +
ns

∑
i=1

Qiu̇ε(xi) , (5.127)

which leads to

J̇χε (uε) = −1
2

∫

Ω
[(Mε(uε) ·∇∇uε)I

−2(∇∇uε)Mε (uε)+ 2∇uε⊗ div(Mε(uε))] ·∇V
+

∫

∂Ω
Mε(uε)n ·∇V�∇uε +

∫

∂Bε
�Mε (uε)�n ·∇V�∇uε

−
∫

Ω
Mε(uε) ·∇∇u̇ε −

∫

ΓNq

qu̇ε +
∫

ΓNm

m∂nu̇ε +
ns

∑
i=1

Qiu̇ε(xi) . (5.128)

Since u̇ε is a variation of uε in the direction of the velocity field V, then u̇ε ∈ Vε
[210]. Finally, by taking u̇ε as test function in the variational problem (5.119), we
have that the last four terms of the above equation vanish. �

Proposition 5.6. Let Jχε (uε) be the shape functional defined by (5.118). Then, the
derivative of Jχε (uε) with respect to the small parameter ε is given by

J̇χε (uε) =
∫

∂Ω
Σεn ·V+

∫

∂Bε
�Σε�n ·V

+
∫

∂Ω
Mε(uε)n ·∇V�∇uε +

∫

∂Bε
�Mε(uε)�n ·∇V�∇uε , (5.129)

with V standing for the shape change velocity field defined through (4.2) and tensor
Σε given by (5.123).

Proof. Before starting, let us recall the constitutive operator Mε(ϕ) = −γεC∇∇ϕ
and the relation between material and spatial derivatives of scalar fields (2.82),
namely ϕ̇ = ϕ ′ +∇ϕ ·V. By making use of the other version of the Reynolds’
transport theorem given by formula (2.85), the shape derivative of the functional
(5.118) results in
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J̇χε (uε) = −
(

1
2

∫

Ω
Mε(uε) ·∇∇uε

)·

−
∫

ΓNq

qu̇ε +
∫

ΓNm

m∂nu̇ε +
ns

∑
i=1

Qiu̇ε(xi)

= −
∫

Ω
Mε(uε) ·∇∇u′ε −

1
2

∫

∂Ω
(Mε (uε) ·∇∇uε)n ·V

−1
2

∫

∂Bε
�Mε (uε) ·∇∇uε�n ·V

−
∫

ΓNq

qu̇ε +
∫

ΓNm

m∂nu̇ε +
ns

∑
i=1

Qiu̇ε(xi) . (5.130)

In addition, we have

J̇χε (uε) = −1
2

∫

∂Ω
(Mε(uε) ·∇∇uε)n ·V− 1

2

∫

∂Bε
�Mε (uε) ·∇∇uε�n ·V

+

∫

Ω
Mε(uε) ·∇∇(∇uε ·V)

−
∫

Ω
Mε(uε) ·∇∇u̇ε −

∫

ΓNq

qu̇ε +
∫

ΓNm

m∂nu̇ε +
ns

∑
i=1

Qiu̇ε(xi) . (5.131)

Since u̇ε is a variation of uε in the direction of the velocity field V, then u̇ε ∈ Vε
[210]. Now, by taking into account that uε is the solution to the variational prob-
lem (5.119), we have that the last four terms of the above equation vanish. From
integration by parts, we obtain

J̇χε (uε) = −1
2

∫

∂Ω
(Mε (uε) ·∇∇uε)n ·V− 1

2

∫

∂Bε
�Mε (uε) ·∇∇uε�n ·V

+
∫

∂Ω
(∇∇uε)Mε(uε)n ·V+

∫

∂Ω
Mε(uε)n ·∇V�∇uε

+

∫

∂Bε
�(∇∇uε )Mε(uε)�n ·V+

∫

∂Bε
�Mε (uε)�n ·∇V�∇uε

−
∫

∂Ω
(∇uε ⊗ divMε (uε))n ·V−

∫

∂Bε
�∇uε ⊗ divMε (uε)�n ·V

+
∫

Ω
div(div(Mε (uε)))∇uε ·V , (5.132)

and rewriting the above equation in the compact form, we obtain

J̇χε (uε) =
∫

∂Ω
Σεn ·V+

∫

∂Bε
�Σε�n ·V

+

∫

∂Ω
Mε(uε)n ·∇V�∇uε +

∫

∂Bε
�Mε (uε)�n ·∇V�∇uε

+
∫

Ω
div(div(Mε (u)))∇uε ·V . (5.133)
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Finally, taking into account that uε is the solution to the state equation (5.122),
namely div(divMε (uε)) = 0, we have that the last term in the above equation van-
ishes, which leads to the result. �

Corollary 5.5. From the tensor relation (G.23) and after applying the divergence
theorem (G.32) to the right hand side of (5.125), we obtain

J̇χε (uε) =
∫

∂Ω
Σεn ·V+

∫

∂Bε
�Σε�n ·V−

∫

Ω
divΣε ·V

+

∫

∂Ω
Mε(uε)n ·∇V�∇uε +

∫

∂Bε
�Mε(uε)�n ·∇V�∇uε . (5.134)

Since the above equation and (5.129) remain valid for all velocity fields V, we have
that the third term of the above equation must satisfy

∫

Ω
divΣε ·V= 0 ∀V ⇒ divΣε = 0 . (5.135)

Corollary 5.6. Since we are dealing with an uniform expansion of the circular in-
clusion, then by taking into account the associated velocity field defined through
(4.2), V= −n on ∂Bε and V = 0 on ∂Ω . Therefore, according to Proposition 5.6,
we have

d
dε

ψ(χε) = J̇χε (uε) =−
∫

∂Bε
�Σε�n ·n−

∫

∂Bε
�Mε (uε)�n ·∇n�∇uε . (5.136)

5.3.3 Asymptotic Analysis of the Solution

The shape derivative of functional Jχε (uε) is given in terms of an integral over
the boundary of the inclusion ∂Bε (5.136). Therefore, in order to apply the result
of Proposition 1.1, we need to know the behavior of the function uε with respect
to ε . In particular, once we know this behavior explicitly, we can identify function
f (ε) and perform the limit passage ε → 0 in (1.49) to obtain the final formula for the
topological derivative T of the shape functionalψ . It means that we need to perform
an asymptotic analysis of uε with respect to ε . In this section we present a procedure
to obtain the asymptotic expansion of the solution uε associated to the transmission
condition on the inclusion. Therefore, let us start by proposing an ansätz for uε of
the form [120]

uε(x) = u(x)+wε(x)+ ũε(x) . (5.137)

After applying the operator Mε we have

Mε (uε(x)) = Mε(u(x))+Mε(wε (x))+Mε(ũε(x))

= Mε(u(x̂))+∇Mε(u(y))(x− x̂)

+ Mε(wε (x))+Mε(ũε(x)) , (5.138)
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where y is an intermediate point between x and x̂. On the boundary of the inclusion
∂Bε we have

�Mnn
ε (uε)�n = 0 ⇒ (Mnn(uε)|Ω\Bε

− γMnn(uε)|Bε )n = 0 , (5.139)

and

[[∂τMτn
ε (uε)�+ �divMε(uε)� ·n = 0

⇒ (∂τMτn(uε)|Ω\Bε
− γ∂τMτn

ε (uε)|Bε )+

(div(M(uε )|Ω\Bε
− γMnn(uε)|Bε )) ·n = 0 , (5.140)

with Mε(ϕ) = −γεC∇∇ϕ and M(ϕ) = −C∇∇ϕ . The above expansion, evaluated
on ∂Bε , leads to

(1− γ)M(u(x̂))n ·n− ε(1− γ)(∇M(u(y))n)n ·n
+ �Mnn

ε (wε (x))�+ �Mnn
ε (ũε(x))� = 0 (5.141)

and

(1− γ)(∂τM(u(x̂))n · τ+ divM(u(x̂)) ·n)−
ε(1− γ)(∂τ(∇M(u(y))n)n · τ+ div(∇M(u(y))n) ·n)+

�∂τMτn
ε (wε (x))�+ �divMε(wε (x))� ·n+

�∂τMτn
ε (ũε(x))�+ �divMε (ũε(x))� ·n = 0 . (5.142)

Thus, we can choose Mε (wε) such that

�Mnn
ε (wε(x))� =−(1− γ)M(u(x̂))n ·n , (5.143)

�∂τMτn
ε (wε (x))�+ �divMε(wε (x))� ·n =

− (1− γ)(∂τM(u(x̂))n · τ+ divM(u(x̂)) ·n) . (5.144)

Now, the following exterior problem is considered, and formally obtained as ε → 0:
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find Mε(wε ), such that
div(divMε (wε )) = 0 in R2 ,

Mε(wε ) → 0 at ∞ ,
�Mnn

ε (wε )�
�∂τMτn

ε (wε )�+ �divMε(wε )� ·n
=
=

û1

û2

}

on ∂Bε ,

(5.145)

with

û1 = −(1− γ)M(u(x̂))n ·n ,

û2 = −(1− γ)(∂τM(u(x̂))n · τ+ divM(u(x̂)) ·n) .
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The above boundary value problem admits an explicit solution, which will be used
later to construct the expansion for Mε(uε). Now we can construct Mε (ũε) in such a
way that it compensates the discrepancies introduced by the higher order terms in ε
as well as by the boundary layer Mε(wε ) on the exterior boundary ∂Ω . It means that
the remainder Mε(ũε) must be solution to the following boundary value problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find ũε , such that
div(divMε(ũε)) = 0 in Ω ,

Mε (ũε) = −γεC∇∇ũε ,
ũε

∂nũε
=
=

−wε
−∂nwε

on
on

ΓDu ,
ΓDρ ,

Mnn(ũε)
∂τMτn(ũε)+ divM(ũε) ·n

�Mτn(ũε(xi))�

=
=
=

−Mnn(wε )
−s(wε )
−�Mτn(wε (xi))�

on
on
on

ΓNm ,
ΓNq ,
xi ∈ ΓNq ,

�ũε�
�∂nũε�

�Mnn
ε (ũε)�

�∂τMτn
ε (ũε)�+ �divMε (ũε)� ·n

=
=
=
=

0
0
−εh1

+εh2

⎫

⎪

⎪

⎬

⎪

⎪

⎭

on ∂Bε ,

(5.146)

where we have introduced the notation s(ϕ) = ∂τMτn(ϕ)+divM(ϕ) ·n. In addition,
the functions h1 and h2 are independent of ε , with

h1 = +(1− γ)(∇M(u(y))n)n ·n ,

h2 = −(1− γ)(∂τ(∇M(u(y))n)n · τ+ div(∇M(u(y))n) ·n) .

Analogously to the Section 5.1 (see Theorem 5.1), ũε has an estimate of the form
‖ũε‖H2(Ω) = O(ε2) [120, 148]. In fact, before proceeding, let us state the following
result:

Lemma 5.3. Let ũε be the solution to (5.146) or equivalently the solution to the
following variational problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find ũε ∈ ˜Uε , such that

−
∫

Ω
Mε(ũε) ·∇∇η = ε2

∫

ΓNq

s(g2)η+ ε2
∫

ΓNm

Mnn(g1)∂nη

+ ε2
ns

∑
i=1

�Mτn(g1(xi))�η(xi)

+ ε
∫

∂Bε
h2η+ ε

∫

∂Bε
h1 ∂nη ∀η ∈ ˜Vε ,

with Mε (ũε) =−γεC∇∇ũε ,

(5.147)

where the set ˜Uε and the space ˜Vε are defined as

˜Uε := {ϕ ∈ H2(Ω) : �ϕ� = �∂nϕ� = 0 on ∂Bε , ϕ|ΓDu
= ε2g2,∂nϕ|ΓDρ

=−ε2∂ng1} ,
˜Vε := {ϕ ∈ H2(Ω) : �ϕ� = �∂nϕ� = 0 on ∂Bε , ϕ|ΓDu

= 0,∂nϕ|ΓDρ
= 0} ,
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with functions g1 = ε−2wε , g2 = −ε−2wε , h1 and h2 independent of the small pa-
rameter ε . Then, we have the estimate ‖ũε‖H2(Ω) = O(ε2) for the remainder.

Proof. By taking η = ũε −ϕε in (5.147), where ϕε is the lifting of the Dirichlet
boundaries data ε2g2 on ΓDu and −ε2∂ng1 on ΓDρ , we have

−
∫

Ω
Mε(ũε) ·∇∇ũε = ε2

∫

ΓDu

g2 s(ũε )+ ε2
∫

ΓNq

s(g2) ũε

+ ε2
∫

ΓDρ

∂ng1 Mnn(ũε)+ ε2
∫

ΓNm

Mnn(g1)∂nũε

+ ε2
ns

∑
i=1

�Mτn(g1(xi))�ũε(xi)

+ ε
∫

∂Bε
h2 ũε + ε

∫

∂Bε
h1∂nũε . (5.148)

From the Cauchy-Schwarz inequality we obtain

−
∫

Ω
Mε(ũε) ·∇∇ũε � ε2‖g2‖H3/2(ΓDu )

‖s(ũε)‖H−3/2(ΓDu )

+ ε2‖s(g2)‖H−3/2(ΓNq )
‖ũε‖H3/2(ΓNq )

+ ε2‖∂ng1‖H1/2(ΓDρ )
‖Mnn(ũε)‖H−1/2(ΓDρ )

+ ε2‖Mnn(g1)‖H−1/2(ΓNm )‖∂nũε‖H1/2(ΓNm )

+ ε2max
i
(|Mτn(g1(xi))| |ũε(xi)|)

+ ε‖h2‖H−3/2(∂Bε)
‖ũε‖H3/2(∂Bε )

+ ε‖h1‖H−1/2(∂Bε)
‖∂nũε‖H1/2(∂Bε)

. (5.149)

Taking into account the trace theorem, we have

−
∫

Ω
Mε(ũε) ·∇∇ũε � ε2C1‖ũε‖H2(Ω) , (5.150)

where we have used the interior elliptic regularity of function u. Finally, from the
coercivity of the bilinear form on the left hand side of (5.147), namely,

c‖ũε‖2
H2(Ω) �−

∫

Ω
Mε(ũε) ·∇∇ũε , (5.151)

we obtain
‖ũε‖H2(Ω) �Cε2 , (5.152)

which leads to the result, with C =C1/c. �

Therefore, the expansion for Mε (uε) (see, for instance, the book by Little 1973
[139]) can be written in a polar coordinate system (r,θ ) centered at the point x̂ (see
fig. 5.15) as:
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• For r � ε (outside the inclusion)

Mrr
ε (uε(r,θ )) = ϕ1

(

1− 1−γ
1+γα

ε2

r2

)

+ ϕ2

(

1− 1−γ
1+γβ

(

4ν
3+ν

ε2

r2 + 3β ε4

r4

))

cos2θ +O(ε2), (5.153)

Mθθ
ε (uε(r,θ )) = ϕ1

(

1+ 1−γ
1+γα

ε2

r2

)

− ϕ2

(

1+ 1−γ
1+γβ

(

4
3+ν

ε2

r2 − 3β ε4

r4

))

cos2θ +O(ε2), (5.154)

Mrθ
ε (uε(r,θ )) = −ϕ2

(

1−β 1−γ
1+γβ

(

2 ε2

r2 − 3 ε4

r4

))

sin2θ +O(ε2). (5.155)

• For 0 < r < ε (inside the inclusion)

Mrr
ε (uε(r,θ )) = ϕ1

2
(1−ν)(1+γα) +ϕ2

4
(3+ν)(1+γβ ) cos2θ +O(ε2), (5.156)

Mθθ
ε (uε(r,θ )) = ϕ1

2
(1−ν)(1+γα) −ϕ2

4
(3+ν)(1+γβ ) cos2θ +O(ε2), (5.157)

Mrθ
ε (uε(r,θ )) = −ϕ2

4
(3+ν)(1+γβ ) sin2θ +O(ε2). (5.158)

Some terms in the above formulae require explanations. The coefficients ϕ1 and ϕ2

are given by

ϕ1 =
1
2
(m1(u(x̂))+m2(u(x̂))) , ϕ2 =

1
2
(m1(u(x̂))−m2(u(x̂))) , (5.159)

where m1(u(x̂)) and m2(u(x̂)) are the eigenvalues of tensor M(u(x̂)), which can be
expressed as

m1,2(u(x̂)) =
1
2

(

trM(u(x̂))±
√

2MD(u(x̂)) ·MD(u(x̂))

)

, (5.160)

with MD(u(x̂)) standing for the deviatory part of the momentum tensor M(u(x̂)),
namely

MD(u(x̂)) = M(u(x̂))− 1
2

trM(u(x̂))I . (5.161)

In addition, the constants α and β are given by

α =
1+ν
1−ν

and β =
1−ν
3+ν

. (5.162)

Finally, Mrr
ε (uε), Mθθ

ε (uε) and Mrθ
ε (uε) are the components of tensor Mε(uε) in the

polar coordinate system, namely Mrr
ε (uε) = er ·Mε(uε)er, Mθθ

ε (uε) = eθ ·Mε (uε)eθ

and Mrθ
ε (uε)= Mθr

ε (uε)= er ·Mε(uε)eθ , with er and eθ used to denote the canonical
basis associated to the polar coordinate system (r,θ ), such that, ||er||= ||eθ ||= 1 and
er · eθ = 0. See fig. 5.15.

Note 5.2. The obtained results in formulae (5.156), (5.157) and (5.158) are con-
form with the Eshelby’s theorem. In fact, the curvature of the plate associated to the
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Fig. 5.15 Polar coordinate
system (r,θ ) centered at the
point x̂ ∈ Ω

solution of the exterior problem (5.145) is uniform inside the inclusion Bε(x̂) em-
bedded in the whole two-dimensional space R2 and can be written in the following
compact form

∇∇wε |Bε (x̂) = T∇∇u(x̂) , (5.163)

where T is a fourth order uniform (constant) tensor. See Note 5.1 in Section 5.2 for
more details on this important result.

5.3.4 Topological Derivative Evaluation

Now, we can evaluate the integrals in formula (5.136) to collect the terms in power of
ε and recognize function f (ε). With these results, we can perform the limit passage
ε → 0. The integrals in (5.136) can be evaluated in the same way as shown in Section
4.3 by using the expansions for Mε(uε) given by (5.153)-(5.158). The idea is to
introduce a polar coordinate system (r,θ ) with center at x̂ (see fig. 5.15). Then,
we can write uε in this coordinate system to evaluate the integrals explicitly. In
particular, the integrals in (5.136) yield

−
∫

∂Bε
�Σε �n ·n−

∫

∂Bε
�∇n�∇uε ·Mε(uε)n�

= 2πεPγM(u(x̂)) ·∇∇u(x̂)+ o(ε) . (5.164)

Finally, the topological derivative given by (1.49) leads to

T (x̂) = lim
ε→0

1
f ′(ε)

(

2πεPγM(u(x̂)) ·∇∇u(x̂)+ o(ε)
)

, (5.165)

where the polarization tensor Pγ is given by the following fourth order isotropic
tensor

Pγ =
1
2

1− γ
1+ γβ

(

4β
1−ν

I+αβ
1+ 3ν
1−ν2

1− γ
1+ γα

I⊗ I

)

, (5.166)
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with the parameters α and β given by (5.162). Now, in order to extract the leading
term of the above expansion, we choose

f (ε) = πε2 , (5.167)

which leads to the final formula for the topological derivative, namely [20, 186]

T (x̂) = PγM(u(x̂)) ·∇∇u(x̂) . (5.168)

Finally, the topological asymptotic expansion of the energy shape functional takes
the form

ψ(χε(x̂)) = ψ(χ)+πε2
PγM(u(x̂)) ·∇∇u(x̂)+ o(ε2) , (5.169)

whose mathematical justification will be given at the end of this chapter.

Remark 5.8. We note that the obtained polarization tensor is isotropic because we
are dealing with circular inclusions. We claim however that in the case of arbitrary
shaped inclusion, the form of the polarization tensor associated to the Kirchhoff
plates has not been reported in the literature.

Remark 5.9. Formally, we can consider the limit cases γ → 0 and γ →∞. For γ → 0,
the inclusion leads to a void and the transmission condition on the boundary of the
inclusion degenerates to homogeneous Neumann boundary condition. In fact, in this
case the polarization tensor is given by

P0 =
2

3+ν
I+

1+ 3ν
2(1−ν)(3+ν)

I⊗ I , (5.170)

which, together with (5.168), corroborates with the obtained formula (4.252) for
b = 0. In addition, for γ → ∞, the elastic inclusion leads to a rigid one and the
polarization tensor is given by

P∞ =− 2
1−ν

I+
1+ 3ν

2(1−ν2)
I⊗ I . (5.171)

5.3.5 Numerical Example

Let us present a simple numerical example consisting in the design of a clamped
beam. For that, we propose the following shape functional

ΨΩ (u) :=−JΩ (u)+β |Ω | , (5.172)

where |Ω | is the Lebesgue measure of Ω and β > 0 is a fixed Lagrange multiplier.
It means that the shape functional to be minimized is the energy stored in the body
with a volume constraint. The topological derivative ofΨΩ (u) is given by

T =−P0M(u) ·∇∇u−β , (5.173)
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Fig. 5.16 Hold-all-domain

with M(u) =−C∇∇u, where we have used formula (5.168) with γ = 0 and the fact
that the topological derivative of the term β |Ω | is trivial. In addition, the displace-
ment scalar field u is evaluated by solving problem (5.112) numerically.

In the numerical example shown in fig. 5.16, the initial domain is represented by
a 1×1 square, with Young Modulus E = 1 and Poisson ratio ν = 0.3. The square is
clamped on the thick lines and the beam is submitted to a concentrated load Q̄i = 1
applied on the bottom-right corner of the square. The remainder part of the boundary
of the square remains free. The Lagrange multiplier is fixed as β = 4 and the contrast
γ → 0.

The topological derivative of the shape functionalΨΩ (u) which is obtained in the
first iteration of the shape and topology optimization numerical procedure is shown
in fig. 5.17(a), where white to black levels mean smaller (negative) to higher (pos-
itive) values. This picture induces a level-set domain representation for the optimal
shape, as proposed in [16]. The resulting topology design in the form of a beam is
shown in fig. 5.17(b).

(a) topological derivative (b) final topology

Fig. 5.17 Topological derivative in the hold-all domain and optimal shape design [186]
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5.4 Estimates for the Remainders

In this section we present an alternative procedure to compute the topological
derivative for inclusions associated to the energy shape functional. We also provide
the full mathematical justification for the expansions (5.46), (5.106) and (5.169) by
using simple arguments. Thus, let us start by introducing the problem in an abstract
setting. The energy shape functional associated to the unperturbed domain reads

ψ(χ):=
1
2

a(u,u)− l(u) , (5.174)

with u solution to the abstract variational problem of the form

u ∈ U : a(u,η) = l(η) ∀η ∈ V , (5.175)

where U is the set of admissible functions and V is the space of admissible vari-
ations, both associated to the unperturbed problem. The energy shape functional
associated to the perturbed domain is defined as

ψ(χε):=
1
2

aε(uε ,uε)− l(uε) , (5.176)

with uε solution to the abstract variational problem of the form

uε ∈ Uε : aε(uε ,η) = l(η) ∀η ∈ Vε , (5.177)

where Uε is the set of admissible functions and Vε is the space of admissible varia-
tions, both associated to the perturbed problem. In addition, a : U(Ω)×V (Ω)→R

and aε : U(Ω)×V (Ω) → R are symmetrical bilinear forms and l : V (Ω) → R is
a linear functional, with U(Ω) and V (Ω) used to denote affine and linear Hilbert
subspaces, respectively. By taking η = uε − u in the above variational problems we
have

a(u,uε − u) = l(uε − u) and aε(uε ,uε − u) = l(uε − u) . (5.178)

From the above equalities, we can rewritten the shape functions as follows

ψ(χ) =
1
2

a(u,u)− l(u)+
1
2

a(u,uε − u)− 1
2

l(uε − u)

=
1
2

a(u,uε)− 1
2

l(uε + u) , (5.179)

ψ(χε) =
1
2

aε(uε ,uε)− l(uε)− 1
2

aε(uε ,uε − u)+
1
2

l(uε − u)

=
1
2

aε(uε ,u)− 1
2

l(uε + u) . (5.180)
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After subtracting both equations we get

ψ(χε)−ψ(χ) =
1
2
(aε(uε ,u)− a(uε ,u)) . (5.181)

Now, we will specify the bilinear forms a(uε ,u) and aε(uε ,u) for each problem
under consideration, namely, Laplacian, Navier and Kirchhoff. Then, the full math-
ematical justification for the obtained topological asymptotical expansions (5.46),
(5.106) and (5.169), will be respectively provided through the following three
theorems:

Theorem 5.1. Let us consider the Laplacian problem as presented in Section 5.1.
Then, the bilinear forms a(uε ,u) and aε(uε ,u) are defined as

a(uε ,u):=−
∫

Ω
q(uε) ·∇u and aε(uε ,u):=−

∫

Ω
qε(uε) ·∇u , (5.182)

where u ∈U and uε ∈Uε are solutions to (5.3) and (5.9), respectively. In addition,
the sets U and Uε are respectively defined through (5.5) and (5.11). Therefore, by
taking into account (5.181) we have the following topological asymptotic expansion
for the energy shape functional

ψ(χε(x̂))−ψ(χ) = πε2Pγq(u(x̂)) ·∇u(x̂)+ o(ε2) , (5.183)

with the polarization tensor Pγ given by (5.43) and γ used to denote the contrast on
the material properties.

Proof. We start by recalling that qε(ϕ) = γεq(ϕ) and q(ϕ) =−k∇ϕ , with γε given
by (5.1). Therefore, we have

aε(uε ,u)− a(uε ,u) = −
∫

Ω\Bε
q(uε) ·∇u− γ

∫

Bε
q(uε) ·∇u

+

∫

Ω\Bε
q(uε) ·∇u+

∫

Bε
q(uε) ·∇u

= (1− γ)
∫

Bε
q(u) ·∇uε . (5.184)

The above integral can be rewritten as follows
∫

Bε
q(u) ·∇uε =

∫

Bε
q(u) ·∇u+

∫

Bε
q(u) ·∇(uε − u) . (5.185)

The first integral on the right hand side of the above equation can be expanded in
power of ε , which leads to

∫

Bε
q(u) ·∇u = πε2q(u(x̂)) ·∇u(x̂)+ o(ε2) , (5.186)
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where we have used the interior elliptic regularity of the solution u. By taking into
account the expansion of the solution uε |Bε given by (5.34), the second integral
yields

∫

Bε
q(u) ·∇(uε − u) = πε2 1− γ

1+ γ
q(u(x̂)) ·∇u(x̂)+ o(ε2)

+

∫

Bε
q(u) ·∇ũε , (5.187)

where we have used again the interior elliptic regularity of the solution u. Finally,
we have the following estimate for the last integral on the right hand side of the
above equation

∫

Bε
q(u) ·∇(ũε) � ‖q(u)‖L2(Bε)‖∇ũε‖L2(Bε )

� εC1‖∇ũε‖L2(Ω) � εC2‖ũε‖H1(Ω) � ε3C , (5.188)

where we have used once again the interior elliptic regularity of the solution u and
the result of Lemma 5.1. �

Theorem 5.2. Let us consider the Navier problem as presented in Section 5.2. Then,
the bilinear forms a(uε ,u) and aε(uε ,u) are defined as

a(uε ,u):=
∫

Ω
σ(uε) ·∇us and aε(uε ,u):=

∫

Ω
σε(uε) ·∇us , (5.189)

where u ∈ U and uε ∈ Uε are solutions to (5.52) and (5.60), respectively, with the
sets U and Uε respectively defined through (5.55) and (5.62). Therefore, by taking
into account (5.181) we have the following topological asymptotic expansion for the
energy shape functional

ψ(χε(x̂))−ψ(χ) =−πε2
Pγσ(u(x̂)) ·∇us(x̂)+ o(ε2) , (5.190)

with the polarization tensor Pγ given by (5.103) and γ used to denote the contrast
on the material properties.

Proof. We start by recalling that σε(ϕ) = γεσ(ϕ) and σ(ϕ) =C∇ϕs, with γε given
by (5.1). Therefore, we have

aε(uε ,u)− a(uε ,u) =
∫

Ω\Bε
σ(uε) ·∇us+ γ

∫

Bε
σ(uε) ·∇us

−
∫

Ω\Bε
σ(uε) ·∇us−

∫

Bε
σ(uε) ·∇us

= −(1− γ)
∫

Bε
σ(u) ·∇us

ε . (5.191)
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By taking into account the expansion for the stress tensor σε(uε)|Bε given by formu-
lae (5.93)-(5.95), the above integral can be rewritten as follows

(1− γ)
∫

Bε
σ(u) ·∇us

ε =
1− γ
γ

∫

Bε
σε(uε) ·∇us

= 2πε2
Pγσ(u(x̂)) ·∇us(x̂)+ o(ε2)

+ (1− γ)
∫

Bε
σ(u) ·∇ũs

ε , (5.192)

where we have used the interior elliptic regularity of the solution u. Finally, we
have the following estimate for the last integral on the right hand side of the above
equation

∫

Bε
σ(u) ·∇ũs

ε � ‖σ(u)‖L2(Bε ;R2)‖∇ũs
ε‖L2(Bε ;R2)

� εC1‖∇ũs
ε‖L2(Ω ;R2) � εC2‖ũε‖H1(Ω ;R2) � ε3C , (5.193)

where we have used again the interior elliptic regularity of the solution u and the
result of Lemma 5.2. �

Theorem 5.3. Let us consider the Kirchhoff problem as presented in Section 5.3.
Then, the bilinear forms a(uε ,u) and aε(uε ,u) are defined as

a(uε ,u):=−
∫

Ω
M(uε ) ·∇∇u and aε(uε ,u):=−

∫

Ω
Mε (uε) ·∇∇u , (5.194)

where u ∈ U and uε ∈ Uε are solutions to (5.112) and (5.119), respectively, with
the sets U and Uε respectively defined through (5.115) and (5.121). Therefore, by
taking into account (5.181) we have the following topological asymptotic expansion
for the energy shape functional

ψ(χε(x̂))−ψ(χ) = πε2
PγM(u(x̂)) ·∇∇u(x̂)+ o(ε2) , (5.195)

with the polarization tensor Pγ given by (5.166) and γ used to denote the contrast
on the material properties.

Proof. We start by recalling that Mε (ϕ) = γεM(ϕ) and M(ϕ) = −C∇∇ϕ , with γε
given by (5.1). Therefore, we have

aε(uε ,u)− a(uε ,u) = −
∫

Ω\Bε
M(uε ) ·∇∇u− γ

∫

Bε
M(uε) ·∇∇u

+

∫

Ω\Bε
M(uε ) ·∇∇u+

∫

Bε
M(uε) ·∇∇u

= (1− γ)
∫

Bε
M(u) ·∇∇uε . (5.196)
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By taking into account the expansion for the momentum tensor Mε(uε)|Bε given by
formulae (5.156)-(5.158), the above integral can be rewritten as follows

(1− γ)
∫

Bε
M(u) ·∇∇uε =

1− γ
γ

∫

Bε
Mε(uε) ·∇∇u

= 2πε2
PγM(u(x̂)) ·∇∇u(x̂)+ o(ε2)

+ (1− γ)
∫

Bε
M(u) ·∇∇ũε , (5.197)

where we have used the interior elliptic regularity of the solution u. Finally, we
have the following estimate for the last integral on the right hand side of the above
equation

∫

Bε
M(u) ·∇∇(ũε) � ‖M(u)‖L2(Bε )‖∇∇ũε‖L2(Bε )

� εC1‖∇∇ũε‖L2(Ω) � εC2‖ũε‖H2(Ω) � ε3C , (5.198)

where we have used again the interior elliptic regularity of the solution u and the
result of Lemma 5.3. �

Remark 5.10. The previous results can be slightly improved by using the Hölder in-
equality together with the Sobolev embedding theorem in the last step of the proofs.
See for instance Example 1.8 in Chapter 1.
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5.5 Exercises

1. Consider the Poisson problem described in Section 5.1:

a. From (5.8), derive (5.9) and (5.12).
b. By using separation of variables, find the explicit solution to the boundary

value problem (5.29).
c. Repeat the Example A presented in Section 4.1.5.1, by considering an inclu-

sion with contrast γ instead of a hole.

2. Consider the Navier problem described in Section 5.2:

a. From (5.56), derive the Navier system as presented in Remark 5.4.
b. From (5.59), derive (5.60) and (5.63).
c. By using separation of variables, find the stress distribution around the inclu-

sion explicitly, which is solution to the boundary value problem (5.82). Hint:
take a look on the book by Little 1973 [139] and look for the Airy functions
in polar coordinates.

d. Take into account Note 5.1 and derive a closed form for the isotropic and
uniform tensor T= α1I+α2I⊗ I, by finding the constant coefficients α1 and
α2 explicitly.

3. Consider the Kirchhoff problem described in Section 5.3:

a. From (5.116), derive the Kirchhoff equation as presented in Remark 5.7.
b. From (5.118), derive (5.119) and (5.122).
c. By using separation of variables, find the moment distribution around the in-

clusion explicitly, which is solution to the boundary value problem (5.145).
Hint: take a look on the book by Little 1973 [139] and look for the Airy func-
tions in polar coordinates.

d. Take into account Note 5.2 and derive a closed form for the isotropic and
uniform tensor T= α1I+α2I⊗ I, by finding the constant coefficients α1 and
α2 explicitly.



Chapter 6
Topological Derivative Evaluation with Adjoint
States

The evaluation of the topological derivative for a general class of shape functionals
is presented in this chapter. The method is applied to a modified energy shape func-
tional associated with the steady-state heat conduction problem. The nucleation of a
small circular hole, represented by Bε(x̂), with x̂ ∈Ω ⊂R2 and Bε �Ω , is consid-
ered as the topological perturbation. Therefore, the topologically perturbed domain
is obtained as Ωε =Ω \Bε .

For the specific problem, some methods were proposed to evaluate the topolog-
ical derivative [11, 130, 184]. In this chapter, we extend the approach of Chap-
ter 4 (see also [184]) to deal with the modified adjoint method proposed in [11].
This leads to an alternative approach to calculate the topological derivative based on
shape sensitivity analysis combined with the modified Lagrangian method.

Since we consider a general class of shape functionals, which are not necessar-
ily associated with the energy, we will show later that the proposed approach sim-
plifies the most delicate step of the topological derivative calculation, namely, the
asymptotic analysis of the adjoint state.

6.1 Problem Formulation

The shape functional in the unperturbed domain which we are dealing with is de-
fined as

ψ(χ) := JΩ (u) =
1
2

∫

Ω
B∇u ·∇u , (6.1)

where B is a given second order symmetric constant tensor and the scalar function
u is the solution to the variational problem:

⎧

⎨

⎩

Findu ∈ U , such that
∫

Ω
∇u ·∇η+

∫

ΓN

qη = 0 ∀η ∈ V .
(6.2)
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Fig. 6.1 The Laplace prob-
lem defined in the unper-
turbed domain Ω

The set U and the space V are respectively defined as

U := {ϕ ∈ H1(Ω) : ϕ|ΓD
= u} , (6.3)

V := {ϕ ∈ H1(Ω) : ϕ|ΓD
= 0} . (6.4)

In addition, ∂Ω = Γ D ∪Γ N with ΓD ∩ΓN = ∅, where ΓD and ΓN are Dirichlet and
Neumann boundaries, respectively. Thus u is a Dirichlet data on ΓD and q is a Neu-
mann data on ΓN , both assumed to be smooth enough. See the details in fig. 6.1. The
strong equation associated to the above variational problem (6.2) reads:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Findu, such that
−Δu = 0 in Ω ,

u = u on ΓD ,
−∂nu = q on ΓN .

(6.5)

Remark 6.1. The functional (6.1) includes a large range of shape functions, which
shall be useful for practical applications. In particular, when B = I, the functional
(6.1) degenerates to the energy. In addition, when B �= I, the analysis becomes much
more involved, which justifies the introduction of a modified adjoint state, as already
mentioned in the beginning of this chapter.

Now, let us state the same problem in the perturbed domain. In this case, the shape
functional reads

ψ(χε) := JΩε (uε) =
1
2

∫

Ωε
B∇uε ·∇uε , (6.6)

where the scalar function uε solves the variational problem:
⎧

⎨

⎩

Finduε ∈ Uε , such that
∫

Ωε
∇uε ·∇η+

∫

ΓN

qη = 0 ∀η ∈ Vε .
(6.7)
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Fig. 6.2 The Laplace problem defined in the perturbed domain Ωε

The set Uε and the space Vε are defined as

Uε := {ϕ ∈ H1(Ωε) : ϕ|ΓD
= u} , (6.8)

Vε := {ϕ ∈ H1(Ωε) : ϕ|ΓD
= 0} . (6.9)

See details in fig. 6.2. The strong equation associated to the variational problem
(6.7) reads:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Finduε , such that
−Δuε = 0 in Ωε ,

uε = u on ΓD ,
−∂nuε = q on ΓN ,
−∂nuε = 0 on ∂Bε .

(6.10)

Now, we need to introduce the adjoint state vε . In this particular case, vε is the
solution to the adjoint equation of the form:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

Findvε ∈ Vε , such that
∫

Ωε
∇vε ·∇η = −〈DuJΩε (u),η〉

= −
∫

Ωε
B∇u ·∇η ∀η ∈ Vε .

(6.11)

The strong equation associated to the variational problem (6.11) reads:
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Findvε , such that
−Δvε = div(B∇u) in Ωε ,

vε = 0 on ΓD ,
−∂nvε = B∇u ·n on ΓN ,
−∂nvε = B∇u ·n on ∂Bε .

(6.12)
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It means that with this construction, the right hand side of the adjoint equation does
not depend on the parameter ε through the function uε . This feature will simplify
the asymptotic analysis of the adjoint state vε . Finally, the adjoint state associated to
the unperturbed domain is given by taking ε = 0 in (6.11), namely, v is the solution
to the adjoint equation of the form:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Findv ∈ V , such that
∫

Ω
∇v ·∇η = −〈DuJΩ (u),η〉

= −
∫

Ω
B∇u ·∇η ∀η ∈ V .

(6.13)

The strong equation associated to the variational problem (6.11) reads:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

Findv, such that
−Δv = div(B∇u) in Ω ,

v = 0 on ΓD ,
−∂nv = B∇u ·n on ΓN .

(6.14)

6.2 Shape Sensitivity Analysis

The next step consists in evaluating the shape derivative of functional JΩε (uε) with
respect to an uniform expansion of the hole Bε . Therefore, let us start by introducing
the following generalization of the classical Eshelby energy-momentum tensor [57]

Σε =
1
2
(B∇uε ·∇uε + 2∇uε ·∇vε)I−

(∇uε ⊗B∇uε +∇uε ⊗∇vε +∇vε ⊗∇uε) . (6.15)

Thus, the following result holds true:

Proposition 6.1. Let JΩε (uε) be the shape functional defined by (6.6). Then, the
derivative of JΩε (uε) with respect to the small parameter ε is given by

J̇Ωε (uε) =
∫

Ωε
Σε ·∇V+

∫

Ωε
B∇(uε − u) ·∇u̇ε , (6.16)

where V is the shape change velocity field defined through (4.2) and Σε is given by
(6.15).

Proof. By making use of the Reynolds’ transport theorem given by the result (2.84)
and the concept of material derivative of spatial fields through formula (2.89), the
derivative with respect to ε of the shape functional (6.6)

J̇Ωε (uε) =
1
2

(
∫

Ωε
B∇uε ·∇uε

)·
(6.17)
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is given by

J̇Ωε (uε) =
∫

Ωε
B∇u ·∇u̇ε +

∫

Ωε
B∇(uε − u) ·∇u̇ε

+
1
2

∫

Ωε
((B∇uε ·∇uε)I− 2∇uε⊗B∇uε) ·∇V . (6.18)

Now, let us differentiate both sides of the state equation (6.7) with respect to ε ,
which leads to

∫

Ωε
∇u̇ε ·∇η =−

∫

Ωε
((∇uε ·∇η)I−∇uε⊗∇η−∇η⊗∇uε) ·∇V . (6.19)

Since u̇ε is a variation of uε in the direction of the velocity field V, then u̇ε ∈ Vε
[210]. In addition, the modified adjoint state vε ∈ Vε . Thus, let us respectively take
η = vε in the above equation and η = u̇ε in the modified adjoint equation (6.11),
which leads to

∫

Ωε
∇vε ·∇u̇ε = −

∫

Ωε
B∇u ·∇u̇ε (6.20)

and
∫

Ωε
∇u̇ε ·∇vε = −

∫

Ωε
((∇uε ·∇vε)−∇uε ⊗∇vε −∇vε ⊗∇uε) ·∇V . (6.21)

Due the symmetry of the bilinear forms on the left hand sides of both equations, we
have

∫

Ωε
B∇u ·∇u̇ε =

∫

Ωε
((∇uε ·∇vε)I−∇uε ⊗∇vε −∇vε ⊗∇uε) ·∇V . (6.22)

From this last equation we obtain

J̇Ωε (uε) =
1
2

∫

Ωε
[(B∇uε ·∇uε + 2∇uε ·∇vε)I

−2(∇uε ⊗B∇uε +∇uε ⊗∇vε +∇vε ⊗∇uε)] ·∇V
+

∫

Ωε
B∇(uε − u) ·∇u̇ε , (6.23)

which leads to the result. �

Proposition 6.2. Let JΩε (uε) be the shape functional defined by (6.6). Then, its
derivative with respect to the small parameter ε is given by

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V

+

∫

Ωε
div(B∇(uε − u))∇uε ·V+

∫

Ωε
B∇(uε − u) ·∇u̇ε , (6.24)
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where V is the shape change velocity field defined through (4.2) and tensor Σε is
given by (6.15).

Proof. Before starting, let us recall the relation between material and spatial
derivatives of scalar fields (2.82), namely ϕ̇ = ϕ ′ +∇ϕ ·V. By making use of the
other version of the Reynolds’ transport theorem given by formula (2.85), the shape
derivative of the functional (6.6) results in

J̇Ωε (uε) =
1
2

(
∫

Ωε
B∇uε ·∇uε

)·

=

∫

Ωε
B∇uε ·∇u′ε +

1
2

∫

∂Ωε
(B∇uε ·∇uε)n ·V . (6.25)

In addition, we have

J̇Ωε (uε) =
∫

Ωε
B∇uε ·∇u̇ε −

∫

Ωε
B∇uε ·∇(∇uε ·V)

+
1
2

∫

∂Ωε
(B∇uε ·∇uε)n ·V . (6.26)

From integration by parts, we obtain

J̇Ωε (uε) =
∫

Ωε
B∇u ·∇u̇ε +

∫

Ωε
B∇(uε − u) ·∇u̇ε

+

∫

Ωε
div(B∇uε)∇uε ·V−

∫

∂Ωε
(∇uε ·V)B∇uε ·n

+
1
2

∫

∂Ωε
(B∇uε ·∇uε)n ·V , (6.27)

and after some rearrangements

J̇Ωε (uε) =
∫

Ωε
B∇u ·∇u̇ε +

∫

Ωε
B∇(uε − u) ·∇u̇ε

+
1
2

∫

∂Ωε
((B∇uε ·∇uε)I− 2∇uε⊗B∇uε)n ·V

+

∫

Ωε
div(B∇(uε − u))∇uε ·V+

∫

Ωε
div(B∇u)∇uε ·V . (6.28)

Now, let us differentiate both sides of the state equation (6.7) with respect to ε ,
which leads to

∫

Ωε
(∇uε ·∇η)′ =−

∫

∂Ωε
(∇uε ·∇η)n ·V . (6.29)
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From the tensor relation (G.20)
∫

Ωε
(∇uε ·∇η)′ =

∫

Ωε
(∇uε ·∇η)· −

∫

Ωε
∇(∇uε ·∇η) ·V

=

∫

Ωε
∇u̇ε ·∇η−

∫

Ωε
(∇V�∇uε ·∇η+∇V�∇η ·∇uε)

−
∫

Ωε
((∇∇uε)

�∇η ·V+(∇∇η)�∇uε ·V) . (6.30)

After some rearrangements, we obtain
∫

Ωε
(∇uε ·∇η)′ =

∫

Ωε
∇u̇ε ·∇η (6.31)

−
∫

Ωε
((∇∇uε )V ·∇η+∇V�∇uε ·∇η)

−
∫

Ωε
((∇∇η)V ·∇uε +∇V�∇η ·∇uε)

=
∫

Ωε
∇u̇ε ·∇η−

∫

Ωε
∇(∇uε ·V) ·∇η−

∫

Ωε
∇(∇η ·V) ·∇uε ,

where we have taken into account that ∇∇ϕ = (∇∇ϕ)�. Therefore, we have
∫

Ωε
∇u̇ε ·∇η = −

∫

∂Ωε
(∇uε ·∇η)n ·V

+

∫

Ωε
∇η ·∇(∇uε ·V)+

∫

Ωε
∇uε ·∇(∇η ·V) . (6.32)

Since u̇ε ∈ Vε and the modified adjoint state vε ∈ Vε , then we can take η = vε in the
above equation and η = u̇ε in the modified adjoint equation (6.11), leading to

∫

Ωε
∇vε ·∇u̇ε = −

∫

Ωε
B∇u ·∇u̇ε (6.33)

and
∫

Ωε
∇u̇ε ·∇vε = −

∫

∂Ωε
(∇uε ·∇vε)n ·V

+

∫

Ωε
∇vε ·∇(∇uε ·V)+

∫

Ωε
∇uε ·∇(∇vε ·V) . (6.34)

By symmetry of the above bilinear forms, we have
∫

Ωε
B∇u ·∇u̇ε =

∫

∂Ωε
(∇uε ·∇vε)n ·V

−
∫

Ωε
∇vε ·∇(∇uε ·V)−

∫

Ωε
∇uε ·∇(∇vε ·V) . (6.35)
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From integration by parts and some rearrangements, we obtain
∫

Ωε
B∇u ·∇u̇ε = −

∫

∂Ωε
(∇uε ⊗∇vε)n ·V−

∫

∂Ωε
(∇vε ⊗∇uε)n ·V

+

∫

Ωε
div(∇vε)∇uε ·V+

∫

Ωε
div(∇uε)∇vε ·V

+
∫

∂Ωε
(∇uε ·∇vε)n ·V . (6.36)

After considering this last result, we obtain

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V

+

∫

Ωε
div(B∇(uε − u))∇uε ·V+

∫

Ωε
B∇(uε − u) ·∇u̇ε

+
∫

Ωε
(Δvε + div(B∇u))∇uε ·V+

∫

Ωε
(Δuε)∇vε ·V . (6.37)

Finally, taking into account that uε is the solution to the state equation (6.10) and
that vε is the solution to the modified adjoint equation (6.12), namely, −Δuε = 0
and −Δvε = div(B∇u), respectively, we have that the last two terms in the above
equation vanish, which leads to the result. �

Corollary 6.1. From the tensor relation (G.23) and after applying the divergence
theorem (G.32) to the right hand side of (6.16), we obtain

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V−

∫

Ωε
divΣε ·V+

∫

Ωε
B∇(uε − u) ·∇u̇ε . (6.38)

Since the above equation and (6.24) remain valid for all velocity fields V, we have
that the second term of the above equation must satisfy

∫

Ωε
(divΣε + div(B∇(uε − u))∇uε) ·V= 0 ∀V , (6.39)

which implies
− divΣε = div(B∇(uε − u))∇uε . (6.40)

Corollary 6.2. According to the obtained result in Proposition 6.2, we have

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V+

∫

Ωε
div(B∇(uε − u))∇uε ·V

+

∫

Ωε
B∇(uε − u) ·∇u′ε+

∫

Ωε
B∇(uε − u) ·∇(∇uε ·V) . (6.41)
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Then,

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V

+

∫

∂Ωε
(∇uε ·V)B∇(uε − u) ·n+

∫

Ωε
B∇(uε − u) ·∇u′ε . (6.42)

Since we are dealing with an uniform expansion of the circular hole, then by taking
into account the associated velocity field V ∈ Sε , with Sε defined in (4.2), namely
V=−n on ∂Bε and V= 0 on ∂Ω , we obtain

d
dε

ψ(χε) = J̇Ωε (uε) = −
∫

∂Bε
(Σε +∇uε ⊗B∇(uε − u))n ·n

+

∫

Ωε
B∇(uε − u) ·∇u′ε . (6.43)

Remark 6.2. According to the obtained result in Proposition 6.1, we have

J̇Ωε (uε) =
∫

∂Ωε
Σεn ·V−

∫

Ωε
divΣε ·V

+

∫

∂Ωε
(∇uε ·V)B∇(uε − u) ·n−

∫

Ωε
div(B∇(uε − u))∇uε ·V

+
∫

Ωε
B∇(uε − u) ·∇u′ε . (6.44)

From (6.40) and taking into account the velocity field defined through (4.2), namely,
V=−n on ∂Bε and V= 0 on ∂Ω , we obtain (6.43).

6.3 Asymptotic Analysis of the Solution

The shape derivative of functional JΩε (uε) is given in terms of an integral over
the boundary of the hole ∂Bε and also in terms of a domain integral associated
to u′ε (6.43). This domain integral comes out from the introduction of the modified
adjoint state, solution to (6.11). Therefore, in order to apply the result of Proposition
1.1, we need to know the behavior of the functions uε and vε with respect to ε . In
particular, once we know these behaviors explicitly, we can identify function f (ε)
and perform the limit passage ε → 0 in (1.49) to obtain the final formula for the
topological derivative T of the shape functional ψ . Therefore, we need to perform
an asymptotic analysis of uε and vε with respect to ε . In this section we present
the formal calculation of the expansions of the solutions uε and vε associated to
homogeneous Neumann boundary condition on the hole. For a rigorous justification
of the asymptotic expansions of uε and vε , the reader may refer to [120, 148], for
instance.
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6.3.1 Asymptotic Expansion of the Direct State

Let us propose an ansätz for the expansion of uε in the form [120]

uε(x) = u(x)+wε(x)+ ũε(x)

= u(x̂)+∇u(x̂) · (x− x̂)+
1
2
∇∇u(y)(x− x̂) · (x− x̂)

+ wε(x)+ ũε(x) , (6.45)

where y is an intermediate point between x and x̂. On the boundary of the hole ∂Bε
we have ∂nuε = 0. Thus, the normal derivative of the above expansion, evaluated on
∂Bε , leads to

∇u(x̂) ·n− ε∇∇u(y)n ·n+ ∂nwε (x)+ ∂nũε(x) = 0 . (6.46)

In particular, we can choose wε such that

∂nwε (x) =−∇u(x̂) ·n on ∂Bε . (6.47)

Now, the following exterior problem is considered, and formally obtained as ε → 0:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

Findwε , such that
Δwε = 0 in R2 \Bε ,

wε → 0 at ∞ ,
∂nwε = −∇u(x̂) ·n on ∂Bε .

(6.48)

The above boundary value problem admits an explicit solution, namely

wε(x) =
ε2

‖x− x̂‖2∇u(x̂) · (x− x̂) . (6.49)

Now we can construct ũε in such a way that it compensates the discrepancies in-
troduced by the higher-order terms in ε as well as by the boundary-layer wε on
the exterior boundary ∂Ω . It means that the remainder ũε must be solution to the
following boundary value problem:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find ũε , such that
Δ ũε = 0 in Ωε ,

ũε = −wε on ΓD ,
∂nũε = −∂nwε on ΓN ,
∂nũε = ε∇∇u(y)n ·n on ∂Bε .

(6.50)

Clearly ũε = O(ε), since wε = O(ε2) on the exterior boundary ∂Ω . However, this
estimate can be improved [120, 148]. In fact, analogously to the Section 4.1, we
have ũε = O(ε2). Finally, the expansion for uε reads
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uε(x) = u(x)+
ε2

‖x− x̂‖2∇u(x̂) · (x− x̂)+O(ε2) . (6.51)

6.3.2 Asymptotic Expansion of the Adjoint State

Analogously to the asymptotic expansion of the direct state uε , let us propose an
ansätz for the expansion of vε in the form [120]

vε (x) = v(x)+wε(x)+ ṽε(x)

= v(x̂)+∇v(x̂) · (x− x̂)+
1
2
∇∇v(y)(x− x̂) · (x− x̂)

+ wε (x)+ ṽε(x) , (6.52)

where y is an intermediate point between x and x̂. On the boundary of the hole
∂Bε we have ∂nvε =−B∇u ·n. Thus, the normal derivative of the above expansion,
evaluated on ∂Bε , leads to

∇v(x̂) ·n− ε∇∇v(y)n ·n+ ∂nwε(x)+ ∂nṽε(x) =−B∇u ·n . (6.53)

In particular, we can choose wε such that

∂nwε(x) =−(∇v(x̂)+B∇u(x̂)) ·n on ∂Bε , (6.54)

where we have expanded B∇u(x) in Taylor’s series around the center x̂ of the hole.
Note that from the construction of the adjoint state we have

−Δvε = div(B∇u) in Ωε and −Δv = div(B∇u) in Ω . (6.55)

In addition, vε = v = 0 on ΓD and ∂nvε = ∂nv =−B∇u ·n on ΓN . It means that both
boundary value problems associated to vε and v have the same source-term and
boundary data, except, of course, on the boundary of the hole ∂Bε . In particular,
the boundary condition ∂nvε = −B∇u ·n on ∂Bε does not depend on the parameter
ε through the solution uε . Now, the following exterior problem is considered, and
formally obtained with ε → 0:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Findwε , such that
Δwε = 0 in R2 \Bε ,

wε → 0 at ∞ ,
∂nwε = −(∇v(x̂)+B∇u(x̂)) ·n on ∂Bε .

(6.56)

The above boundary value problem admits an explicit solution given by

wε(x) =
ε2

‖x− x̂‖2 (∇v(x̂)+B∇u(x̂)) · (x− x̂) . (6.57)
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Fig. 6.3 Polar coordinate
system (r,θ ) centered at the
point x̂ ∈ Ω

Now we can construct ṽε in such a way that it compensates the discrepancies in-
troduced by the higher-order terms in ε as well as by the boundary-layer wε on
the exterior boundary ∂Ω . It means that the remainder ṽε must be solution to the
following boundary value problem:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find ṽε , such that
Δ ṽε = 0 in Ωε ,

ṽε = −wε on ΓD ,
∂nṽε = −∂nwε on ΓN ,
∂nṽε = ε(∇∇v(y)n+B∇∇u(z)n) ·n on ∂Bε ,

(6.58)

where z is an intermediate point between x and x̂. Once again, we clearly have ṽε =
O(ε), since wε = O(ε2) on the exterior boundary ∂Ω . However, this estimate can
be improved. In fact, according to [120, 148], we have ṽε = O(ε2). Finally, the
expansion for vε reads

vε(x) = v(x)+
ε2

‖x− x̂‖2 (∇u(x̂)+B∇u(x̂)) · (x− x̂)+O(ε2) . (6.59)

6.4 Topological Derivative Evaluation

Now, we need to evaluate the integrals in formula (6.43) to collect the terms in
power of ε and recognize function f (ε). With these results, we can perform the
limit passage ε → 0. The integrals in (6.43) can be evaluated in the same way as
shown in Section 4.1 by using the expansions for the direct uε and adjoint vε states,
respectively given by (6.51) and (6.59). The idea is to introduce a polar coordinate
system (r,θ ) with center at x̂ (see fig. 6.3). Then, we can write uε , vε and also the
tensor B in this coordinate system, and evaluate the integrals explicitly. In particular,
the first integral in (6.43) leads to

∫

∂Bε
(Σε +∇uε ⊗B∇(uε − u))n ·n = (6.60)

2πε
(

2∇u(x̂) ·∇v(x̂)+
3
2

B∇u(x̂) ·∇u(x̂) +
1
4

tr(B)‖∇u(x̂)‖2
)

+ o(ε) .
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The second integral in (6.43) becomes

∫

Ωε
B∇(uε − u) ·∇u′ε = 2πε

(

1
2

tr(B)‖∇u(x̂)‖2
)

+ o(ε) , (6.61)

where u′ε is obtained simply by calculating the derivative of uε in (6.51) with respect
to ε . Finally, the topological derivative given by (1.49) leads to

T (x̂) =− lim
ε→0

1
f ′(ε)

(2πεg(x̂)+ o(ε)) . (6.62)

Now, in order to extract the leading term of the above expansion, we choose

f (ε) = πε2 , (6.63)

which leads to the final formula for the topological derivative, with T (x̂) =−g(x̂)

T (x̂) =−2∇u(x̂) ·∇v(x̂)− 3
2

B∇u(x̂) ·∇u(x̂)+
1
4

tr(B)‖∇u(x̂)‖2 . (6.64)

Remark 6.3. We observe that for B = I we have the energy shape functional. In this
case, the adjoint state reads v = −(u+ϕ), where ϕ is the lifting of the Dirichlet
boundary data u on ΓD. Since we can construct ϕ such that x̂ /∈ supp(ϕ), then the
topological derivative becomes

T (x̂) = ‖∇u(x̂)‖2 , (6.65)

which corroborates with the obtained formula (4.54) with b = 0, since the total
potential energy has the opposite sign with respect to the energy.
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6.5 Exercises

1. Derive expressions (6.60) and (6.61).
2. Repeat the development presented in this Chapter by taking into account the

following shape functional

ψ(χ) := JΩ (u) =
1
2

∫

Ω
Bσ(u) ·∇us ,

where B= β1I+β2I⊗ I is a fourth order isotropic tensor, with β1 and β2 used to
denote given parameters. In addition, the vector function u is the solution to the
following boundary value problem (see Section 4.2):

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find u, such that
−divσ(u) = 0 in Ω ,

σ(u) = C∇us ,
u = u on ΓD ,

σ(u)n = q on ΓN .

3. Repeat the development presented in this Chapter by taking into account the
following shape functional

ψ(χ) := JΩ (u) =−1
2

∫

Ω
BM(u) ·∇∇u ,

with B = β1I+β2I⊗ I used to denote a fourth order isotropic tensor, where β1

and β2 are given parameters. In addition, the scalar function u is the solution to
the following boundary value problem (see Section 4.3):

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find u, such that
div(divM(u)) = 0 in Ω ,

M(u) = −C∇∇u ,
u

∂nu
=
=

u
ρ

on
on

ΓDu ,
ΓDρ ,

Mnn(u)
∂τMτn(u)+ divM(u) ·n

�Mτn(u(xi))�

=
=
=

m
q
Qi

on
on
on

ΓNm ,
ΓNq ,
xi ∈ ΓNq .



Chapter 7
Topological Derivative for Steady-State
Orthotropic Heat Diffusion Problems

The topological derivative associated with the nucleation of a hole in the domain
characterized by an orthotropic material was calculated in [204]. In order to sim-
plify the analysis the domain was perturbed by introducing a specific elliptical hole,
instead of a circular hole. The elliptical hole was oriented in the directions of the or-
thotropy and the semi-axis of the ellipse were proportional to the material properties
coefficients in each orthogonal direction.

In this chapter, this result of [204] is extended to the configurational domain
perturbations with a contrast parameter for the material properties (see Chapter 5
for the related results on topological derivatives for inclusions). The nucleation of a
small circular inclusion is considered with the property that the bulk phase (matrix)
is of the same nature as the topological perturbation (see fig. 7.1), hence a contrast
parameter is employed for the material properties in our problem.

Therefore, the topological derivative of the total potential energy for the steady-
state orthotropic heat diffusion problem in two spatial dimensions is evaluated with
respect to the nucleation of a small circular inclusion made of an orthotropic mate-
rial defined by a contrast parameter with respect to the orthotropic material of the
bulk phase.

Fig. 7.1 Topologically perturbed domain by the nucleation of a small circular inclusion of
the same nature as the bulk phase
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Fig. 7.2 Orthotropic steady-
state heat diffusion problem
defined in the unperturbed
domain

7.1 Problem Formulation

The shape functional in the unperturbed domain Ω is given by

ψ(χ) := JΩ (u) =−1
2

∫

Ω
q(u) ·∇u+

∫

ΓN

qu , (7.1)

where the scalar function u is the solution to the variational problem:

⎧

⎪

⎨

⎪

⎩

Findu ∈ U , such that
∫

Ω
q(u) ·∇η =

∫

ΓN

qη ∀η ∈ V ,

with q(u) =−K∇u .

(7.2)

In the above equation, K is the symmetric second order thermal conductivity tensor
with eigenvalues k1 and k2, respectively associated to the orthogonal directions e1

and e2. The set U and the space V are respectively defined as

U := {ϕ ∈ H1(Ω) : ϕ|ΓD
= u} , (7.3)

V := {ϕ ∈ H1(Ω) : ϕ|ΓD
= 0} . (7.4)

In addition, ∂Ω = Γ D ∪Γ N with ΓD ∩ΓN = ∅, where ΓD and ΓN are Dirichlet and
Neumann boundaries, respectively. Thus u is a Dirichlet data on ΓD and q is a Neu-
mann data on ΓN , both assumed to be smooth enough. See the details in fig. 7.2. The
strong formulation associated to the variational problem (7.2) reads:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Findu, such that
divq(u) = 0 in Ω ,

q(u) = −K∇u ,
u = u on ΓD ,

q(u) ·n = q on ΓN .

(7.5)
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Fig. 7.3 Orthotropic steady-state heat diffusion problem defined in the perturbed domain

Now, let us state the same problem in the perturbed domain. In this case, the total
potential energy reads

ψ(χε) := Jχε (uε) =−1
2

∫

Ω
qε(uε) ·∇uε +

∫

ΓN

quε , (7.6)

where the scalar function uε solves the variational problem:

⎧

⎪

⎨

⎪

⎩

Finduε ∈ Uε , such that
∫

Ω
qε(uε) ·∇η =

∫

ΓN

qη ∀η ∈ Vε ,

with qε(uε) =−γεK∇uε ,

(7.7)

with γε defined by (5.1). It means that the inclusion has the same nature as the bulk
phase, but with a contrast γ . The set Uε and the space Vε are defined as

Uε := {ϕ ∈ U : �ϕ� = 0 on ∂Bε} , (7.8)

Vε := {ϕ ∈ V : �ϕ� = 0 on ∂Bε} , (7.9)

where the operator �ϕ� is used to denote the jump of function ϕ on the boundary of
the inclusion ∂Bε , namely, �ϕ� := ϕ|Ω\Bε

−ϕ|Bε on ∂Bε . See the details in fig. 7.3.

The strong formulation associated to the variational problem (7.7) reads:
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Finduε , such that
divqε(uε) = 0 in Ω ,

qε(uε) = −γεK∇uε ,
uε = u on ΓD ,

qε(uε) ·n = q on ΓN ,
�uε�

�qε(uε)� ·n
=
=

0
0

}

on ∂Bε .

(7.10)
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The transmission condition on the boundary of the inclusion ∂Bε comes out from
the variation formulation (5.60).

7.2 Shape Sensitivity Analysis

In order to apply the result presented in Proposition 1.1, we need to evaluate the
shape derivative of functional Jχε (uε) with respect to an uniform expansion of the
inclusion Bε . Therefore, by making use of the Reynolds’ transport theorem given by
formula (2.88), the shape derivative of the functional (7.6) results in

J̇χε (uε) = −
∫

Ω
qε(uε) ·∇u′ε −

1
2

∫

∂Ω
(qε(uε) ·∇uε)n ·V

−1
2

∫

∂Bε
�qε(uε) ·∇uε�n ·V+

∫

ΓN

qu̇ε , (7.11)

where (·)′ is the partial derivative of (·) with respect to ε and V is the shape change
velocity field defined trough (4.2). Now, let us use the relation between material and
spatial derivatives of scalar fields (2.82), namely ϕ ′ = ϕ̇−∇ϕ ·V, which leads to

J̇χε (uε) = −1
2

∫

∂Ω
(qε(uε) ·∇uε)n ·V− 1

2

∫

∂Bε
�qε(uε) ·∇uε�n ·V

+
∫

Ω
qε(uε) ·∇(∇uε ·V)−

∫

Ω
qε(uε) ·∇u̇ε +

∫

ΓN

qu̇ε . (7.12)

Since u̇ε is a variation of uε in the direction of the velocity field V, then u̇ε ∈ Vε .
Now, by taking u̇ε as test function in the variational problem (7.7), we have that the
last two terms of the above equation vanish. By using the tensor relation (G.18) and
after applying the divergence theorem, we have

J̇χε (uε) = −1
2

∫

∂Ω
(qε(uε) ·∇uε)n ·V− 1

2

∫

∂Bε
�qε (uε) ·∇uε�n ·V

+

∫

∂Ω
(∇uε ·V)qε(uε) ·n+

∫

∂Bε
�(∇uε ·V)qε(uε)� ·n

−
∫

Ω
divqε(uε)(∇uε ·V) . (7.13)

Considering that uε is also solution to the strong equation (7.10), namely,
divqε(uε) = 0 in Ω , the last term of the above equation vanishes. Then, we have

J̇χε (uε) = −1
2

∫

∂Ω
(qε(uε) ·∇uε)n ·V− 1

2

∫

∂Bε
�qε(uε) ·∇uε�n ·V

+
∫

∂Ω
(∇uε ·V)qε(uε) ·n+

∫

∂Bε
�(∇uε ·V)qε(uε)� ·n . (7.14)
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Fig. 7.4 Polar coordinate
system (r,θ ) centered at the
point x̂ ∈ Ω

Since we are dealing with an uniform expansion on the circular inclusion Bε , we
recall that V|∂Ω = 0 and V|∂Bε

=−n, which implies

d
dε

ψ(χε) = J̇χε (uε) =
1
2

∫

∂Bε
�qτε(uε)∂τuε − qn

ε(uε)∂nuε� , (7.15)

where, from an orthonormal curvilinear coordinate system n and τ on the boundary
∂Bε (see fig. 7.4), the heat flux qε(uε) and the gradient ∇uε were decomposed into
their normal and tangential components, that is

∇uε|∂Bε
= (∂nuε)n+(∂τuε)τ , (7.16)

qε(uε)|∂Bε
= qn

ε(uε)n+ qτε(uε)τ . (7.17)

According to formula (7.15), the shape gradient originally defined in the whole do-
main Ω leads, once again, to an integral concentrated only on the boundary of the
inclusion ∂Bε . Therefore, in order to apply the result of Proposition 1.1, we need
to know the behavior of the function uε with respect to ε in the neighborhood of
the inclusion Bε . In particular, once we know this behavior explicitly, we can iden-
tify function f (ε) and perform the limit passage ε → 0 in (1.49) to obtain the final
formula for the topological derivative T of the shape functional ψ .

7.3 Asymptotic Analysis of the Solution

The problem given by (7.10), although linear, is not so easy to expand in power of ε .
Initially, we consider a local coordinate system centered at x̂ and oriented along the
eigenvectors of tensor K. Therefore, let us make the following change of variables

xi =
√

ki yi for i = 1,2 ⇒ x = K
1
2 y , (7.18)

where x = (x1,x2) and y = (y1,y2) are points defined over the domain Ω and trans-
formed domain ˜Ω , respectively. Thus, the circular inclusion Bε(x̂) is mapped into
an ellipse Eε(ŷ) with semi-major axis α = 1/

√
k1, semi-minor axis β = 1/

√
k2 and

centered at point ŷ, as can be seen in fig. 7.5. The above mapping allows us to rewrite
the boundary value problem (7.10) as
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Fig. 7.5 Transformed domain ˜Ω

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find ũε , such that
divy(γε∇yũε) = 0 in ˜Ω ,

ũε = u on ˜ΓD ,

−∂ñũε = q on ˜ΓN ,
�ũε �

�γε∇yũε� · ñ
=
=

0
0

}

on ∂Eε ,

(7.19)

where, according to (7.18), y = K− 1
2 x, ñ = K− 1

2 n, ũε(y) = uε(x) and, for the sake
of simplicity, we are using the same notation for the boundary conditions u and q.
Then, the following asymptotic expansion of solution ũε in ˜Ω holds [9, 39, 45, 176],

ũε(y)|
˜Ω\Eε

= ũ(y)+
ε2

‖y− ŷ‖2 Pγ∇u(ŷ) · (y− ŷ)+O(ε2) , (7.20)

ũε(y)|Eε = ũ(y)+Pγ∇u(ŷ) · (y− ŷ)+O(ε2) , (7.21)

where ũ is the solution of the problem in the unperturbed domain ˜Ω , namely ũ(y) =
u(x), and Pγ is given by

Pγ =
1
2
(1− γ)αβ

( α+β
α+γβ 0

0 α+β
β+γα

)

, (7.22)

which has been derived from the polarization tensor for an elliptical inclusion [198].
Considering the inverse mapping y = Jx in (7.20) and (7.21), where J := K− 1

2 ,
we have that the asymptotic expansion for uε in Ω is given by

uε(x)|Ω\Bε
= u(x)+

ε2

‖J(x− x̂)‖2 Pγ∇u(x̂) · (x− x̂)+O(ε2) , (7.23)

uε(x)|Bε = u(x)+Pγ∇u(x̂) · (x− x̂)+O(ε2) . (7.24)

It is well known that the asymptotic expansions can be differentiated term by term
[148, 143]. Thus, by assuming a sufficient regularity of u in Ω and performing its
Taylor’s series expansion around point x̂, we obtain the following expansion for ∇uε
in Ω ,
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∇uε(x)|Ω\Bε
= ∇u(x̂)+

ε2

‖J(x− x̂)‖2 SPγ∇u(x̂)+O(ε) , (7.25)

∇uε(x)|Bε = ∇u(x̂)+Pγ∇u(x̂)+O(ε) , (7.26)

with the tensor S given by

S := I− 2
‖J(x− x̂)‖2 J2(x− x̂)⊗ (x− x̂) . (7.27)

7.4 Topological Derivative Evaluation

From expansions (7.25) and (7.26) written in a polar coordinate system (r,θ ) with
center at x̂ (see fig. 7.4), we can solve the integral (7.15) explicitly. This result to-
gether with the relation between shape and topological derivative given by (1.49)
leads to

T (x̂) = lim
ε→0

1
f ′(ε)

[

2πε
√

detKPγq(u(x̂)) ·∇u(x̂)+ o(ε)
]

. (7.28)

Now, in order to identify the leading term of the above expansion, we choose

f (ε) = πε2 , (7.29)

which leads to the final expression of the topological derivative given by a scalar
function that depends on the solution u associated to the original domain Ω (without
inclusion), namely [13, 78]

T (x̂) =
√

detKPγq(u(x̂)) ·∇u(x̂) . (7.30)

Therefore, the topological asymptotic expansion of the energy shape functional as-
sociated to the steady-state orthotropic heat diffusion problem is given by

ψ(χε(x̂)) = ψ(χ)+πε2
√

detKPγq(u(x̂)) ·∇u(x̂)+ o(ε2) . (7.31)

The full mathematical justification for the above expansion follows the same steps
presented in Chapter 5, Section 5.4.

Remark 7.1. It is interesting to observe that for isotropic material, we have k1 =
k2 = k and the final expression for the topological derivative (7.30) degenerates to
the classical one given by [13],

T (x̂) =
1− γ
1+ γ

q(u(x̂)) ·∇u(x̂) , (7.32)

which corroborates with the formula (5.45).
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Remark 7.2. From the final expression for the topological derivative (7.30), we can
analyze the limits cases of the parameter γ , which are:

• Ideal thermal insulator (γ → 0):

T (x̂) =
1

2
√

detK

(

K +
√

detKI
)

q(u(x̂)) ·∇u(x̂) . (7.33)

• Ideal thermal conductor (γ → ∞):

T (x̂) =−1
2

(

I+
√

detKK−1
)

q(u(x̂)) ·∇u(x̂) . (7.34)



Chapter 8
Topological Derivative for Three-Dimensional
Linear Elasticity Problems

In this chapter the elasticity boundary value problems in three spatial dimensions are
considered. The topological derivative of the total potential energy for the perturba-
tion in the form of a small spherical cavity Bε(x̂), with x̂ ∈Ω ⊂R3 and Bε �Ω , is
obtained. Therefore, the topologically perturbed domain is given by Ωε = Ω \Bε .
The method for derivation of the topological derivative follows the same steps as
presented in Chapter 4. We start by defining a shape change velocity field V that
represents an uniform expansion of the cavity Bε(x̂). Thanks to this velocity field,
together with Proposition 1.1, we can use the shape derivative of the energy func-
tional as an intermediate step in the topological derivative calculation. In fact, after
obtaining the (formal) asymptotic expansion of the solution to the elasticity system
(defined in the perturbed domain Ωε ) with respect to the small parameter ε , the sin-
gular limit ε → 0 in formula (1.49) can be evaluated explicitly, leading to the closed
form of the topological derivative.

In the second part of this chapter the multiscale constitutive modeling is intro-
duced. The topological derivative of the macroscopic elasticity tensor with respect
to topological perturbations on the micro level is obtained in its closed form. This
part is a new and important direction of research in the field of shape and topology
optimization in structural mechanics. In particular, the obtained topological deriva-
tives of the effective material properties can be used in the synthesis and optimal
design of microstructures.

8.1 Problem Formulation

The shape functional associated to the unperturbed domain Ω is given by

ψ(χ) := JΩ (u) =
1
2

∫

Ω
σ(u) ·∇us −

∫

ΓN

q ·u , (8.1)

where the vector function u is the solution to the variational problem:
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Fig. 8.1 Three-dimensional
linear elasticity problem de-
fined in the unperturbed
domain Ω

⎧

⎪

⎨

⎪

⎩

Findu ∈ U , such that
∫

Ω
σ(u) ·∇ηs =

∫

ΓN

q ·η ∀η ∈ V ,

with σ(u) = C∇us .

(8.2)

In the above equation, C is the constitutive tensor given by

C=
E

1+ν

(

I+
ν

1− 2ν
I⊗ I

)

, (8.3)

where I and I are the second and fourth order identity tensors, respectively, E is the
Young modulus and ν the Poisson ratio, both considered constants everywhere. The
set U and the space V are respectively defined as

U := {ϕ ∈ H1(Ω ;R3) : ϕ|ΓD
= u} , (8.4)

V := {ϕ ∈ H1(Ω ;R3) : ϕ|ΓD
= 0} . (8.5)

In addition, ∂Ω = Γ D ∪Γ N with ΓD ∩ΓN = ∅, where ΓD and ΓN are Dirichlet and
Neumann boundaries, respectively. Thus u is a Dirichlet data on ΓD and q is a Neu-
mann data on ΓN , both assumed to be smooth enough. See the details in fig. 8.1. The
strong system associated to the variational problem (8.2) reads:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Find u, such that
−divσ(u) = 0 in Ω ,

σ(u) = C∇su ,
u = u on ΓD ,

σ(u)n = q on ΓN .

(8.6)

Remark 8.1. Since the Young modulus E and the Poisson ratio ν are considered con-
stants, the above boundary value problem reduces itself to the well-known Navier
system, namely

− μΔu− (λ+ μ)∇(divu) = 0 in Ω , (8.7)
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Fig. 8.2 Three-dimensional linear elasticity problem defined in the perturbed domain Ωε

with the Lame’s coefficients μ and λ respectively given by

μ =
E

2(1+ν)
and λ =

νE
(1+ν)(1− 2ν)

. (8.8)

Now, let us state the same problem in the perturbed domain Ωε . In this case, the
total potential energy reads

ψ(χε) := JΩε (uε) =
1
2

∫

Ωε
σ(uε) ·∇us

ε −
∫

ΓN

q ·uε , (8.9)

where the vector function uε solves the variational problem:

⎧

⎪

⎨

⎪

⎩

Finduε ∈ Uε , such that
∫

Ωε
σ(uε) ·∇ηs =

∫

ΓN

q ·η ∀η ∈ Vε ,

with σ(uε) = C∇us
ε .

(8.10)

The set Uε and the space Vε are defined as

Uε := {ϕ ∈ H1(Ωε ;R3) : ϕ|ΓD
= u} , (8.11)

Vε := {ϕ ∈ H1(Ωε ;R3) : ϕ|ΓD
= 0} . (8.12)

Since uε is free on ∂Bε , then we have homogeneous Neumann boundary condition
on the cavity. It means that the cavity is a free boundary representing a void. See
the details in fig. 8.2. The strong system associated to the variational problem (8.10)
reads:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Finduε , such that
−divσ(uε) = 0 in Ωε ,

σ(uε) = C∇us
ε ,

uε = u on ΓD ,
σ(uε)n = q on ΓN ,
σ(uε)n = 0 on ∂Bε .

(8.13)
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8.2 Shape Sensitivity Analysis

In order to apply the result presented in Proposition 1.1, we need to evaluate the
shape derivative of functional JΩε (uε) with respect to an uniform expansion of
the cavity Bε . In particular, we could use directly the result presented in Corollary
4.3 through formula (4.140), since it is independent of the spacial dimension of the
problem. However, we will repeat the shape sensitivity analysis in order to show a
faster way to obtain the shape derivative of JΩε (uε) for the particular case associ-
ated to an uniform expansion of the spherical cavity.

Therefore, by making use of the Reynolds’ transport theorem given by formula
(2.85), the shape derivative of the functional (8.9) results in

J̇Ωε (uε) =
∫

Ωε
σ(uε) · (∇u′ε)

s +
1
2

∫

∂Ωε
(σ(uε) ·∇us

ε)n ·V−
∫

ΓN

q · u̇ε , (8.14)

where (·)′ is the partial derivative of (·) with respect to ε and V is the shape
change velocity field defined such that V|∂Ω = 0 and V|∂Bε

= −n. Now, let us use
the relation between material and spatial derivatives of vector fields (2.83), namely
ϕ ′ = ϕ̇− (∇ϕ)V, which leads to

J̇Ωε (uε) =
1
2

∫

∂Ωε
(σ(uε) ·∇us

ε)n ·V−
∫

Ωε
σ(uε) ·∇((∇uε)V)s

+

∫

Ωε
σ(uε) ·∇u̇s

ε −
∫

ΓN

q · u̇ε . (8.15)

Since u̇ε is a variation of uε in the direction of the velocity field V, then u̇ε ∈ Vε .
Now, by taking u̇ε as test function in the variational problem (8.10), we have that
the last two terms of the above equation vanish. By using the tensor relation (G.23)
and after applying the divergence theorem (G.33), we have

J̇Ωε (uε) =
1
2

∫

∂Ωε
(σ(uε) ·∇us

ε)n ·V

−
∫

∂Ωε
((∇uε)V) ·σ(uε)n+

∫

Ωε
(divσ(uε)) · (∇uε)V , (8.16)

where the fact that σ(uε)� = σ(uε) has been considered. Since we are dealing
with an uniform expansion on the spherical cavity Bε , we recall that V|∂Ω = 0 and
V|∂Bε

=−n, which implies

J̇Ωε (uε) = −1
2

∫

∂Bε
σ(uε) ·∇us

ε +
∫

∂Bε
((∇uε)n) ·σ(uε)n

+

∫

Ωε
(divσ(uε)) · (∇uε)V , (8.17)
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where ∂Ωε = ∂Ω ∪ ∂Bε . Considering that uε is also solution to the strong system
(8.13), namely, divσ(uε) = 0 in Ωε and σ(uε)n = 0 on ∂Bε , the last two terms of
the above equation vanish. Then, we finally have

d
dε

ψ(χε) = J̇Ωε (uε) =−1
2

∫

∂Bε
σ(uε) ·∇us

ε , (8.18)

where the shape gradient originally defined in the whole domain Ωε leads, once
again, to an integral defined only on the boundary of the cavity ∂Bε . Therefore,
in order to apply the result of Proposition 1.1, we need to know the behavior of the
function uε with respect to ε in the neighborhood of the cavity Bε . In particular, once
we know this behavior explicitly, we can identify function f (ε) and perform the
limit passage ε → 0 in (1.49), allowing to obtain the final formula for the topological
derivative T of the shape functional ψ .

8.3 Asymptotic Analysis of the Solution

In this section, we present the formal calculation of the expansions of the solution
uε associated to homogeneous Neumann condition on the boundary of the cavity.
For a rigorous justification of the asymptotic expansions of uε , the reader may refer
to [120, 148], for instance. Let us propose an ansätz for the expansion of uε in the
form [120]

uε(x) = u(x)+wε(x)+ ũε(x) . (8.19)

After applying the operator σ we have

σ(uε(x)) = σ(u(x))+σ(wε(x))+σ(ũε(x))
= σ(u(x̂))+∇σ(u(y))(x− x̂)+σ(wε(x))+σ(ũε(x)) , (8.20)

where y is an intermediate point between x and x̂. On the boundary of the cavity
∂Bε we have σ(uε)n|∂Bε

= 0. Thus, the normal projection of the above expansion,
evaluated on ∂Bε , leads to

σ(u(x̂))n− ε(∇σ(u(y))n)n+σ(wε(x))n+σ(ũε(x))n = 0 . (8.21)

In particular, we can choose σ(wε ) such that

σ(wε (x))n =−σ(u(x̂))n on ∂Bε . (8.22)

Now, the following exterior problem is considered, and formally obtained as ε → 0:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

Findσ(wε ), such that
divσ(wε ) = 0 in R3 \Bε ,

σ(wε ) → 0 at ∞ ,
σ(wε )n = −σ(u(x̂))n on ∂Bε .

(8.23)
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The above boundary value problem admits an explicit solution (see, for instance,
the book by Little 1973 [139]), which will be used later to obtain the expansion for
σ(uε). Now we can construct σ(ũε) in such a way that it compensates the discrep-
ancies introduced by the higher-order terms in ε as well as by the boundary-layer
σ(wε ) on the exterior boundary ∂Ω . It means that the remainder σ(ũε) must be
solution to the following boundary value problem:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Findσ(ũε), such that
divσ(ũε) = 0 in Ωε ,

σ(ũε) = −σ(wε) on ∂Ω ,
σ(ũε)n = ε(∇σ(u(y))n)n on ∂Bε ,

(8.24)

where, according to [120, 148], σ(ũε) = O(ε3). Finally, the expansion for σ(uε) in
the spherical coordinate system (r,θ ,φ) reads (see fig. 8.3)

σ rr(uε) = σ rr
1 +σ rr

2 +σ rr
3 +O(ε) ,

σ rθ (uε) = σ rθ
1 +σ rθ

2 +σ rθ
3 +O(ε) ,

σ rφ (uε) = σ rφ
1 +σ rφ

2 +σ rφ
3 +O(ε) ,

σθθ (uε) = σθθ
1 +σθθ

2 +σθθ
3 +O(ε) ,

σθφ (uε) = σθφ
1 +σθφ

2 +σθφ
3 +O(ε) ,

σφφ (uε) = σφφ
1 +σφφ

2 +σφφ
3 +O(ε) ,

(8.25)

where σ rr
i , σ rθ

i , σ rφ
i , σθθ

i , σθφ
i and σφφ

i , for i = 1,2,3, are written, as:

For i = 1

σ rr
1 =

σ1

14− 10ν

[

12

(

ε3

r3 − ε5

r5

)

+

(

14− 10ν− 10(5−ν)
ε3

r3 + 36
ε5

r5

)

sin2 θ sin2 φ
]

, (8.26)

σ rθ
1 =

σ1

14− 10ν

[

7− 5ν+ 5(1+ν)
ε3

r3 − 12
ε5

r5

]

sin2θ sin2 φ , (8.27)

σ rφ
1 =

σ1

14− 10ν

[

7− 5ν+ 5(1+ν)
ε3

r3 − 12
ε5

r5

]

sinθ sin2φ , (8.28)

σθθ
1 =

σ1

56− 40ν

[

14− 10ν+(1+ 10ν)
ε3

r3 + 3
ε5

r5 −
(

14− 10ν+ 25(1− 2ν)
ε3

r3 − 9
ε5

r5

)

cos2φ+
(

28− 20ν− 10(1− 2ν)
ε3

r3 + 42
ε5

r5

)

cos2θ sin2 φ
]

, (8.29)



8.3 Asymptotic Analysis of the Solution 209

σθφ
1 =

σ1

14− 10ν

[

7− 5ν+ 5(1− 2ν)
ε3

r3 + 3
ε5

r5

]

cosθ sin2φ , (8.30)

σφφ
1 =

σ1

56− 40ν

[

28− 20ν+(11− 10ν)
ε3

r3 + 9
ε5

r5 +

(

28− 20ν+ 5(1− 2ν)
ε3

r3 + 27
ε5

r5

)

cos2φ−

30

(

(1− 2ν)
ε3

r3 − ε5

r5

)

cos2θ sin2 φ
]

. (8.31)

For i = 2

σ rr
2 =

σ2

14− 10ν

[

12

(

ε3

r3 − ε5

r5

)

+

(

14− 10ν− 10(5−ν)
ε3

r3 + 36
ε5

r5

)

sin2 θ cos2 φ
]

, (8.32)

σ rθ
2 =

σ2

14− 10ν

[

7− 5ν+ 5(1+ν)
ε3

r3 − 12
ε5

r5

]

cos2 φ sin2θ , (8.33)

σ rφ
2 =

−σ2

14− 10ν

[

7− 5ν+ 5(1+ν)
ε3

r3 − 12
ε5

r5

]

sinθ sin2φ , (8.34)

σθθ
2 =

σ2

56− 40ν

[

14− 10ν+(1+ 10ν)
ε3

r3 + 3
ε5

r5 +

(

14− 10ν+ 25(1− 2ν)
ε3

r3 − 9
ε5

r5

)

cos2φ+
(

28− 20ν− 10(1− 2ν)
ε3

r3 + 42
ε5

r5

)

cos2θ cos2 φ
]

, (8.35)

σθφ
2 =

−σ2

14− 10ν

[

7− 5ν+ 5(1− 2ν)
ε3

r3 + 3
ε5

r5

]

cosθ sin2φ , (8.36)

σφφ
2 =

σ2

56− 40ν

[

28− 20ν+(11− 10ν)
ε3

r3 + 9
ε5

r5 −
(

28− 20ν+ 5(1− 2ν)
ε3

r3 + 27
ε5

r5

)

cos2φ−

30

(

(1− 2ν)
ε3

r3 − ε5

r5

)

cos2θ cos2 φ
]

. (8.37)



210 8 Topological Derivative for Three-Dimensional Linear Elasticity Problems

For i = 3

σ rr
3 =

σ3

14− 10ν

[

14− 10ν− (38− 10ν)
ε3

r3 + 24
ε5

r5 −
(

14− 10ν− 10(5−ν)
ε3

r3 + 36
ε5

r5

)

sin2 θ
]

, (8.38)

σ rθ
3 =

−σ3

14− 10ν

[

14− 10ν+ 10(1+ν)
ε3

r3 − 24
ε5

r5

]

cosθ sinθ , (8.39)

σ rφ
3 = 0 , (8.40)

σθθ
3 =

σ3

14− 10ν

[

(9− 15ν)
ε3

r3 − 12
ε5

r5 +

(

14− 10ν− 5(1− 2ν)
ε3

r3 + 21
ε5

r5

)

sin2 θ
]

, (8.41)

σθφ
3 = 0 , (8.42)

σφφ
3 =

σ3

14− 10ν

[

(9− 15ν)
ε3

r3 − 12
ε5

r5 −

15

(

(1− 2ν)
ε3

r3 − ε5

r5

)

sin2 θ
]

, (8.43)

where σ1 = σ1(u(x̂)), σ2 = σ2(u(x̂)) and σ3 = σ3(u(x̂)) are the principal stress
values of tensor σ(u(x̂)) associated to the original domain without cavity Ω . In
other words, tensor σ(u(x̂)) was diagonalized in the following way:

σ(u(x̂)) =
3

∑
i=1

σi(ei ⊗ ei) , (8.44)

where σi is the eigenvalue associated to the ei eigenvector of tensor σ(u(x̂)). In
addition, σ rr(ϕ), σ rθ (ϕ), σ rφ (ϕ), σθθ (ϕ), σθφ (ϕ) and σφφ (ϕ) are the com-
ponents of tensor σ(ϕ) in the spherical coordinate system, namely, σ rr(ϕ) =
er · σ(ϕ)er, σ rθ (ϕ) = σθr(ϕ) = er · σ(ϕ)eθ , σ rφ (ϕ) = σφr(ϕ) = er · σ(ϕ)eφ ,
σθθ (ϕ) = eθ ·σ(ϕ)eθ , σθφ (ϕ) =σφθ (ϕ)= eθ ·σ(ϕ)eφ and σφφ (ϕ) = eφ ·σ(ϕ)eφ ,
with ||er||= ||eθ ||= ||eφ ||= 1 and er · eθ = er · eφ = eθ · eφ = 0. See fig. 8.3.
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Fig. 8.3 Spherical coordi-
nate system (r,θ ,φ) cen-
tered at the point x̂ ∈Ω

8.4 Topological Derivative Evaluation

From the spherical coordinate system (r,θ ,φ) shown in fig. 8.3, the stress tensor
σ(uε) = σ(uε)� can be decomposed as

σ(uε)|∂Bε
= σ rr(uε)(e

r ⊗ er)+σ rθ (uε)(e
r ⊗ eθ )+σ rφ (uε)(e

r ⊗ eφ )

+ σθθ (uε)(e
θ ⊗ eθ )+σθφ (uε)(e

θ ⊗ eφ )+σφφ (uε)(e
φ ⊗ eφ) . (8.45)

Since n =−er, we observe that σ(uε)n|∂Bε
=−σ(uε)er

|∂Bε
. Therefore,

σ(uε)er
|∂Bε

= σ rr(uε)e
r +σ rθ (uε)e

θ +σ rφ (uε)e
φ = 0 , (8.46)

with er⊥eθ , er⊥eφ and eθ⊥eφ , which implies

σ rr(uε) = σ rθ (uε) = σθr(uε) = σ rφ (uε) = σφr(uε) = 0 on ∂Bε , (8.47)

since σ(uε) = σ(uε)�. In addition, the constitutive tensor C is invertible,

C
−1 =

1
E
((1+ν)I−νI⊗ I)) , (8.48)

which implies ∇us
ε = C

−1σ(uε). Therefore, we have

σ(uε) ·∇us
ε =

1
E
((1+ν)σ(uε) ·σ(uε)−νtr2σ(uε)) . (8.49)

By using the above decomposition together with the boundary condition on ∂Bε ,
the shape derivative of the cost functional (8.18) reads

d
dε

ψ(χε) = − 1
2E

∫

∂Bε
gε , (8.50)
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where the auxiliary function gε is defined by

gε := σθθ (uε)
2 +σφφ (uε)

2 − 2νσθθ (uε)σφφ (uε)+ 2(1+ν)σθφ(uε)
2 . (8.51)

From formula (8.25), we have that the following expansion for σ(uε) holds on the
boundary the cavity, namely, for r = ε ,

σθθ (uε)|∂Bε
=

3
4

1
7− 5ν

[

σ1
(

3− 5(1− 2ν)cos2φ + 10cos2θ sin2 φ
)

+σ2
(

3+ 5(1− 2ν)cos2φ + 10cos2θ cos2 φ
)

+σ3 (2(4− 5ν)− 10cos2θ )]+O(ε) , (8.52)

σθφ (uε)|∂Bε
=

15
2

1−ν
7− 5ν

(σ1 −σ2)cosθ sin2φ +O(ε) , (8.53)

σφφ (uε)|∂Bε
=

3
4

1
7− 5ν

[

σ1
(

8− 5ν+ 5(2−ν)cos2φ + 10ν cos2θ sin2 φ
)

+σ2
(

8− 5ν− 5(2−ν)cos2φ + 10ν cos2θ cos2 φ
)

−2σ3 (1+ 5ν cos2θ )]+O(ε) . (8.54)

Considering the above expansions in (8.50) and by taking into account the identity
below

∫

∂Bε
ϕ =

∫ 2π

0

(
∫ π

0
ϕε2 sinθdθ

)

dφ , (8.55)

where ϕ is a given function, we have that after analytically solving the integral on
the boundary of the cavity ∂Bε , we obtain

d
dε

ψ(χε) =−4πε2 3
4E

1−ν
7− 5ν

(10(1+ν)ϕ1− (1+ 5ν)ϕ2)+O(ε3) , (8.56)

where ϕ1 and ϕ2 are respectively given by

ϕ1 = σ2
1 +σ2

2 +σ2
3 and ϕ2 = (σ1 +σ2 +σ3)

2 . (8.57)

The above result together with the relation between shape and topological derivative
given by (1.49) leads to

T =− lim
ε→0

1
f ′(ε)

[

4πε2 3
4E

1−ν
7− 5ν

(10(1+ν)ϕ1− (1+ 5ν)ϕ2)+O(ε3)

]

. (8.58)

Now, in order to extract the leading term of the above expansion, we choose

f (ε) =
4
3
πε3 , (8.59)

which results in

T =− 3
4E

1−ν
7− 5ν

(10(1+ν)ϕ1− (1+ 5ν)ϕ2) . (8.60)
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Therefore, the final expression for the topological derivative becomes a scalar func-
tion that depends on solution u associated to the original domain Ω (without cavity),
that is [70, 187]:

• In terms of the principal stresses σi(x̂) = σi(u(x̂)), i = 1,2,3

T (x̂) =− 3
4E

1−ν
7− 5ν

⎡

⎣10(1+ν)
3

∑
i=1

σi(x̂)
2 − (1+ 5ν)

(

3

∑
i=1

σi(x̂)

)2
⎤

⎦ . (8.61)

• In terms of the stress tensor σ(u(x̂))

T (x̂)=− 3
4E

1−ν
7− 5ν

[

10(1+ν)σ(u(x̂)) ·σ(u(x̂))− (1+ 5ν)tr2σ(u(x̂))
]

.

(8.62)
• In terms of the stress tensor σ(u(x̂)) and the strain tensor ∇us(x̂)

T (x̂) =−Pσ(u(x̂)) ·∇us(x̂) , (8.63)

where P is the polarization tensor, given in this particular case by the following
isotropic fourth order tensor

P=
3
4

1−ν
7− 5ν

(

10I− 1− 5ν
1− 2ν

I⊗ I

)

. (8.64)

Finally, the topological asymptotic expansion of the energy shape functional reads

ψ(χε(x̂)) = ψ(χ)−πε3
Pσ(u(x̂)) ·∇us(x̂)+ o(ε3) , (8.65)

whose mathematical justification follows the same steps as it is presented in Chapter
10 for another problem.

8.5 Numerical Example

In order to explain briefly the significance of the topological derivative in shape
optimization we present one example, with the well known solution obtained by
numerical methods. We use a simple procedure consisting in a successive nucle-
ation of cavities where the topological derivative is more negative. In particular,
the topology is identified by the strong material distribution and the inclusions of
weak material are use to mimic the cavities. In addition, the topological derivative
is evaluated at the nodal points of the finite elements mesh. Then, we remove the
elements that share the node where the topological derivative assumes its more neg-
ative values as shown in the sketching of fig. 8.4. This procedure is repeated until the
topological derivative becomes positive everywhere. For more elaborated topology
design algorithm, the reader may refer to the paper by Amstutz & Andrä 2006 [16].
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Fig. 8.4 Sketching of the procedure to nucleate inclusions in a finite element mesh. For more
details on the adopted numerical procedure, see [185].

In particular, we consider the minimization of the strain energy stored in the elastic
body with a volume constraint. Therefore, we propose the following shape func-
tional

ΨΩ (u) :=−JΩ (u)+β |Ω | , (8.66)

where |Ω | is the Lebesgue measure of Ω and β > 0 is a fixed Lagrange multiplier.
It means that the shape functional to be minimized is the compliance with a volume
constraint. The topological derivative ofΨΩ (u) is given by

T = Pσ(u) ·∇us−β , (8.67)

with σ(u) = C∇us, where we have used formula (8.63) and the fact that the topo-
logical derivative of the term β |Ω | is trivial. In addition, the displacement vector
field u is evaluated by solving problem (8.2) numerically.

Let us consider the design of a simply supported cube on the bottom under
vertical load applied on the top, as shown in fig. 8.5. This cube has dimension
0.5× 0.5× 0.5 m3. The load q̄ = 103N is distributed in a small centered circu-
lar region of radius equal to 0.03m. The supports are circular and have radii equal
to 0.02m, with their centers at 0.035m from the edges of the cube. The material
properties are given by Young’s modulus E = 210× 109N/m2 and Poisson’s ratio
ν = 1/3. The parameter β is chosen in such way that the required final volume
|Ω�| = 0.02 |Ω | is attained . The cube is discretized using four-nodes tetrahedron
finite elements and 5% of material is removed at each iteration.

Details of the obtained results are shown in fig. 8.6 and in fig. 8.7, where we can
also observe the shape of the transversal sections of the bars obtained at the end of
the process. The corresponding finite element mesh associated to the final configu-
ration is presented in fig. 8.8 showing an intensification of the mesh in the regions of
hard material, allowing a good identification of the topology. This numerical result
is due to J.M. Marmo and can be found in [187].



8.5 Numerical Example 215

Fig. 8.5 Simply supported
cube on the bottom under
vertical load applied on the
top

(a) topology at iteration 13 (b) topology at iteration 35

(c) topology at iteration 52 (d) topology at iteration 76

Fig. 8.6 History of the topology design process
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(a) top (b) bottom (c) lateral

Fig. 8.7 Detail of the obtained final topology

Fig. 8.8 Finite element mesh at the end of the topology design process
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8.6 Multiscale Topological Derivatives

In this section we evaluate the topological derivative of the elasticity tensor obtained
from a multiscale model with a periodic microstructure on the lower or micro level
of the model for the purpose of synthesis and optimal design of microstructures.
The macro behavior on the higher hierarchical or macro level of material model is
obtained by asymptotic analysis with respect to the size of periodic cell which is
commonly called homogenization procedure [137, 201]. The topological derivative
of the homogenized elasticity tensor means that we find one term asymptotics of the
components of the effective elasticity tensor which describes the resulting properties
of the material which is influenced at the micro level by a small void or a small
inclusion in the periodic cell. It turns out that the required result on the asymptotics
and the form of the topological derivative of the effective elasticity tensor can be
obtained in the same way as it is done in the previous chapters.

The material modeling in the framework of asymptotic analysis, with the param-
eters which is primarily the cell period, and secondary the size of the imperfection is
the tool of our analysis. We recall that the procedure which translates the micro be-
havior of the material in the cell into the macro properties of the elastic body at the
higher level is of common use. We refer the reader to [137] for an introduction from
the point of view of solid mechanics, and to [201] for the mathematical description
of such modeling. We are going to make use of the same concept and combine the
presence of singular perturbations of the microstructure with the homogenization
procedure to obtain the effective material properties at the macro level, this time
depending on the parameter of singular perturbation of the cell, the void size.

Our goal is simple, we want to predict the behavior of an elastic material at the
macro level when a small spherical cavity is introduced at the micro level. The
predicted form of the elasticity tensor includes one term asymptotics and determines
the topological derivatives of all components of the effective elasticity tensor. To
this end we perform the formal asymptotic analysis of the effective or homogenized
elasticity tensor of the material at the macro level for the singular perturbations of
the periodic cells at the micro level by introduction of a small void into the cell. The
components of the homogenized elasticity tensor is perturbed in a similar way as
the energy shape functional with respect to the imperfection in the cell. Therefore
our technique of derivation is applicable to this model and results in the topological
derivatives of all components of the homogenized elasticity tensor in the presence
of imperfections.

8.6.1 Multiscale Modeling in Solid Mechanics

The accurate prediction of the constitutive behavior of a continuum body under
loading is of paramount importance in many areas of engineering and science. Until
about a decade ago, this issue has been addressed mainly by means of conventional
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phenomenological constitutive theories. More recently, the increasing understand-
ing of the microscopic mechanisms responsible for the macroscopic response, allied
to the industrial demand for more accurate predictive tools, led to the development
and use of so-called multiscale constitutive theories. Such theories are currently a
subject of intensive research in applied mathematics and computational mechanics.
Their starting point can be traced back to the pioneering developments reported in
[35, 86, 92, 141, 201, 212]. Early applications were concerned with the descrip-
tion of relatively simple microscale phenomena often treated by analytical or semi-
analytical methods [29, 30, 81, 182, 183, 190]. More recent applications rely often
on finite element-based computational simulations [154, 155] and are frequently ap-
plied to more complex material behavior in areas such as the modeling of human
arterial tissue [211], bone [191], the plastic behavior of porous metals [73] and the
microstructural evolution and phase transition in the solidification of metals [46].

One interesting branching of such developments is the study of the sensitivity of
the macroscopic response to changes in the underlying microstructure. The sensitiv-
ity information becomes essential in the analysis and potential purpose-design and
optimization of heterogenous media. For instance, sensitivity information obtained
by means of a relaxation-based technique has been successfully used in [7, 126, 127]
to design microstructural topologies with negative macroscopic Poisson’s ratio.
Multi-scale models have also been applied with success to the topology optimization
of load bearing structures in the context of the so-called homogenization approach
to topology optimization (see, for instance, the review paper by Eschenauer and Ol-
hoff 2001 [54] and the book by Allaire 2002 [4]) based on the fundamental papers
by Żochowski 1988 [218] and Bendsøe & Kikuchi 1988 [34]. See also [47, 189]. In
such cases, the microscale model acts as a regularization of the exact problem posed
by a material point turning into a hole [33]. The homogenization approach has also
been applied to microstructural topology optimization problems where the target is
the design of topologies that yield pre-specified or extreme macroscopic response
[114, 202, 203]. One of the drawbacks of this methodology, however, is that it often
produces designs with large regions consisting of perforated material. To deal with
this problem, a penalization of intermediate densities is commonly introduced.

In contrast to the regularized approaches, in this section we present a general
exact analytical expression for the sensitivity of the three-dimensional macroscopic
elasticity tensor to topological changes of the microstructure of the underlying ma-
terial. We follow the ideas developed in [75] for two-dimensional elasticity. The
obtained sensitivity is given by a symmetric fourth order tensor field over the
Representative Volume Element (RVE) that measures how the macroscopic elas-
ticity constants estimated within the multiscale framework changes when a small
spherical void is introduced at the microscale. It is derived by making use of the
notions of topological asymptotic analysis and topological derivative within the
variational formulation of well-established multiscale constitutive theory fully de-
veloped in the book by Sanchez-Palencia 1980 [201] (see also [71, 154, 155]),
where the macroscopic strain and stress tensors are volume averages of their mi-
croscopic counterparts over a Representative Volume Element (RVE) of material.



8.6 Multiscale Topological Derivatives 219

x

Fig. 8.9 Macroscopic continuum with a locally attached microstructure

The final format of the proposed analytical formula is strikingly simple and can be
used in applications such as the synthesis and optimal design of microstructures to
meet a specified macroscopic behavior [17].

8.6.2 The Homogenized Elasticity Tensor

The homogenization-based multiscale constitutive framework presented, among
others, in [201], is adopted here in the estimation of the macrostructure elastic re-
sponse from the knowledge of the underlying microstructure. The main idea behind
this well-established family of constitutive theories is the assumption that any point
x of the macroscopic continuum is associated to a local Representative Volume Ele-
ment (RVE) whose domain is denoted by Ωμ , with boundary ∂Ωμ , as shown in fig.
8.9. Crucial to the developments presented in Section 8.6.3, is the closed form of the
homogenized elasticity tensor C for the multiscale model defined in the above. The
components of the homogenized elasticity tensor C, in the orthonormal basis {ei},
for i = 1,2,3, of the Euclidean space (refer to fig. 8.9), can be written as

(C)i jkl =
1

Vμ

∫

Ωμ
(σμ(uμkl ))i j , (8.68)

where Vμ denotes the total volume of the RVE, e.g. the volume of the cub in the
sketch shown in fig. 8.9. The canonical microscopic displacement field uμkl is solu-
tion to the equilibrium equation of the form [201]

∫

Ωμ
σμ(uμkl ) ·∇ηs = 0 ∀η ∈ Vμ . (8.69)

We assume that the microscopic stress tensor field σμ(uμkl ) satisfies

σμ(uμkl ) = Cμ∇us
μkl

, (8.70)
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where Cμ is the microscopic constitutive tensor given by

Cμ =
Eμ

1+νμ

(

I+
νμ

1− 2νμ
I⊗ I

)

, (8.71)

with I and I the second and fourth order identity tensors, respectively, Eμ the Young
modulus and νμ Poisson ratio of the RVE.

Without loss of generality, uμkl (y), with y ∈Ωμ , may be decomposed into a sum

uμkl (y) := u+(ek ⊗ el)y+ ũμkl(y) , (8.72)

of a constant (rigid) RVE displacement coinciding with the macroscopic displace-
ment field u at the point x ∈ Ω , a linear field (ek ⊗ el)y, and a canonical
microscopic displacement fluctuation field ũμkl (y). The microscopic displacement
fluctuation field ũμkl is solution to the following canonical set of variational prob-
lems [201]:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find ũμkl ∈ Vμ , such that
∫

Ωμ
σμ(ũμkl ) ·∇ηs +

∫

Ωμ
Cμ(ek ⊗s el) ·∇ηs = 0 ∀η ∈ Vμ ,

with σμ(uμkl ) = Cμ∇uμkl .

(8.73)

The complete characterization of the multiscale constitutive model is obtained by
defining the subspace Vμ ⊂ Uμ of kinematically admissible displacement fluctua-
tions. In general, different choices produce different macroscopic responses for the
same RVE. In this section, the analysis will be focussed on media with periodic
microstructure. In this case, the geometry of the RVE cannot be arbitrary and must
represent a cell whose periodic repetition generates the macroscopic continuum. In
addition, the displacement fluctuations must satisfy periodicity on the boundary of
the RVE. Accordingly, we have

Vμ :=
{

ϕ ∈ Uμ : ϕ(y+) = ϕ(y−) ∀ (y+,y−) ∈P
}

, (8.74)

where P is the set of pairs of points, defined by a one-to-one periodicity corre-
spondence, lying on opposing sides of the RVE boundary. Finally, the minimally
constrained space of kinematically admissible displacements Uμ is defined as

Uμ :=

{

ϕ ∈ H1(Ωμ ;R3) :
∫

Ωμ
ϕ = 0,

∫

∂Ωμ
ϕ⊗s n = 0

}

, (8.75)

where n is the outward unit normal to the boundary ∂Ωμ and ⊗s denotes the sym-
metric tensor product between vectors.

From the definition of the homogenized elasticity tensor (8.68), we have

(C)i jkl =
1

Vμ

∫

Ωμ
ei ·σμ(uμkl )e j =

1
Vμ

∫

Ωμ
σμ(uμkl ) · (ei ⊗ e j) . (8.76)
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On the other hand, the additive decomposition (8.72) allows us to write

ei ⊗ e j = ∇((ei ⊗ e j)y)
s

= ∇(uμi j(y)− ũμi j(y)− u)s

= ∇(uμi j(y)− ũμi j(y))
s , (8.77)

since (ei ⊗ e j)y = uμi j(y)− ũμi j (y)− u. Therefore, by combining these two results,
we obtain

(C)i jkl =
1

Vμ

∫

Ωμ
σμ(uμkl ) ·∇(uμi j − ũμi j)

s

=
1

Vμ

∫

Ωμ
σμ(uμkl ) ·∇us

μi j
, (8.78)

since uμkl satisfies the equilibrium equation (8.69) and ũμi j ∈ Vμ .

8.6.3 Sensitivity of the Macroscopic Elasticity Tensor to
Topological Microstructural Changes

A closed formula for the sensitivity of the homogenized elasticity tensor (8.68) to
the nucleation of a spherical cavity within the RVE is presented in this section.
We start by noting that each component of the homogenized elasticity tensor is
defined by the energy based functional (8.78). Therefore, by taking into account the
result (8.62), the topological derivative of (8.78) with respect to the nucleation of a
spherical cavity at an arbitrary point ŷ ∈Ωμ is given by

Tμ(ŷ) =−Pμσμ(uμi j(ŷ)) ·σμ(uμkl (ŷ)) ∀ŷ ∈Ωμ , (8.79)

with the polarization tensor Pμ redefined as follows (see equation (8.62))

Pμ =
3

2VμEμ

(

10
1−ν2

μ

7− 5νμ
I− (1−νμ)(1+ 5νμ)

7− 5νμ
I⊗ I

)

. (8.80)

From the result given by (8.79), we can recognize a fourth order tensor field overΩμ
that represents the sensitivity of the macroscopic elasticity tensor C to topological
microstructural changes resulting from the insertion of a spherical cavity within
the RVE. Therefore, the topological derivative of the homogenized elasticity tensor
reads

Tμ(ŷ) =−Pμσμ(uμi j(ŷ)) ·σμ(uμkl (ŷ))ei ⊗ e j ⊗ ek ⊗ el , (8.81)

where the fields uμi j come out from the solutions to (8.73) for the unperturbed RVE
domain Ωμ together with the additive decomposition (8.72).
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Remark 8.2. The remarkable simplicity of the closed form sensitivity given by
(8.81) is to be noted. Once the vector fields ũμi j have been obtained as solutions
to the set of variational equations (8.73) for the original RVE domain, the sensi-
tivity tensor Tμ can be trivially assembled from the additive decomposition (8.72).
The information provided by the fourth order topological derivative tensor field Tμ
given by (8.81) can be used in a number of practical applications such as the design
of microstructures to match a specified macroscopic constitutive response.

Remark 8.3. Expression (8.81) allows the exact topological derivative of any differ-
entiable function of C be calculated through the direct application of the conven-
tional rules of differential calculus. That is, any such a function Ψ(C) has exact
topological derivative of the form

Tμ =
〈

DΨ(C),Tμ
〉

, (8.82)

with the brackets 〈·, ·〉 denoting the appropriate product between the derivative of
Ψ with respect to C and the topological derivative Tμ of C. Note, for example, that
properties of interest such as the homogenized Young’s, shear and bulk moduli as
well as the Poisson ratio are all regular functions of C. This observation together
with Remark 8.2 point strongly to the suitability of the use of (8.82) in a topology
algorithm for the synthesis and optimization of elastic micro-structures based on
the minimization/maximization of cost functions defined in terms of homogenized
properties. These features has been successfully explored in [17] in two-dimensional
multiscale elasticity problem.

In order to fix theses ideas, let us present three examples concerning the topological
derivatives of given functions Ψ(C). Let ϕ1,ϕ2 ∈ R3 ×R3 be any pair of second
order tensors. Then we obtain the following results, which can be used in numerical
methods of synthesis and/or topology design of microstructures [17]:

Example 8.1. We consider a functionΨ(C) of the form

Ψ(C) := Cϕ1 ·ϕ2 . (8.83)

Therefore, according to (8.82), its topological derivative is given by

Tμ = Tμϕ1 ·ϕ2 . (8.84)

If we set ϕ1 = ei ⊗ e j and ϕ2 = ek ⊗ el, for instance, we getΨ(C) = (C)i jkl and its
topological derivative is given by Tμ = (Tμ)i jkl . It means that Tμ actually repre-
sents the topological derivative of the component (C)i jkl of the homogenized elas-
ticity tensor C.

Example 8.2. Now, let us consider a functionΨ(C) of the form

Ψ(C) := C
−1ϕ1 ·ϕ2 . (8.85)
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According again to (8.82), the topological derivative ofΨ(C) is given by

Tμ =−(C−1
TμC

−1)ϕ1 ·ϕ2 . (8.86)

Thus, by setting tensors ϕ1 and ϕ2 properly, we can obtain the topological derivative
in its explicit form of any component of the inverse of the homogenized elasticity
tensor C−1. The above derivation requires some additional explanation. Note that
we can differentiate the relation CC

−1 = I with respect to C, namely

TμC
−1 +CD(C−1) = 0 . (8.87)

After multiplying to the left by C
−1 we get

C
−1
TμC

−1 +D(C−1) = 0 , (8.88)

which leads to
D(C−1) =−C

−1
TμC

−1 . (8.89)

Example 8.3. Finally, we consider a functionΨ(C) of the form

Ψ(C) :=
C
−1ϕ1 ·ϕ2

C−1ϕ1 ·ϕ1
+

C
−1ϕ2 ·ϕ1

C−1ϕ2 ·ϕ2
. (8.90)

From (8.82), the corresponding topological derivative is

Tμ = − (C−1
TμC

−1)ϕ1 · [(C−1ϕ1 ·ϕ1)ϕ2 − (C−1ϕ1 ·ϕ2)ϕ1]

(C−1ϕ1 ·ϕ1)2

− (C−1
TμC

−1)ϕ2 · [(C−1ϕ2 ·ϕ2)ϕ1 − (C−1ϕ2 ·ϕ1)ϕ2]

(C−1ϕ2 ·ϕ2)2 . (8.91)



Chapter 9
Compound Asymptotic Expansions for Spectral
Problems

In this chapter the elliptic spectral problems in singularly perturbed domains are
analyzed. The asymptotic expansion of simple and multiple eigenvalues and of the
associated eigenfunctions with respect to the small parameter which governs the size
of singular perturbations are derived. The compound asymptotic expansions method
[148, 170] is applied to this end. The singular and nonsmooth perturbations far and
close to the boundary of a smooth reference domain are considered [131, 160, 177,
178, 179]. We point out that the specific asymptotic expansions cannot be derived
by the classic shape sensitivity technique of [62, 196, 210]. However, the obtained
results in the case of the boundary perturbations may be compared with the related
results obtained by the speed method of the shape sensitivity analysis (cf. example
for the topological derivative on the boundary associated with the energy functional
in Section 1.2). We refer also to [8, 65, 66, 67, 68, 69] for the related results on
the asymptotic analysis of spectral problems by the matched asymptotic expansions
method of [100].

In shape optimization [62, 210] the case of multiple eigenvalues is considered in
the framework of nonsmooth optimization and the directional derivative of a multi-
ple eigenvalue is obtained in the direction of the velocity field. This fact is translated
[131, 160, 177, 178, 179] in the asymptotic analysis of multiple eigenvalues in a one
term asymptotics in Appendix B, Theorem B.1, and in Section 9.3.4, Theorem 9.2.
The shape differentiability of a simple eigenvalue can be performed in the same way
as of the energy functional [210]. This means that the shape derivatives of any order
can be obtained in the framework of the speed method in smooth domains. This
property is translated in the framework of asymptotic analysis in complete asymp-
totic expansions, see Section 9.2.3 for a representative example.

In Section 9.1 we begin with elementary examples of the second order scalar
elliptic problems. The main results presented in this chapter concern the spectral
problems in three spatial dimensions, which are listed here:

• Dirichlet Laplacian with cavities far from the boundary, Section 9.2.
• Neumann Laplacian with cavities close to the boundary (caverns), Section 9.3.
• Anisotropic elasticity with inclusions close to the boundary, Section 9.4.
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Singular domain perturbations in three spatial dimensions take the form of small
caverns or cavities in the perturbed domain. There are two specific cases, the first
is considered in Section 9.2 with the cavities far from the boundary, and the second
considered in Sections 9.3, 9.4 as well as in Appendices B, C, with the caverns close
to the boundary. There are different small parameters for two cases. The small shape
parameter which governs the size of singular perturbations close to the boundary is
denoted by h → 0, in contrast with the parameter ε → 0 for the cavities located
in the perturbed domain far from the boundary of unperturbed domain. In Section
9.2 an example is presented for a scalar spectral problem in domains with small
cavities. The formal asymptotic expansion of a simple eigenvalue for the Dirichlet
Laplacian is derived in great detail. Such a construction of asymptotic expansions is
performed in [160, Chapter 3, pp. 55–72] as well as in [148, Chapter 9]. The multiple
eigenvalues are considered in Sections 9.3 and 9.4. For the convenience of the reader
the proofs of some results presented in this chapter are relegated to Appendices
A, B and C with the arguments particularly of the papers [131, 179, 180]. Shape
optimization problems for eigenvalues in classic setting are also considered in [90].

9.1 Preliminaries and Examples

Let Ω be a bounded domain in R3, with C2–boundary ∂Ω . Let us consider the
compact operator Δ−1

x : L2(Ω) � f �→ u ∈ L2(Ω), the inverse of the unbounded
operator named Dirichlet Laplacian Δx : L2(Ω) → L2(Ω). Hence Δ−1

x is defined
as the solution operator for the boundary value problem for the Laplacian with the
homogeneous Dirichlet boundary conditions:

Problem 9.1. Find u ∈ H1
0 (Ω) such that

−Δxu(x) = f (x), x ∈Ω , (9.1a)

u(x) = 0, x ∈ ∂Ω , (9.1b)

where f ∈ L2(Ω) is given.

Let us consider the spectral problem associated with the Dirichlet Laplacian in an
abstract form:

Problem 9.2. Find (u,μ) ∈ H ×R+ such that

Ku = μu.

In order to apply Proposition A.1 to Problem 9.2 we define a Hilbert space H such
that K : H → H is compact. First, the scalar product in H is introduced,

〈u,v〉 := (∇xu,∇xv)Ω ,
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and the operator K : H → H defined by

〈K f ,v〉 := ( f ,v)Ω ∀v ∈ H ,

then we find the variational formulation of Problem 9.1

(∇x(K f ),∇xv)Ω = ( f ,v)Ω ∀v ∈ H .

Therefore, K : H1
0 (Ω) → H1

0 (Ω) is the restriction of Δ−1
x to H := H1

0 (Ω) with
the norm in H induced by the scalar product (u,v)H := 〈u,v〉= (∇xu,∇xv)Ω . By
the standard elliptic regularity for Problem 9.1 the solution u ∈ H2(Ω)∩H1

0 (Ω),
further the embedding H2(Ω) ↪→ H1

0 (Ω) is compact, therefore the solution operator
for problem (9.1) considered as an operator in the Sobolev space H1

0 (Ω) satisfies all
assumptions of Proposition A.1.

The spectral problem for K can be written in an equivalent form for the Dirichlet
Laplacian:

Problem 9.3. Find (u,λ ) ∈ H1
0 (Ω)×R+ such that

Δxu(x)+λu(x) = 0, x ∈Ω , (9.2a)

u(x) = 0, x ∈ ∂Ω . (9.2b)

Remark 9.1. The eigenvalues λk, k ∈N, for (9.2) are related to the eigenvalues μk,
k ∈N of K by relation

μk :=
1
λk

.

Again, the classic theory of spectral problems applies to Problem 9.3. Therefore,
there are eigenvalues

0 < λ 1 < λ 2 � · · ·� λ n → ∞. (9.3)

It is well known that the first eigenvalue λ 1 is simple.

Note 9.1. Since the eigenfunctions are determined in H = H1
0 (Ω), the eigenfunc-

tions can be normalized in H1
0 (Ω)

(∇xvk,∇xvl)Ω = δkl , δkl is the Kronecker symbol.

However, the standard normalization in L2(Ω) for the eigenfunctions v1,v2, . . . ,vn,
. . . in H1

0 (Ω)∩H2(Ω) is used in this chapter.

Assume that there is given a simple eigenvalue λ for (9.2) and let v be the associate
eigenfunction. Consider the Helmholtz boundary value problem for the particular
choice of λ :

Problem 9.4. Find u ∈ H1
0 (Ω) such that

(L u)(x) := (Δx +λ I)u(x) = Δxu(x)+λu(x) = f (x), x ∈Ω , (9.4a)

u(x) = g(x), x ∈ ∂Ω , (9.4b)

where f ∈ L2(Ω) and g∈ H3/2(∂Ω) are given elements. In addition, I is the identity
mapping.
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The existence of a solution to Problem 9.4 follows by Fredholm alternative. The ker-
nel of the unbounded operator L := Δx +λ I : L2(Ω)→ L2(Ω) is one dimensional
since λ is a simple eigenvalue, the associated eigenfunction v belongs to the kernel.
In addition, its domain D(L ) = H2(Ω)∩H1

0 (Ω) is obtained by the standard ellip-
tic regularity. It is not difficult to show that a necessary condition for the existence
of a solution to Problem 9.4 is the compatibility condition,

∫

Ω
f (x)v(x)dx+

∫

∂Ω
g(x)∂nv(x)ds(x) = 0. (9.5)

The proof is left as an exercise. The solution to (9.4) becomes unique after
normalization,

∫

Ω
u(x)v(x)dx = 0. (9.6)

9.2 Dirichlet Laplacian in Domains with Small Cavities

In this section the Dirichlet spectral problem is considered. The asymptotic analysis
of a simple eigenvalue for the Dirichlet Laplacian in the domain with small cavities
in three spatial dimensions is presented. Our presentation is inspired by [160, Chap-
ter 3, pp. 55–72]. Related results and examples can be found in [105] within the
framework of selfadjoint extensions for spectral problems with the full proof, how-
ever only for the first term of the eigenvalue expansion. Examples of asymptotics
for eigenvalues and eigenfunctions are also derived in [148, Chapter 9, pp. 318–351]
for scalar as well as the elasticity problems, where the list of relevant references can
be found.

Let Ω ,ω ⊂R3 be two domains with smooth boundaries ∂Ω ,∂ω and the compact
closures Ω ,ω , respectively. The origin O belongs to Ω and ω . We denote ωε :=
{x ∈R3 : ε−1x ∈ ω} and Ωε :=Ω \ωε . Therefore, the origin O is the center of ωε .
Then, the Dirichlet Laplace spectral problem in Ωε reads:

Problem 9.5. Find (uε ,λε) ∈ H1(Ωε )×R+ such that

Δxuε(x)+λεuε(x) = 0, x ∈Ωε , (9.7a)

uε(x) = 0, x ∈ ∂Ω , (9.7b)

uε(x) = 0, x ∈ ∂ωε . (9.7c)

We consider the simple eigenvalue of Problem 9.5. In the construction of the asymp-
totic expansion of the eigenvalue two different families of boundary problems are
employed.

• The first limit problem or the inner problem for the regular corrector of expansion
v0 is the Dirichlet problem for the operator Δx +λ I in Ω , where I stands for the
identity mapping.
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• The subsequent regular correctors should be introduced in the punctured domain
Ω \ {O} instead of Ω to leave the possibility for developing the singularities of
the data and of the solution at the origin, the centre of singular perturbation of Ω .
However, we mainly use the notation Ω for the equations of regular correctors at
the stage of formal asymptotic analysis.

• The second limit problem or the outer problem, for which condition (9.7c) is
taken into account, is obtained by the change of variables x → ξ := ε−1x and the
limit passage ε → 0. In view of the identity Δx +λ I = ε−2Δξ +λ I, the second
term is neglected and we obtain Δξw = 0 in R3 \ω.

9.2.1 First Order Asymptotic Expansion

Let λ0 denotes a simple eigenvalue and v0 be the corresponding positive eigenfunc-
tion normalized in L2(Ω). The function v0 leaves a discrepancy in the boundary
condition (9.7c) which can be compensated by the boundary layer

Δξw0(ξ ) = 0, ξ ∈R3 \ω, (9.8a)

w0(ξ ) = −v0(O), ξ ∈ ∂ω , (9.8b)

w0(ξ ) → 0, for ‖ξ‖→ ∞. (9.8c)

It is well known that (9.8) admits the unique solution which enjoys the asymptotic
representation for ‖ξ‖→ ∞

w0(ξ ) =−‖ξ‖−1v0(O)cap(ω)+O(‖ξ‖−2), (9.9)

where cap(ω) is the Bessel capacity of ω .

Note 9.2. The explicit definition of Bessel capacity in three spatial dimensions is the
following (cf. Definitions 2.2.1, 2.2.2, 2.2.4 in [1]):

• Let K ⊂ R
3 be compact. Then

cap(K) = inf{‖ϕ‖2
H1(R3) : ϕ ∈C∞

0 (R
3), ϕ � 1 on K}.

• Let G ⊂ R
3 be open. Then

cap(G) = sup{cap(K) : K ⊂ G, K compact}.

• Let A ⊂ R
3 be arbitrary. Then

cap(A) = inf{cap(G) : G ⊃ A, G open}.

The definition is exactly the same in R2.

The sum v0(x)+w0(ε−1x) of the first regular corrector of the expansion and of the
first boundary layer corrector as an approximation of the solution to Problem 9.5
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leaves a discrepancy in equation (9.7a) and condition (9.7b). The error in boundary
condition, in view of (9.9), is

ε‖x‖−1cap(ω)+O(ε2). (9.10)

Therefore, the second regular corrector of expansion v1 is introduced, and the error
(9.10) is compensated by the approximation uε(x) ∼ v0(x) +w0(ε−1x) + εv1(x),
with the nonhomogeneous Dirichlet condition

v1(x) = ‖x‖−1v0(O)cap(ω), x ∈ ∂Ω . (9.11)

Let us turn now to the discrepancy λ0w0(ε−1x) left in (9.7a) by the boundary layer.
We refer the reader to [160] for an explanation of the difficulty associated with
compensation of this term, which could lead to an unbounded boundary layer term.
At this point, the method of compound asymptotic expansions combined with the
specific procedure of rearrangements of discrepancies, which is proposed in [143],
can be used. To this end the discrepancy is represented as follows

λ0w0(ξ ) =−ελ0v0(O)cap(ω)‖x‖−1 +λ0{w0(ξ )+ v0(O)cap(ω)‖ξ‖−1}. (9.12)

The first term in (9.12) is written in slow variable x and the second term in the fast
variable ξ . Since the first term is multiplied by ε it is taken into account by the
second regular corrector v1. The first order approximation of the simple eigenvalue
at this stage takes the form

λε ∼ λ0 + ελ1. (9.13)

Therefore, by taking into account in (9.12) only the first order terms with respect to
ε , we obtain the following boundary value problem for the second regular corrector
v1 of expansion

Δxv1(x)+λ0v1(x)+λ1v0(x) = λ0v0(O)cap(ω)‖x‖−1, x ∈Ω \ {O}, (9.14a)

v1(x) = ‖x‖−1v0(O)cap(ω), x ∈ ∂Ω . (9.14b)

Since λ0 is an eigenvalue of the Dirichlet Laplacian, the compatibility conditions
are required in order to assure the existence of a solution to problem (9.14a). We
rewrite (9.14) in the form

Δxv1(x)+λ0v1(x) = f1(x), x ∈Ω \ {O}, (9.15a)

v1(x) = g1(x), x ∈ ∂Ω , (9.15b)

then multiply (9.15a) by v0 and integrate in Ω . Taking into account that

∫

Ω
v0(x)

2dx = 1 and v0(x) =− 1
λ0

Δxv0(x), (9.16)
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we determine λ1

λ1 = v0(O)cap(ω)

{

λ0

∫

Ω

v0(x)
‖x‖ dx+

∫

∂Ω

∂nv0(x)
‖x‖ ds(x)

}

= −v0(O)cap(ω)

∫

Ω
v0(x)Δx(‖x‖−1)dx

= 4πv0(O)cap(ω)

∫

Ω
δ (x)v0(x)dx

= 4πv0(O)2cap(ω), (9.17)

where the notation
∫

Ω
δ (x)v0(x)dx = v0(O) (9.18)

has been introduced for the distribution named the Dirac measure (point mass)
δ (x) ∈ D ′(R3).

Remark 9.2. In equation (9.17) we have used −Δx(‖x‖−1) = 4πδ (x) in D ′(R3) or
in the sense of distributions.

Formally we have obtained

λε = λ0 + 4επv0(O)2cap(ω)+O(ε2). (9.19)

The above choice for λ1 leads to existence of the regular corrector v1 which is de-
termined up to the term cv0 with a constant c. The constant is determined by the
orthogonality condition

∫

Ω
v0(x)v1(x)dx = 0. (9.20)

Therefore, we have the following result:

Proposition 9.1. Let us consider the boundary value problem of the form

ΔxG(x)+λ0G(x) = −δ (x)+
v0(x)
v0(O)

, x ∈Ω , (9.21)

G(x) = 0, x ∈ ∂Ω , (9.22)

and denote by Gr(x) the regular part of the solution G(x), orthogonal to v0(x), i.e.,

Gr(x) = G(x)− 1
4π‖x‖ , x ∈Ω and

∫

Ω
Gr(x)v0(x)dx = 0. (9.23)

Then the first order regular corrector in the asymptotics is given by

v1(x) = 4πv0(O)cap(ω)Gr(x). (9.24)
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Proof. The boundary value problem for the regular part takes the form

ΔxG
r(x)+λ0G

r(x) = ΔxG(x)+λ0G(x)−Δx

(

1
4π‖x‖

)

− λ0

4π‖x‖
= −δ (x)+

v0(x)
v0(O)

−Δx

(

1
4π‖x‖

)

− λ0

4π‖x‖
=

v0(x)
v0(O)

− λ0

4π‖x‖ , x ∈Ω , (9.25a)

Gr(x) = G(x)− 1
4π‖x‖ , x ∈ ∂Ω . (9.25b)

The unique solution Gr(x) of (9.25) is continuous in Ω [72]. �
Remark 9.3. Let us point out that the continuous function x �→ Gr(x) has no singu-
larity at the origin, therefore the value Gr(O) = Gr(0) is well defined.

9.2.2 Second Order Asymptotic Expansion

We have found the approximation of solution

uε(x)∼ v0(x)+w0(ε−1x)+ εv1(x), (9.26)

which leads to the discrepancy εv1(O)+ nablaxv0(O) · x in the boundary condi-
tion (9.7a). Therefore, the second boundary layer corrector is given by the exterior
problem

Δξw1(ξ ) = 0, ξ ∈R3 \ω, (9.27a)

w1(ξ ) = −v1(O)−∇xv0(O) ·ξ , ξ ∈ ∂ω . (9.27b)

The solution to (9.27) admits an expansion for ‖ξ‖→ ∞ of the form

w1(ξ ) =− 1
‖ξ‖

{

v1(O)cap(ω)+
1

4π
∇xv0(O) · p

}

+O(‖ξ‖−2), (9.28)

where the vector of coefficients p=(p1, p2, p3)
� is determined from the expansions

Pj(ξ ) =− p j

4π‖ξ‖ +O(‖ξ‖−2), (9.29)

of solutions to the exterior problems

ΔξPj(ξ ) = 0, ξ ∈R3 \ω, (9.30a)

Pj(ξ ) = −ξ j, ξ ∈ ∂ω . (9.30b)
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Proposition 9.2. The following asymptotic formula is obtained for solution w0(ξ )
of (9.8):

− w0(ξ )
v0(O)

=
cap(ω)

‖ξ‖ − 1
4π

3

∑
j=1

q j
ξ j

‖ξ‖3 +O(‖ξ‖−3), (9.31)

where q j =−p j.

Proof. We determine the coefficients q j, j = 1,2,3, using the method of [149, 151].
Let us note, that the left hand side of (9.31) is given by the capacitary potential
℘(ξ ) of ω , i.e., by the solution to the exterior problem

Δξ℘(ξ ) = 0, ξ ∈R3 \ω, (9.32a)

℘(ξ ) = 1, ξ ∈ ∂ω , (9.32b)

lim
‖ξ‖→∞

℘(ξ ) = 0. (9.32c)

Let us insert two functions Pj and 1−℘ into the Green formula in the domain
BR \ω := {ξ : ρ = ‖ξ‖ < R} \ω. By taking into account the relations (9.29) and
(9.31), it follows that for R → ∞,

∫

∂ω
Pj(ξ )∂nξ (1−℘(ξ ))ds(ξ ) =

∫

∂BR

{

(1−℘(ξ ))∂ρPj(ξ )−Pj(ξ )∂ρ(1−℘(ξ ))
}

ds(ξ ) =
∫

∂BR

{ p j

4πR2 +O(R−3)
}

ds(ξ ) =

− p j

4π

∫

∂BR

ds(ξ )+ o(1) =−p j + o(1). (9.33)

In the same way we insert the harmonic functions ℘ and ξ j − Pj into the Green
formula in the domain BR \ω and perform the limit passage R → ∞,

∫

∂ω
℘(ξ )∂nξ (Pj(ξ )− ξ j)ds(ξ ) =

∫

∂BR

{

2cap(ω)
ξ j

‖ξ‖ −
3

4πR2

3

∑
k=1

qk
ξk

‖ξ‖
ξ j

‖ξ‖ +O(R−3)

}

ds(ξ ) =

−
∫

∂BR

{

2Rcap(ω)ξ j − 3
4π

3

∑
k=1

qkξkξ j + o(1)

}

ds(ξ ) =

3q j

4π

∫

∂BR

ξ 2
j ds(ξ )+ o(1) = q j + o(1). (9.34)

Since the functions℘, Pj are harmonic and

∫

∂ω

∂ξ j

∂nξ
ds(ξ ) = 0, (9.35)
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then the left hand sides in (9.33) and in (9.34) are equal. Therefore, the limit passage
R →∞ in the right hand sides of (9.33) and (9.34) leads to the equality −q j = p j. �

Now, we are going to determine λ2 in the approximation

λε ∼ λ0 + ελ1 + ε2λ2. (9.36)

We have in hand the approximation

uε(x)∼ v0(x)+w0(ε−1x)+ ε(v1(x)+w1(ε−1x))+ ε2(v2(x)+w2(ε−1x)). (9.37)

We insert the approximation into (9.7a), which leads to the relation

Δxuε(x)+λεuε(x)∼ (9.38)

ε0 {Δxv0(x)+λ0v0(x)}+ ε−2Δξw0(ξ )+

ε1{Δxv1(x)+λ0v1(x)+λ1v0(x)− v0(O)cap(ω)‖x‖−1}+ ε−1Δξw1(ξ )+

ε2{Δxv2(x)+λ0v2(x)+λ1v1(x)+λ2v0(x)−λ1v0(O)cap(ω)‖x‖−1}+

ε2
{

λ0v0(O)x · p
4π‖x‖3 − λ0

‖x‖
(

v1(O)cap(ω)+
1

4π
∇xv0(O) · p

)}

+

ε0
{

Δξw2(ξ )+λ0

(

w0(ξ )+ v0(O)

(

cap(ω)

‖ξ‖ − ξ · p
4π‖ξ‖3

))}

+O

(

ε3 +
1

ε‖ξ‖2

)

.

The terms of order O(ε0) and order O(ε1) written in the variable x on the right hand
side of relation (9.38) are null by the choice of functions v0 and v1. The terms of
order O(ε2) vanish if the regular corrector v2(x) satisfies the equation

Δxv2(x)+λ0v2(x)+λ1v1(x)+λ2v0(x) = λ1v0(O)cap(ω)‖x‖−1−

λ0
v0(O)x · p

4π‖x‖3 +
λ0

‖x‖
(

v1(O)cap(ω)+
1

4π
∇xv0(O) · p

)

, x ∈Ω . (9.39)

Now we insert (9.37) into (9.7b) and find

uε(x)∼ ε0v0(x)+ ε1
{

v1(x)− v0(O)cap(ω)

‖x‖
}

+ (9.40)

ε2
{

v2(x)+
v0(O)x · p

4π‖x‖3 − 1
‖x‖

(

v1(O)cap(ω)+
1

4π
∇xv0(O) · p

)}

+O(ε3).

The terms of orders O(ε0) and O(ε1) vanish in (9.40) in view of the boundary
conditions for v0(x) and v1(x). To make the term of order O(ε2) vanish we must set

v2(x) =
1
‖x‖

(

v1(O)cap(ω)+
1

4π
∇xv0(O) · p

)

− v0(O)x · p
4π‖x‖3 , x ∈ ∂Ω . (9.41)
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The boundary value problem for v2 is now completed, it contains (9.39) along with
the boundary conditions (9.41). The boundary value problem can be rewritten as
follows

Δxv2(x)+λ0v2(x) = f2(x), x ∈Ω , (9.42a)

v2(x) = g2(x), x ∈ ∂Ω , (9.42b)

where f2 and g2 are respectively defined as

f2(x) := −λ1v1(x)−λ2v0(x)+λ1v0(O)cap(ω)‖x‖−1

−λ0
v0(O)x · p

4π‖x‖3 +
λ0

‖x‖
(

v1(O)cap(ω)+
1

4π
∇xv0(O) · p

)

, (9.43)

g2(x) :=
1
‖x‖

(

v1(O)cap(ω)+
1

4π
∇xv0(O) · p

)

− v0(O)x · p
4π‖x‖3 . (9.44)

The term λ2 is determined from the compatibility conditions for problem (9.42). We
take into account that

∫

Ω
v0(x)

2dx = 1,
∫

Ω
v0(x)v1(x)dx = 0, (9.45)

and we evaluate

λ2 =
∫

Ω
f2(x)v0(x)dx+

∫

∂Ω
g2(x)∂nv0(x)ds(x) (9.46)

= λ1v0(O)cap(ω)
∫

Ω

v0(x)
‖x‖ dx

+
v0(O)

4π

3

∑
j=1

p j

[
∫

Ω

x jΔxv0(x)
‖x‖3 dx−

∫

∂Ω

x j∂nv0(x)
‖x‖3 ds(x)

]

−
(

v1(O)cap(ω)+
∇xv0(O) · p

4π

){
∫

Ω

Δxv0(x)
‖x‖ dx−

∫

∂Ω

∂nv0(x)
‖x‖ ds(x)

}

.

We find
∫

Ω

x jΔxv0(x)

‖x‖3 dx−
∫

∂Ω

x j∂nv0(x)

‖x‖3 ds(x) = 4π
∫

Ω
v0(x)∂x jδ (x)dx = 4π∂x j v0(O),

(9.47)
and
∫

Ω

Δxv0(x)
‖x‖ dx−

∫

∂Ω

∂nv0(x)
‖x‖ ds(x) =−4π

∫

Ω
v0(x)δ (x)dx =−4πv0(O). (9.48)

Thus, we obtain the second corrector in the expansion of the eigenvalue λε , namely

λ2 = λ1v0(O)cap(ω)
∫

Ω

v0(x)
‖x‖ dx+ 4πv0(O)v1(O)cap(ω). (9.49)
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In view of (9.19) and (9.24) the obtained formula takes the form

λ2 = [4πv0(O)cap(ω)]2
(

1
4π

∫

Ω

v0(x)
‖x‖ dx−Gr(O)

)

. (9.50)

Proposition 9.3. If λ2 is given by (9.50) then there exists the unique bounded solu-
tion v2 of problem (9.42), orthogonal to v0. The function looses its continuity at the
origin because of the presence of the singular term

v0(O)x · p
4π‖x‖3 (9.51)

in the right hand side of equation (9.42a). In addition, the function v2 admits the
representation for ‖x‖→ 0,

v2(x) = c+
v0(O)x · p

2π‖x‖ +O(‖x‖). (9.52)

Remark 9.4. The relation (9.38) shows that the boundary layer w2 in (9.37) should
be given by the solution of Poisson problem

Δξw2(ξ ) =−λ0

(

w0(ξ )+ v0(O)

(

cap(ω)

‖ξ‖ − ξ · p
4π‖ξ‖3

))

, ξ ∈R3 \ω. (9.53)

In view of (9.31) the right hand side of (9.53) is of order O(‖ξ‖−3). Therefore, in
the same way as for w0 and w1, it follows that w2(ξ ) = O(‖ξ‖−1).

9.2.3 Complete Asymptotic Expansion

We have seen already that for an arbitrary integer N ∈N the N-th order asymptotic
expansion with respect to small parameter ε → 0 for solutions of Problem (9.5) can
be found in the form of ansätze

λε =
N

∑
k=0

εkλk +λε
N, (9.54a)

uε(x) =
N

∑
k=0

εk
(

vk(x)+wk

( x
ε

))

+ uεN(x), (9.54b)

where vk stand for the regular correctors of expansion of eigenfunction, and wk are
boundary layer correctors of the same expansion. The regular and boundary layer
correctors of the expansion (9.54b) are supposed to have the form
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vk(x) =
J−1

∑
j=0

‖x‖ jv( j)
k

(

x
‖x‖

)

+ vk,J(x), (9.55a)

wk(ξ ) =
J−1

∑
j=0

‖ξ‖− j−1w( j)
k

(

ξ
‖ξ‖

)

+wk,J(ξ ). (9.55b)

We denote by v( j)
k (x) and w( j)

k (ξ ) smooth functions on the unit sphere ∂B1. For the
remainders, which can be differentiated term by term, the following relations are
postulated and actually can be shown

vk,J(x) = O
(‖x‖J) and wk,J(ξ ) = O

(‖ξ‖−J−1) . (9.56)

We insert expansion (9.54) into Problem 9.5 and apply the specific procedure of
rearrangements of discrepancies. It means that we decompose terms λnwm in the
following way,

λnwm

( x
ε

)

= ε
λn

‖x‖w(0)
m

(

x
‖x‖

)

+ ε2 λn

‖x‖2 w(1)
m

(

x
‖x‖

)

+λnwm,2

( x
ε

)

. (9.57)

In the next step of the procedure, in the Dirichlet boundary conditions (9.7b) and
(9.7c) on ∂Ω and ∂ωε , the functions wk and vk are developed in infinite series with
J = ∞, and the coordinates x are used on ∂Ω , the coordinates ξ on ∂ωε , here we
take into account that x ∈ ∂ωε if ξ ∈ ∂ω . Finally, the coordinates x are used on
Ωε . Taking into account the decompositions (9.57) in the equations resulting from
Problem 9.5, we select the coefficients of the same powers of ε . As a result, recurrent
system of boundary value problems is obtained. The Dirichlet problems for regular
correctors in (punctured) domain

Δxvk(x)+
k

∑
n=0

λnvk−n(x) =−
k−1

∑
n=0

λn

{

1
‖x‖w(0)

k−n−1

(

x
‖x‖

)

+ 1
‖x‖2 w(1)

k−n−2

(

x
‖x‖

)}

, x ∈Ω ,

(9.58a)

vk(x) = −
k−1

∑
n=0

1
‖x‖n+1 w(n)

k−n−1

(

x
‖x‖

)

, x ∈ ∂Ω , (9.58b)

and the exterior Dirichlet problem for boundary layer correctors

Δξwk(ξ ) = −
k−2

∑
n=0

λnwk−n−2,2(ξ ), ξ ∈R3 \ω, (9.59a)

wk(ξ ) = −
k

∑
n=0

‖ξ‖nv(n)k−n

(

ξ
‖ξ‖

)

, ξ ∈ ∂ω , (9.59b)

where only nonnegative indices are allowed i.e., with the convention that the func-
tions with negative indices are simply null. We assume also the orthogonality
conditions
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∫

Ω
vk(x)v0(x)dx = 0 for k = 1,2, . . . (9.59c)

The compatibility conditions for problem (9.58) leads to the equalities for the coef-
ficients of the expansion (9.54a), actually

λk = −
k−1

∑
n=0

λn

∫

Ω

[

‖x‖w(0)
k−n−1

(

x
‖x‖

)

+w(1)
k−n−2

(

x
‖x‖

)]

v0(x)
‖x‖2 dx

−
k−1

∑
n=0

∫

∂Ω
w(n)

k−n−1

(

x
‖x‖

)

∂nv0(x)
‖x‖1+n ds(x). (9.59d)

The following result given in [160] is presented here without proof.

Theorem 9.1. Let λ0 be a simple eigenvalue for Problem 9.3. In a vicinity of λ0 there
is a unique simple eigenvalue λε of Problem 9.5, with the associated eigenfunction
uε(x) that admits expansion (9.54). The coefficients of the expansion are given by
system (9.59), with the estimates for remainders

λε
N = O

(

εN+1) and uεN(x) = O

(

εN+1
(

1+
ε
‖x‖

))

. (9.60)

In addition, the remainder uεN(x) in (9.60) can be differentiated term by term.

Note 9.3. By Theorem 9.1 combined with (9.19) and (9.50) it follows that

λε = λ0 + 4πv0(O)2cap(ωε)

− 16π2v0(O)2cap(ωε)
2
(

Gr(O)− 1
4π

∫

Ω

v0(x)
‖x‖ dx

)

+O(cap(ωε)
3). (9.61)

Hence, for f (ε) := 4πcap(ωε ) we obtain the two term expansion of a simple eigen-
value

λε = λ0 + f (ε)v0(O)2 + f (ε)2v0(O)2
(

Gr(O)− 1
4π

∫

Ω

v0(x)
‖x‖ dx

)

+O( f (ε)3).

Therefore, we can identify

• the first order topological derivative of a simple eigenvalue

v0(O)2 = lim
ε→0

λε −λ0

f (ε)
;

• the second order topological derivative of a simple eigenvalue

v0(O)2
(

Gr(O)− 1
4π

∫

Ω

v0(x)
‖x‖ dx

)

= lim
ε→0

λε −λ0 − f (ε)v0(O)2

f (ε)2 .
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Fig. 9.1 Orthonormal curvi-
linear coordinate system
(d,s,ν) in N

9.3 Neumann Laplacian in Domains with Small Caverns

In this section the Neumann spectral problem is considered. The asymptotic expan-
sions of eigenvalues and eigenfunctions for the spectral problem defined in singu-
larly perturbed domain are derived in the framework of the compound asymptotic
expansions method. The cavities are close to the boundary (caverns). The size of the
caverns is governed by a small parameter h → 0.

Let Ω ⊂ R3 be a bounded domain with a smooth boundary Γ := ∂Ω , whose
origin O ∈ Γ . For a sufficiently small neighborhood N of the point O there exists a
conformal mapping which maps N onto a neighborhood of the origin in the carte-
sian coordinate system. The associated orthonormal curvilinear coordinate system
(d,s,ν) is introduced in N (see fig. 9.1), where the tangential coordinates (s,ν)
are the local surface coordinates on Γ at the origin O , and coordinate d stands for
the oriented distance function [50, 196] to Γ , with the convention that d > 0 in
Ω c = R3 \Ω . We denote (ed ,es,eν ) the basis for the curvilinear coordinate sys-
tem (d,s,ν). We assume that ω ⊂R3− = (−∞,0)×R2 (see fig. 9.2), is a Lipschitz
domain with the compact closure ω =ω∪∂ω . The boundary ∂Ξ of unbounded do-
main Ξ =R3− \ω is also Lipschitz. The singularly perturbed domain Ωh = Ω \ωh

depends on the small parameter h → 0, where

ωh = {(d,s,ν) : ξ = (ξ1,ξ2,ξ3) := (h−1d,h−1s,h−1ν) ∈ ω}, (9.62)

and the Neumann Laplace spectral problem in Ωh is introduced:

Problem 9.6. Find (uh,λ h) ∈ H1(Ωh)×R+ such that

−Δxuh(x) = λ h uh(x), x ∈Ωh, (9.63a)

∂nuh(x) = 0, x ∈ Γh := ∂Ωh, (9.63b)

where ∂nϕ = ∇xϕ ·n denotes the normal derivative of ϕ along the outer normal n
on the boundary ∂Ωh.

The general theory applies (see Appendix A) and Problem 9.6 admits the sequence
of eigenvalues

0 = λ h
0 < λ h

1 � λ h
2 � · · ·� λ h

m � · · · →+∞, (9.64)

where the multiplicity is explicitly indicated. The orthonormal eigenfunctions uh
0,

uh
1, uh

2, . . . ,u
h
m, . . . satisfy
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Fig. 9.2 The domain R3−
with a cavern ω

(uh
p,u

h
m)Ωh = δpm, p,m ∈N∗ := {0}∪N. (9.65)

We prove in Appendix B that for a fixed index m the eigenvalue λ h
m of the perturbed

problem in the sequence (9.64) converges with h → 0 to the eigenvalue λ 0
m in the

sequence
0 = λ 0

0 < λ 0
1 � λ 0

2 � · · ·� λ 0
m � · · · →+∞, (9.66)

for the limit spectral Neumann problem:

Problem 9.7. Find (u0,λ 0) ∈ H1(Ω)×R+ such that

−Δxv0(x) = λ 0 v0(x), x ∈Ω , (9.67a)

∂nv0(x) = 0, x ∈ Γ := ∂Ω . (9.67b)

Therefore, an eigenfunction v0 is used as the first approximation of uh. The eigen-
functions of (9.67) are smooth in Ω and satisfy the orthogonality and normalization
conditions

(v0
p,v

0
m)Ω = δpm, p,m ∈N∗. (9.68)

We propose the following asymptotic ansätze for λ h
m and uh

m

λ h
m = λ 0

m + h3λ ′
m + . . . (9.69)

uh
m(x) = v0

m(x)+ hχ(x)w1
m(ξ )+ h2χ(x)w2

m(ξ )+ h3v3
m(x)+ . . . (9.70)

Here x �→ v0
m(x),v

2
m(x) are regular correctors and ξ �→ w1

m(ξ ),w2
m(ξ ) are boundary

layer correctors, which depend on the fast variables ξ = (ξ1,ξ2,ξ3). The cut-off
function χ ∈ C∞(Ω ), 0 � χ � 1, satisfies χ(x) = 1 in a small neighborhood of O ,
i.e., for x ∈ Bε = {x : ‖x−O‖< ε}∩Ω , with ε > 0 sufficiently small, and χ(x) = 0
outside of a larger neighborhood N of O .

Remark 9.5. Let us observe the absence of terms O(h1) and O(h2) in (9.69) and of
the regular correctors of the same order in (9.70).

Note 9.4. We present a formal preliminary description of the asymptotic procedure
of construction the compound asymptotic expansion of the solution to Problem 9.6,
which is summarized below:

• Inserting v0
m and λ 0

m into Problem 9.6 causes a discrepancy in the boundary con-
dition on the surface ∂Ωh ∩ ∂ωh of the cavern ωh. This discrepancy cannot be
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compensated by a smooth function of the variables (d,s,ν). Hence, using the
stretched curvilinear coordinates ξ defined in (9.62), we arrive at the first bound-
ary layer corrector given by a solution to the exterior Neumann problem in the
unbounded (infinite) domain Ξ (fig. 9.2). The solution decays at infinity as a
linear combination of derivatives of the fundamental solution for the Laplacian,

h
(

c1∂ξ1
+ c2∂ξ2

) 1
4π‖ξ‖ , (9.71)

and after multiplication by an appropriate cut-off function the main asymptotic
term (9.71) of the boundary layer produces lower order discrepancies in equation
(9.63a) and in the Neumann conditions (9.63b).

• The expression (9.71) can be rewritten in the original coordinates (d,s,ν) and
becomes

h3 (c1∂s + c2∂ν )(4π(d2 + s2 +ν2)1/2)−1. (9.72)

The function (9.72) is not singular far from the point O where the discrepancies
are mainly located due to the cut-off function. These discrepancies are compen-
sated by a lower order regular corrector (in the variable x) determined by a bound-
ary value problem whose compatibility conditions depend on a smooth function.
In addition, such a regular term represents the main asymptotic correction of the
eigenvalue λ 0

j .
• The coefficients of differential operators written in the curvilinear coordinates

depends on curvilinear variables, which influences the construction of asymp-
totic expansions and the estimates derivation for the asymptotic remainders. For
example, the discrepancies of the expression (9.71) appears in the problem in
Ξ for the next boundary layer corrector as well as in the problem for the next
regular corrector within the procedure of rearrangement of discrepancies [143].
This procedure is in common use in this section without any indication, and it
has been explained in Section 9.2 for a simpler problem.

• The general structure of singularities of the regular and boundary layer correctors
for x → O and ξ → ∞, respectively, is predicted by the Kondratiev theory [117]
(see also monographs [121, 170]) but exact formulas for the decompositions of
the solutions should be evaluated.

• The method of compound asymptotic expansions [143] is applied to identify dif-
ferent terms of ansätze (9.69)-(9.70). In Sections 9.3.1 and 9.3.2 the first and
second boundary layers w1

m and w2
m in (9.69) are determined, respectively. The

functions w1
m and w2

m decay for ‖ξ‖→ ∞, with order ‖ξ‖−2 and ‖ξ‖−1, respec-
tively. The regular corrector v3

m in (9.70) is determined in Section 9.3.3. With this
correction, the term λ ′

m of ansätz (9.69) is obtained. It is given by (9.157) in the
case of a simple eigenvalue λ 0

m and by (9.167) in the case of multiple eigenvalues.
• The justification of asymptotic expansions is given in Appendix B. It uses the

weighted Poincaré inequality of Lemma B.2. The derivation of estimates for the
remainders in ansätze (9.69)-(9.70) is performed for an abstract equation in the
Hilbert space and it uses Lemma A.1 on almost eigenvalues and eigenvectors.
The simple and multiple eigenvalues are considered.
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9.3.1 First Boundary Layer Corrector

The projection of a point P = P(d,s,ν) ∈N in a neighborhood of the origin O ∈ Γ
onto Γ is denoted by PΓ = PΓ (s,ν) ∈ Γ ,

P(d,s,ν) = d ed +PΓ (s,ν). (9.73)

Let us recall, that the components of the metric tensor are given by (see e.g., [51,
pp. 83]):

gdd = ‖∂dP‖2 = ‖ed‖2 = 1, (9.74)

gss = ‖∂sP‖2 = ‖d∂sed + ∂sPΓ (s,ν)‖2

= ‖dκs(s,ν)es + dτs(s,ν)eν + es‖2

= (1+ dκs(s,ν))2 +(dτs(s,ν))2, (9.75)

gνν = ‖∂νP‖2 = ‖ν∂νed + ∂νPΓ (s,ν)‖2

= ‖νκν(s,ν)eν + dτν(s,ν)es + eν‖2

= (1+ dκν(s,ν))2 +(dτν(s,ν))2, (9.76)

where κs and κν stand for the two curvatures corresponding to the curves ν = const
and s= const containing the surface point (s,ν), respectively, while τs and τν are the
torsions of these curves, respectively. Since the coordinates system corresponding
to (d,s,ν) is orthogonal, we have gds = gdν = gsν = 0. We can always assume,
shrinking the neighborhood N, that 1+ dκs > 0 and 1+ dκν > 0 in N. Thus, the
Jacobian is equal

g(d,s,ν) =
[

(1+ dκs)
2 +(dτs)

2]1/2 [
(1+ dκs)+ (dτν)2]1/2

. (9.77)

The Laplace operator Δx in the curvilinear coordinates (d,s,ν) admits the represen-
tation

Δx = g
−1
[

∂d(g∂d)+ ∂s

(

g

gss
∂s

)

+ ∂ν
(

g

gνν
∂ν
)]

= ∂ 2
d + g−1

ss ∂ 2
s + g−1

νν ∂ 2
ν + g

−1∂dg∂d

+ g
−1
([

∂sg

gss
− g∂sgss

g2
ss

]

∂s +

[

∂νg
gνν

− g∂νgνν
g2
νν

]

∂ν
)

. (9.78)

If the transformation defined in (9.62) with ξ = (ξ1,ξ2,ξ3) is performed, the terms
depending on the torsion in g(d,s,ν) are of order O(h2). Hence in the expression of
the Laplace operator the terms of orders O(h−2) and O(h−1) are independent of the
torsion,

Δx ∼ h−2Δξ + h−1
(

κs(O)(∂ξ1
− 2ξ1∂ 2

ξ2
)+κν(O)(∂ξ1

− 2ξ1∂ 2
ξ3
)
)

. (9.79)



9.3 Neumann Laplacian in Domains with Small Caverns 243

In the coordinates (d,s,ν) the gradient takes the form

∇x =
(

gdd
−1/2∂d ,gss

−1/2∂s,gνν
−1/2∂ν

)

=
(

∂d ,(1+ dκs)
−1∂s,(1+ dκν)

−1∂ν
)

. (9.80)

The decomposition of the unit normal vector n to Ωh in the basis (ed ,es,eν ) is

n= d
−1/2 [N1ged +N2(1+ dκν)es +N3(1+ dκs)eν ] , (9.81)

with
d= [N1g]

2 +[N2(1+ dκν)]
2 +[N3(1+ dκs)]

2, (9.82)

where N =(N1,N2,N3) is the outward unit normal vector on the boundary ∂Ξ ⊂R3.
Therefore, denoting by ∂N the directional derivative along N, we obtain

∂n = d−1/2
(

N1g∂d +N2
1+ dκν
1+ dκs

∂s +N3
1+ dκs

1+ dκν
∂ν
)

∼ h−1∂N + ξ1(N
2
2κs(O)+N2

3κν (O))∂N

− 2ξ1(N2κs(O)∂ξ2
+N3κν(O)∂ξ3

). (9.83)

In view of the homogeneous Neumann boundary condition (9.67b), the function v0

in the �-neighborhood of the origin O , with � :=Ch, admits the expansion

v0(x) = v0(O)+ s∂sv
0(O)+ν∂νv0(O)+

1
2
(d2∂ 2

d v0(O)+ s2∂ 2
s v0(O)

+ ν2∂ 2
ν v0(O)+ 2sν∂ 2

sνv0(O))+O((d2 + s2 +ν2)3/2)

= v0(O)+ h(ξ2∂sv
0(O)+ ξ3∂νv0(O))+

1
2

h2(ξ 2
1 ∂

2
d v0(O)

+ ξ 2
2 ∂

2
s v0(O)+ ξ 2

3 ∂
2
ν v0(O)+ 2ξ2ξ3∂ 2

ξ2ξ3
v0(O))+O(h3). (9.84)

Under the coordinate dilation by factor h−1 and setting h = 0, the domain Ωh be-
comes Ξ = R3− \ω, thus the boundary layer w1 is defined in Ξ . Let us replace uh,
Δ and ∂n by their expansions in (9.70), (9.79) and (9.83), respectively. Then, af-
ter collecting the terms of order O(h−1) in the equation and of order O(h0) in the
boundary conditions, we arrive at the following boundary value problem, obtained
formally for h = 0,

−Δξw1(ξ ) = 0, ξ ∈ Ξ , (9.85a)

∂Nw1(ξ ) = −N2(ξ )∂sv
0(O)−N3(ξ )∂νv0(O), ξ ∈ ∂Ξ . (9.85b)

Now we make use of the evident formulae
∫

∂Ξ∩∂ω
Nk(ξ )dsξ = 0,

∫

∂Ξ∩∂ω
ξ jNk(ξ )dsξ =−δ jk|ω |, for j,k = 1,2,3. (9.86)
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The first formula in (9.86) shows that the right hand side of the boundary condition
in (9.85b) is of the null mean value over the surface ∂Ξ . Note that N2 = N3 = 0
on the plane surface ∂Ξ \ ∂ω of the boundary ∂Ξ therefore the right hand side
in (9.85b) is compactly supported. Thus, there exists a unique generalized solution
w1 ∈ H1

loc(Ξ) of problem (9.85), decaying at infinity. The solution is represented in
the form

w1(ξ ) = ∂sv
0(O)W2(ξ )+ ∂νv0(O)W3(ξ ), (9.87)

where W2 and W3 are canonical solutions of the Neumann problem

−ΔξWk(ξ ) = 0, ξ ∈ Ξ , (9.88a)

∂nWk(ξ ) = −Nk(ξ ), ξ ∈ ∂Ξ . (9.88b)

They admit the representation

Wk(ξ ) =−
3

∑
j=2

mk j

2π
ξ j

ρ3 +O(‖ξ‖−3), ‖ξ‖> R, (9.89)

where R is sufficiently large and the coefficients mk j of the virtual mass matrix are
introduced in [198, Note G], a generalization of this tensor is described in details in
Appendix D. The notation used in (9.89) requires some explanation.

Condition 9.1. We say that

z(ξ ) = z0(ξ )+O(ρ−p) for ρ = ‖ξ‖→ ∞, (9.90)

holds in an infinite set {ξ : ρ = ‖ξ‖> R}, with R sufficiently large, provided that
the following conditions are verified:

z(ξ ) = z0(ξ )+ z̃(ξ ), with ‖∇q
ξ z̃(ξ )‖� cqρ−p−q, q ∈N0, (9.91)

where ∇q
ξ z̃ is used to denote the collection of derivatives of order q ∈ N of the

remainder z̃.

Remark 9.6. For a solution w1 of problem (9.85), an estimate of the form (9.91) is
obtained for the remainder w̃1, since the remainder verifies the Laplace equation
in {ξ ∈ R3− : ρ > R}. The Fourier method applied to the Laplace equation can
produces a convergent series with harmonic functions decaying at infinity for the
representation of a solution. In Condition 9.1, the required pointwise estimates for
the remainder in the representation (9.107) follow from the general theory (see [152]
and [170, Chapter 3]).

In the spherical coordinate system (ρ ,θ ,φ) we have ξ1 = ρ cosφ , ξ2 = ρ cosθ sinφ ,
ξ3 = ρ sinθ sinφ and

W2(ξ ) = −m22

2π
ρ−2 cosθ sinφ − m23

2π
ρ−2 sinθ sinφ +O(ρ−3), (9.92)

W3(ξ ) = −m33

2π
ρ−2 sinθ sinφ − m32

2π
ρ−2 sinθ sinφ +O(ρ−3). (9.93)
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In order to establish general properties of mk j , we apply Green’s formula on the set
ΞR = {ξ ∈ Ξ : ρ < R} with the functions Wk and Yk = ξk +Wk, k = 2,3,

∫

∂Ξ
Y2∂NW2dsξ =

∫

{ξ∈R3−:ρ=R}
W2∂ρY2 −Y2∂ρW2 dsξ

=
∫

{ξ∈R3−:ρ=R}
W2∂ρξ2 − ξ2∂ρW2 dsξ (9.94)

and taking into account the representation in spherical coordinate system

∫

∂Ξ
Y2∂NW2dsξ =−

∫ 2π

0

∫ π

π/2

(

3m22

2π
R−2(cosθ sinφ)2

)

R2 sinφdφdθ−
∫ 2π

0

∫ π

π/2

(

3m23

2π
R−2 cosθ sinθ sin2 φ

)

R2 sinφdφdθ +O(R−1) =

− 3m22

2π

∫ 2π

0

∫ π

π/2
cos2 θ sin3 φdφdθ +O(R−1) =−m22 +O(R−1). (9.95)

On the other hand, applying Green’s formula in ω and changing the direction of the
normal, we have

∫

∂Ξ
Yj∂NWkdsξ =

∫

∂Ξ
Wj∂NWkdsξ −

∫

∂Ξ
ξ jNkdsξ

=
∫

Ξ
∇ξWk ·∇ξWj dξ + δk j|ω |. (9.96)

Therefore as R → ∞, and in a similar way for m33 and m23 = m32 we get

mk j =−
∫

Ξ
∇ξWk ·∇ξWj dξ − δk j|ω |, for k, j = 1,2. (9.97)

In other words, the 2× 2-matrix

m(Ξ) =

(

m22 m23

m32 m33

)

(9.98)

is symmetric and negative definite because it is the sum of two Gram matrices.

Example 9.1. For a semi-ball of radius R, m(Ξ) is a multiple of the identity matrix
with the coefficient −πR3.

Example 9.2. If ω is a plain crack (cf. fig. 9.3a) then |ω |= 0 and the matrix (9.98)
becomes singular. For example, if ω belongs to the plane {ξ2 = 0}, then m33 =
m23 = 0 while obviously W3 = 0. However, for a curved or broken crack (cf. fig.
9.3b) the solutions W2 and W3 are linearly independent and m(Ξ) is non-degenerate
although |ω |= 0.
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Fig. 9.3 The domain R3−
with a crack ω

(a) straight crack (b) broken crack

9.3.2 Second Boundary Layer Corrector

The right hand sides in the problem

−Δξw2(ξ ) = F2(ξ ), ξ ∈ Ξ , (9.99a)

∂Nw2(ξ ) = G2(ξ ), ξ ∈ ∂Ξ , (9.99b)

are to be determined using (9.70), (9.79) and (9.83), and collecting terms of order
O(h0) in the equation, and of order O(h1) in the boundary conditions. As a result,
we arrive at the following functions of fast variables

F2(ξ ) = [κs(O)(∂ξ1
− 2ξ1∂ 2

ξ2
)+κν(O)(∂ξ1

− 2ξ1∂ 2
ξ3
)]w1(ξ ) (9.100)

and

G2(ξ ) = −N1ξ1∂ 2
n v0(O)−N2ξ2∂ 2

s v0(O)

−N3ξ3∂ 2
ν v0(O)− (N2ξ3 +N3ξ2)∂ 2

sνv0(O)

−ξ1(N
2
2κs(O)+N2

3κν(O))(N2∂sv
0(O)+N3∂νv0(O))

+2N2ξ1κs(O)∂sv
0(O)+ 2N3ξ1κν (O)∂νv0(O)

−ξ1(N
2
2κs(O)+N2

3κν(O))∂Nw1(ξ )
+2N2ξ1κs(O)∂ξ2

w1(ξ )+ 2N3ξ1κν(O)∂ξ3
w1(ξ )

=: G2
1(ξ )+G2

2(ξ )+G2
3(ξ )+G2

4(ξ )+G2
5(ξ ). (9.101)

We notice that G2
2(ξ )+G2

4(ξ ) = 0 according to the boundary conditions (9.85b).
Now we denote

η1(ξ ) := κs(O)(∂ξ1
− 2ξ∂ 2

ξ2
)+κν(O)(∂ξ1

− 2ξ∂ 2
ξ3
),

η2(ξ ) := ∂sv
0(O)W2(ξ )+ ∂νv0(O)W3(ξ ) . (9.102)
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In view of (9.89) and (9.100), the following expansion holds true:

F2(ξ ) = η1(ξ )η2(ξ ) (9.103)

= κs(O)∂sv
0(O)

m2

π

(

15
ξ1ξ2

ρ5 − 30
ξ1ξ 3

2

ρ7

)

+ κν (O)∂νv0(O)
m3

π

(

15
ξ1ξ3

ρ5 − 30
ξ1ξ 3

3

ρ7

)

+ κs(O)∂νv0(O)
m3

π

(

−27
ξ1ξ3

ρ5 + 30
ξ 3

1 ξ3 + ξ1ξ 3
3

ρ7

)

+ κν (O)∂sv
0(O)

m2

π

(

−27
ξ1ξ2

ρ5 + 30
ξ 3

1 ξ2 + ξ1ξ 3
2

ρ7

)

+O(ρ−2),

where ρ → ∞. We denote

η3(ξ ) = κs(O)(∂ξ1
− 2ξ∂ 2

ξ2
)+κν(O)(∂ξ1

− 2ξ∂ 2
ξ3
), (9.104)

η4(ξ ) = ∂sv
0(O)W2(ξ )+ ∂νv0(O)W3(ξ ). (9.105)

The function

U2(ξ ) = η3(ξ )η4(ξ ) (9.106)

= κs(O)∂sv
0(O)

m2

π

(

15
ξ1ξ2

6ρ3 − 30
ξ 3

1 ξ2 + ξ1ξ 2
3 ξ2 + ξ1ξ 3

2

20ρ5

)

+ κν(O)∂νv0(O)
m3

π

(

15
ξ1ξ3

6ρ3 − 30
ξ 3

1ξ3 + ξ1ξ 2
2 ξ3 + ξ1ξ 3

3

20ρ5

)

+ κs(O)∂νv0(O)
m3

π

(

−27
ξ1ξ3

6ρ3 − 30
3ξ 3

1 ξ3 + 2ξ1ξ 2
2 ξ3 + 3ξ1ξ 3

3

20ρ5

)

+ κν(O)∂sv
0(O)

m2

π

(

−27
ξ1ξ2

6ρ3 − 30
3ξ 3

1 ξ2 + 2ξ1ξ 2
3 ξ2 + 3ξ1ξ 3

2

20ρ5

)

is homogeneous of order O(ρ−1), i.e., of the same order as the fundamental solu-
tions, and it compensates the leading term of F2(ξ ). Therefore, the expansion of
w2(ξ ) at infinity can be written as follows:

w2(ξ ) = aρ−1 +U2(ξ )+O(ρ−2). (9.107)

To evaluate the coefficient a, we compute the following integrals on the semi-sphere
of radius R taking into account the expansion (9.107):

∫

ΞR

F2(ξ )dξ +
∫

∂ω∩∂Ξ
G2(ξ )dsξ = −

∫

∂ΞR

∂Nw2(ξ )dsξ +
∫

∂ω∩∂Ξ
G2(ξ )dsξ

= −
∫

{ξ∈R3−:ρ=R}
∂ρw2(ξ )dsξ , (9.108)
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where we have used the fact that G2(ξ ) = 0 on ∂ΞR \∂ω due to the relations ξ1 = 0
and N2 = N3 = 0 on ∂ΞR \ ∂ω . In view of expansion (9.107) we obtain

∂ρw2(ξ )=−aρ−2+∂ρU2(ξ )+O(ρ−3)=−aρ−2−ρ−1U2(ξ )+O(ρ−3) (9.109)

and thus

−
∫

{ξ∈R3−:ρ=R}
∂ρw2(ξ )dsξ =

∫

{ξ∈R3−:ρ=R}
[aρ−2 − ∂ρU2(ξ )]dsξ +O(R−1)

= 2πa+O(R−1). (9.110)

Note that all terms in U2(ξ ) are odd in either ξ2 or ξ3, thus it is also true for ∂ρU2(ξ )
so that

∫

{ξ∈R3−:ρ=R}
∂ρU2(ξ ) = 0. (9.111)

By using (9.101), let us consider the integral
∫

∂ω∩∂Ξ
G2(ξ )dsξ . (9.112)

If we denote by ω+ the domain obtained by adding to ω its mirror image with
respect to the plane ξ1 = 0, in view of (9.86), we have

∫

∂ω∩∂Ξ
G2

1(ξ )dsξ =
1
2

∫

∂ω+
G2

1(ξ )dsξ

= −1
2

3

∑
k=1

∂ 2
k v0(O)

∫

∂ω+
Nkξkdsξ

−1
2
∂ 2

sνv0(O)
∫

∂ω+
(N2ξ3 +N3ξ2)dsξ

= −1
2
λ 0v0(O)|ω+|=−λ 0v0(O)|ω |. (9.113)

According to (9.86),
∫

∂ω∩∂Ξ
G2

3(ξ )dsξ = 0. (9.114)

Let us consider the integral
∫

ΞR

F2(ξ )dξ . (9.115)

Owing to (9.100), we first compute
∫

ΞR

∂ξ1
(ξ )dsξ =

∫

∂ω∩∂Ξ
N1(ξ )w1(ξ )dsξ +

∫

{ξ∈R3−:ρ=R}
ρ−1ξ1w1(ξ )dsξ . (9.116)
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The last integral on the right hand side of (9.116) is of order O(R−1). Indeed, the
main terms of w1(ξ ) are of order O(R−2). However, according to (9.89), they are
odd functions in either the variable ξ2 or ξ3. Therefore, the terms of order O(1)
vanish in the last integral on the right hand side of (9.116) due to the full symmetry
of the semi-sphere {ξ ∈ R3− : ρ = R}. The first integral on the right hand side of
(9.116) is equal to

∫

∂ω∩∂Ξ
N1(ξ )w1(ξ )dsξ =

∫

∂ω∩∂Ξ
w1(ξ )∂Nξ1dsξ

=
∫

∂ω∩∂Ξ
ξ1∂Nw1(ξ )dsξ

+

∫

{ξ∈R3−:ρ=R}
(ξ∂ρw1(ξ )−w1(ξ )∂ρξ1)dsξ . (9.117)

The integral
∫

{ξ∈R3−:ρ=R}
(ξ1∂ρw1(ξ )−w1(ξ )∂ρξ1)dsξ (9.118)

is also of order O(R−1) by the same argument as above, since ∂ρw1(ξ ) has the same
symmetry in ξ2 and ξ3 as w1(ξ ). We also have

∫

∂ω∩∂Ξ
ξ1∂Nw1(ξ )dsξ = 0 (9.119)

due to the boundary conditions (9.88b) and the second equality in (9.86). We com-
pute now

κs(O)

∫

ΞR

ξ1∂ 2
ξ2

w1(ξ )dξ = κs(O)

∫

∂ω∩∂Ξ
ξ1N2(ξ )∂ξ2

w1(ξ )dsξ

+ κs(O)

∫

{ξ∈R3−:ρ=R}
ρ−1ξ1ξ2∂ξ2

w1(ξ )dsξ . (9.120)

The latter integral is of order O(R−1), hence the leading asymptotic term of order
O(ρ−2) coming from the expression ξ2∂ξ2

is still odd with respect to the variable
ξ2 or ξ3, therefore it is annihilated by integration. The first integrand on the right
hand side in (9.120) is the opposite of the first term in G2

5(ξ ), and, hence, they cancel
each other. Finally, recalling that G2

2(ξ )+G2
4(ξ ) = 0, collecting the aforementioned

integrals and taking (9.113) into account, we pass to the limit R → ∞ and get the
equality

a =− 1
2π

λ 0v0(O)|ω |. (9.121)

Remark 9.7. The coefficient a is independent of the curvatures κs(O) and κν (O),
in contrast with the original expressions (9.101) and (9.103).
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9.3.3 Correction Term of Regular Type

We start by writing the boundary layers for ρ →∞ in the following condensed form

wq(ξ ) = tq(ξ )+O(ρq−4), q = 1,2, (9.122)

where t1 and t2 denote the sum of homogeneous functions for ρ → ∞ of orders
O(ρ−2) and O(ρ−1) in (9.87), (9.89) and (9.107), respectively. In other words,
t1(ξ ) = h2t1(d,s,ν) and t2(ξ ) = ht2(d,s,ν). Outside a small neighborhood of the
point O we have,

hw1(ξ )+ h2w2(ξ ) = h3(t1(d,s,ν)+ t2(d,s,ν))+O(h4)

=: h3T (x)+O(h4). (9.123)

In view of the multiplier h3, the expression for T (x) should be present in the follow-
ing problem for the regular corrector v3 in the asymptotic ansätz (9.70)

−Δxv3(x) = λ 0v3(x)+λ ′v0(x)+ f 3(x), x ∈Ω , (9.124a)

∂nv3(x) = g3(x), x ∈ Γ . (9.124b)

The first two terms on the right hand side of (9.124a) are obtained if we replace the
eigenvalues and eigenfunctions in (9.63a) by the ansätze (9.69)-(9.70) and collect
terms of order O(h3) written in the slow variable x. The right hand side g3 of the
boundary condition (9.124b) is the discrepancy which results from the multiplica-
tion of the boundary layers with the cut-off function χ . If we assume that in the
vicinity of the boundary the cut-off function χ depends only on the tangential vari-
ables s and ν , and it is independent of the normal variable d, then g3 = 0, since the
boundary conditions (9.85b) and (9.99b) on ∂Ξ \ ∂ω are homogeneous. It is clear
that such a requirement can be readily satisfied, and thus we further assume g3 = 0.
The correction f 3 in (9.124a) is given by

f 3(x) = λ 0χ(x)T (x)+Δx(χ(x)T (x)). (9.125)

We will verify that the function f 3, smooth outside a neighborhood of the origin O ,
is of the growth O(‖x‖−2) as x →O which means that f 3 belongs to H−1(Ω), since
a function of order ‖x‖−5/2+ι is in H−1(Ω) for all ι > 0. This ensures that f 3 is
admissible for the right hand side of equation (9.124a). The observation is obvious
for the first term of f 3, since t1(d,s) = O(‖x‖−2) and t2(d,s) = O(‖x‖−1). Let us
consider the second term Δx(χ(x)T (x)). According to (9.78), the representation of
the Laplacian in curvilinear coordinates can be rewritten in the form

Δx = L 0(∂d ,∂s,∂ν )+L 1(d,∂d ,∂s,∂ν )+L 2(d,s,ν,∂d ,∂s,∂ν), (9.126)
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with the ingredients

L 0(∂d ,∂s,∂ν ) = (∂ 2
d + ∂ 2

s + ∂ 2
ν ), (9.127)

L 1(d,∂d ,∂s,∂ν ) = κs(O)(∂d − 2d∂ 2
s )+κν(O)(∂d − 2d∂ 2

ν ), (9.128)

L 2(d,s,ν,∂d ,∂s,∂ν ) = a11∂ 2
d + a22∂ 2

s + a33∂ 2
ν + a1∂d + a2∂s + a3∂ν , (9.129)

while the functions a j j and a j are smooth in a neighborhood of O , in variables d
and s, and in addition they have the properties

a j j(0,0) = 0, ∂ka j j(0,0) = 0, a j(0,0) = 0, j = 1,2,3. (9.130)

Therefore, we can write

ΔxT = L 0t1 +(L 0t2 +L 1t1)+L 1t2 +L 2(t1 + t2). (9.131)

We readily check that L 0t1 = 0 and L 0t2 +L 1t1 = 0 due to the definition of w1

and w2 (see (9.85a) and (9.99a)). Function t2 is of order O(‖x‖−1) thus L 1t2 is of
order O(‖x‖−2), and L 2(t1 + t2) is also of order O(‖x‖−2) due to (9.130). Thus,
we have concluded that g3 = 0 and f 3 ∈ H−1(Ω).

According to the Fredholm theorem, and under the assumption that λ 0 is a simple
eigenvalue, the problem (9.124) with the described right hand sides admits a solution
v3 in the Sobolev space H1(Ω) if and only if the following orthogonality condition
is satisfied by the right hand side of (9.124):

λ ′(v0,v0)Ω +( f 3,v0)Ω +(g3,v0)∂Ω = 0. (9.132)

Owing to the normalization condition and since g3 = 0, relation (9.132) becomes

λ ′ =−( f 3,v0)Ω . (9.133)

Integral of the product f 3v0 is convergent, which means that

( f 3,v0)Ω = lim
ι→+0

∫

Ωι
(λ 0χT +Δx(χT ))v0 dx, (9.134)

where Ωι = Ω \ {x : d2 + s2 + ν2 � ι2}. The surface patch Sι = ∂Ωι \ ∂Ω turns
out to be a semi-sphere in the curvilinear coordinate system. We imitate the spher-
ical coordinate system in the curvilinear coordinates by setting d = r sinθ cosϕ ,
s = r sinθ sinϕ and ν = r cosθ while denoting (r,ϕ ,θ ) the spherical coordinate
system, with r = hρ � 0, ϕ ∈ (−π/2,π/2), θ ∈ (0,π). Using Green’s formula for
the smooth functions T and v0 in the domain Ωι yields

∫

Ωι
f 3v0 dx =

∫

Sι
(v0∂NT −T∂Nv0)dsx. (9.135)
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Let us observe that dsx = d(d,s)1/2g(d,s)r2 sinθdθdϕ on Sι , and according to for-
mulae (9.81) the derivative ∂NS along the normal to the patch Sι satisfies the relation

∂NS T = d(d,s)1/2(Nd∂dT +Ns∂sT +Nν∂νT ), (9.136)

where

Nd = gsinθ cosϕ , Ns = (1+ dκν)sinθ sinϕ , Nν = cosθ (1+ dκs), (9.137)

and

d := d(d,s) = d(r sinθ cosϕ ,r sinθ sinϕ)
= g

2 sin2 θ cos2ϕ+(1+ dκν)
2 sin2 θ sin2ϕ+(1+ dκs)cos2 θ . (9.138)

We can split the integral (9.135) into several pieces
∫

Ωι
f 3v0 dx = I1 +I2 +I3 +I4+ o(1), (9.139)

with

I1 =

∫ π/2

−π/2

∫ π

0
v0(O)∂NS T ι2 sinθdθdϕ , (9.140)

I2 =
∫ π/2

−π/2

∫ π

0
v0(O)∂NS T dηι2 sinθdθdϕ , (9.141)

I3 =

∫ π/2

−π/2

∫ π

0
(∂sv

0(O)s∂NS T + ∂νv0(O)ν∂NS T )ι2 sinθdθdϕ , (9.142)

I4 = −
∫ π/2

−π/2

∫ π

0
T∂NS v0d1/2

g ι2 sinθdθdϕ , (9.143)

where η := κs(O)(1+ sin2 θ cos2ϕ+ cos2 θ )+κν(O)(1+ sin2 θ ). In view of for-
mulae (9.137) and (9.138), we get the following expansion for ∂NS T :

∂NS T = ∂rT + d[∂dT (κν (O)cos2 θ +κs(O)(sin2 θ sin2ϕ))sinθ cosϕ
+ ∂sT (κν (O)cos2 θ +κs(O)(sin2 θ sin2ϕ− 1))sinθ sinϕ
+ ∂νT (−κν (O)cos2 θ +κs(O)(sin2 θ sin2ϕ))cosθ ]+ o(ι). (9.144)

The asymptotic expansions of integrands in I1 and I2 already derived, lead to

I1 +I2 = v0(O)ι2
∫ π/2

−π/2

∫ π

0
∂rT sinθdθdϕ

+ v0(O)ι
∫ π/2

−π/2

∫ π

0
d[d∂dT (κν (O)cos2 θ +κs(O)(sin2 θ sin2ϕ))

+ s∂sT (κν (O)cos2 θ +κs(O)(sin2 θ sin2ϕ− 1))

+ ν∂νT (−κν (O)cos2 θ +κs(O)(sin2 θ sin2ϕ))]dθdϕ+ o(1). (9.145)
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After simplification of the expression in brackets we get

I1 +I2 = v0(O)ι2
∫ π/2

−π/2

∫ π

0
∂rT sinθdθdϕ (9.146)

+ v0(O)κs(O)ι
∫ π/2

−π/2

∫ π

0
d(2d∂dT + s∂sT + 2ν∂νT )dθdϕ

+ v0(O)κν (O)ι
∫ π/2

−π/2

∫ π

0
d(2d∂dT + 2s∂sT +ν∂νT )dθdϕ+ o(1).

We note that the expressions 2d∂dT + s∂sT + 2ν∂νT and 2d∂dT + 2s∂sT + ν∂νT
are odd in either s or ν . Therefore, the corresponding integrals over the patch Sι
vanish and we obtain

I1 +I2 = v0(O)ι2
∫ π/2

−π/2

∫ π

0
∂rT sinθdθdϕ+ o(1). (9.147)

For integrals I3 and I4, we have

I3 +I4 = ∂sv
0(O)ι2

∫ π/2

−π/2

∫ π

0
(s∂NS T −T∂NS s)sinθdθdϕ

+ ∂νv0(O)ι2
∫ π/2

−π/2

∫ π

0
(ν∂NS T −T∂NSν)sinθdθdϕ+ o(1)

= ∂sv
0(O)ι2

∫ π/2

−π/2

∫ π

0
(s∂rt

1 − t1∂rs)|r=ι sinθdθdϕ

+ ∂νv0(O)ι2
∫ π/2

−π/2

∫ π

0
(ν∂rt

1 − t1∂rν)|r=ι
sinθdθdϕ+ o(1). (9.148)

Gathering all the integrals in (9.139), we obtain

∫

Ωι
f 3v0 dx = v0(O)ι2

∫ π/2

−π/2

∫ π

0
∂rT|r=ι sinθdθdϕ

+ ∂sv
0(O)ι2

∫ π/2

−π/2

∫ π

0
(s∂rt

1 − t1∂rs)|r=ι
sinθdθdϕ

+ ∂νv0(O)ι2
∫ π/2

−π/2

∫ π

0
(ν∂rt

1 − t1∂rν)|r=ι
sinθdθdϕ+ o(1). (9.149)

The first integral in (9.149) is equal to

∫ π/2

−π/2

∫ π

0
∂rT|r=ι sinθdθdϕ =

∫ π/2

−π/2

∫ π

0
∂rt

1|r=ι sinθdθdϕ

+
∫ π/2

−π/2

∫ π

0
∂rt

2|r=ι sinθdθdϕ , (9.150)
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and according to (9.86) we get

∫ π/2

−π/2

∫ π

0
∂rt

1|r=ι sinθdθdϕ = 0. (9.151)

In view of (9.110) we also obtain

∫ π/2

−π/2

∫ π

0
∂rt

2|r=ι sinθdθdϕ =−2πa
ι2 . (9.152)

The last two integrals in (9.149) are evaluated with the help of (9.96) and (9.97),
and we obtain in a similar way that

∂sv
0(O)ι2

∫ π/2

−π/2

∫ π

0
(s∂rt

1 − t1∂rs)|r=ι
sinθdθdϕ+

∂νv0(O)ι2
∫ π/2

−π/2

∫ π

0
(ν∂rt

1 − t1∂rν)|r=ι
sinθdθdϕ =

(∇s,νv0(O))�m(Ξ)∇s,νv0(O), (9.153)

where m(Ξ) is the virtual mass matrix of the cavity ω in the half-space given by

m(Ξ) =

(

m22 m23

m32 m33

)

, (9.154)

which depends on the shape of Ξ . Furthermore,

∇s,νv0(O) = (∂sv
0(O),∂νv0(O))T . (9.155)

The previous results show that

( f 3,v0)Ω = (∇v0(O))�m(Ξ)∇v0(O)− 2πa, (9.156)

and finally the perturbation term in the asymptotic ansätz (9.69) of the simple eigen-
value λ 0

m takes the form

λ ′
m = (∇s,νv0

m(O))T m(Ξ)∇s,νv0
m(O)+ |ω |λ 0

m|v0
m(O)|2. (9.157)

Remark 9.8. The max-min principle of Proposition A.1 reads:

λ h
j = max

E h
j ⊂H1(Ωh)

inf
uh∈E h

j \{0}

{‖∇xuh‖2
L2(Ωh)

‖uh‖2
L2(Ωh)

}

, (9.158)

λ 0
j = max

E 0
j ⊂H1(Ω)

inf
v∈E 0

j \{0}

{‖∇xv‖2
L2(Ω)

‖v‖2
L2(Ω)

}

, (9.159)
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where E h
j and E 0

j stand for any subspaces of codimension j− 1, i.e.

dim(H1(Ωh)�E h
j ) = j− 1 and dim(H1(Ω)�E 0

j ) = j− 1. (9.160)

For the cavity ωh of a general shape, there is no obvious relation between H1(Ωh)
and H1(Ω) so that (9.158) and (9.159) do not allow to establish directly a connection
between λ h

j and λ 0
j . Notice that in case |ω | > 0, λ ′

m in (9.157) can be made both,
negative or positive. Indeed, assume that the eigenfunction vm changes sign on the
boundary Γ and put the coordinate origin O at a point where vm vanishes. Then the
last term in (9.157) becomes null and λ ′

m � 0 due to the above-mentioned properties
of the matrix m(Ξ). On the contrary, if the point O constitutes an extremum of
the function Γ � x �→ vm(x), then ∇s,νvm(O) = 0 and λ ′

m > 0 provided vm(O) �= 0
and |ω | > 0. In the limiting case of a crack ω , i.e. a domain flattens into a two-
dimensional surface (see fig. 9.3), one easily observes that H1(Ω) ⊂ H1(Ωh) since
a function in H1(Ωh) can have a nontrivial jump over ωh but v ∈ H1(Ω) cannot. As
a consequence of (9.158) and (9.159), we conclude the general relationship

λ h
j � λ 0

j . (9.161)

This formula is in agreement with (9.157) for the correction term in (9.69) because
|ω |= 0 for a crack and, therefore,

λ ′
m = (∇s,νv0

m(O))T m(Ξ)∇s,νv0
m(O)� 0, (9.162)

since the matrix m(Ξ) in the case of a crack is negative or negative definite (see
Example 9.2).

9.3.4 Multiple Eigenvalues

Assume now, that λ 0
m is an eigenvalue of the multiplicity κm > 1, i.e.,

λ 0
m−1 < λ 0

m = · · ·= λ 0
m+κm−1 < λ 0

m+κm
. (9.163)

In such a case ansätze (9.69) and (9.70) are valid for p = m, . . . ,m+κm − 1. How-
ever, the principal terms in the expansions of the eigenfunctions uh

m, . . . , uh
m+κm−1 of

Problem 9.6 are predicted in the form of linear combinations

vp0 = ap
1v0

m + · · ·+ ap
κm

v0
m+κm−1 (9.164)

of eigenfunctions of problem (9.67) corresponding to the eigenvalue λ 0
m, and sub-

ject to the orthogonality and normalization conditions (9.68). The coefficients of the
columns ap = (ap

1 , . . . ,a
p
κm)

� in (9.164) are to be determined. We use the name col-
umn for a column vector for short. If the columns am, . . . ,am+κm−1 are unit vectors
and
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Fig. 9.4 Domain Ωh with
singular perturbations ωh
close to the boundary

ap ·aq = δpq, p,q = m, . . . ,m+κm − 1, (9.165)

then the linear combinations (9.164), with p = m, . . . ,m+κm −1, are simply a new
orthonormal basis in the eigenspace of the eigenvalue λm.

The construction of boundary layers is performed in the same way as in the pre-
vious section. When solving problem (9.124) for the regular corrector vp3, there
appear κm compatibility conditions

ςp(v
p0,v0

m+k)Ω +( f p3,v0
m+k)Ω = 0, k = 0, . . . ,κm − 1, (9.166)

which can be written in the form of the linear system of κm algebraic equations

Qap = ςpap (9.167)

with the matrix Q= (Qik)
κm−1
j,k=0 of the size κm ×κm,

Q jk = (∇s,νv0
m+k(O))T m(Ξ)∇s,νv0

m+ j(O)+ |ω |λ 0
mv0

m+k(O)v0
m+ j(O). (9.168)

Formula (9.168) is derived in exactly the same way as it is for formula (9.157).
The matrix Q is symmetric, and its real eigenvalues ςm, . . . ,ςm+κm−1 correspond
to eigenvectors am, . . . ,am+κm−1, which satisfy conditions (9.165). Actually, just
these attributes of the matrix Q with elements (9.168) are included in ansätze (9.69),
(9.70) and (9.164) for eigenvalues λ h

p and eigenfunctions uh
p of Problem 9.6 for

p = m, . . . ,m+κm − 1 in the case (9.163).

9.4 Configurational Perturbations of Spectral Problems in
Elasticity

Spectral problems for linearized elasticity in the case of low frequencies are consid-
ered in this section. The asymptotic analysis of eigenvalues and eigenfunctions is
performed for elasticity systems with respect to singular perturbations of geometri-
cal domains close to the boundary [179]. The singular perturbation takes the form
e.g., of the creation of new parts of the boundary due to the nucleation of small voids
(cf. fig. 9.4).
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The related results in the literature are given for singular perturbations of isolated
points of the boundary (small holes in the domain, see for instance [41, 105, 145,
147, 143, 192]) and perturbations of straight boundaries including changes in the
type of boundary conditions (cf. [65, 68]). The scalar spectral problems in general
geometrical domains and the specific question on the dependence of the asymptotics
of eigenvalues on the curvature of the boundaries is addressed in [131, 177, 178].

In the proposed approach to asymptotic analysis the anisotropy of physical prop-
erties, and the variable coefficients of differential operators, i.e., inhomogeneity of
elastic materials, are taken into account. Some of the existing results on elasticity
problems with singular perturbations of boundaries (see, for instance, monographs
[143], [200] and [201]) concern homogeneous and isotropic elastic bodies.

9.4.1 Anisotropic and Inhomogeneous Elastic Body

Problem 9.8. Let us consider the elasticity problem for an elastic body Ω in three
spatial dimensions, written in the matrix/column notation which we call for sim-
plicity of writing Voigt notation as in [180],

D(−∇x)
�A (x)D(∇x)u(x) = 0, x ∈Ω , (9.169a)

D(n)�A (x)D(∇x)u(x) = g(x), x ∈ ∂Ω . (9.169b)

Here A is a symmetric positive definite matrix function inΩ of size 6×6, with mea-
surable or smooth elements, consisting of the elastic material moduli (the Hooke’s
or stiffness matrix) and D(∇x) is (6×3)-matrix of the first order differential opera-
tors,

D(ξ )� =

⎡

⎣

ξ1 0 0 0 2−1/2ξ3 2−1/2ξ2

0 ξ2 0 2−1/2ξ3 0 2−1/2ξ1

0 0 ξ3 2−1/2ξ2 2−1/2ξ1 0

⎤

⎦ , (9.170)

u = (u1,u2,u3)
� is displacement column, n = (n1,n2,n3)

� is the unit outward nor-
mal vector on ∂Ω and (·)� stands for transposition of (·). In this notation the strain
ϑ (u(x)) and stress σ(u(x)) = A (x)D(∇x)u(x) columns are given respectively by

D(∇x)u = ϑ(u) =
(

ε11,ε22,ε33,
√

2ε23,
√

2ε31,
√

2ε12

)�
, (9.171)

A D(∇x)u = σ(u) =
(

σ11,σ22,σ33,
√

2σ23,
√

2σ31,
√

2σ12

)�
. (9.172)

The factors 2−1/2 and
√

2 imply that the norms of strain and stress tensors coincide
with the norms of columns (9.171) and (9.172), respectively. From the latter prop-
erty in the matrix/column notation, any orthogonal transformation of coordinates in
R3 gives rise to orthogonal transformations of columns (9.171) and (9.172) in R6

(cf. [166, Chapter 2]).
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Remark 9.9. The strains (9.171) and the stresses (9.172) degenerate on the space of
rigid body motions,

R = {p(x) :=D(x)c : c ∈R6} , dim R = 6 , (9.173)

where

D(x) =

⎡

⎣

1 0 0 0 −2−1/2x3 2−1/2x2

0 1 0 2−1/2x3 0 −2−1/2x1

0 0 1 −2−1/2x2 2−1/2x1 0

⎤

⎦ . (9.174)

This subspace plays a crucial role in many questions in the elasticity theory, it ap-
pears also in the so-called polynomial property [162, 164] (see also [172]). The
following equalities can be verified by a direct computation,

D(∇)D(x)�
∣

∣

∣

x=0
= I6 , D(∇)D(x)�

∣

∣

∣

x=0
= O6 ,

D(∇)D(x)� = O6 , D(∇)D(x)� = I6 ,

(9.175)

where IN and ON are the unit and null (N ×N)-matrices, respectively.

In order to assure the existence of a solution to the elasticity system, the boundary
load g is supposed to be self equilibrated, namely

∫

∂Ω
D(x)�g(x)dsx = 0 ∈R6. (9.176)

9.4.2 Vibrations of Elastic Bodies

Consider inhomogeneous anisotropic elastic body Ω ⊂ R3 with the Lipschitz
boundary ∂Ω . Spectral problems for the body are formulated in a fixed cartesian
coordinate system x = (x1,x2,x3)

�, and in the matrix notation. We assume that the
matrix A of elastic moduli is a matrix function of the spatial variable x ∈R3, sym-
metric and positive definite for x ∈Ω ∪∂Ω . We denote

L (x,∇x)u(x) := D(−∇x)
�A (x)D(∇x)u(x), (9.177a)

N Ω (x,∇x)u(x) := D(n)�A (x)D(∇x)u(x). (9.177b)

Problem 9.9. The problem on eigenvibrations of the body Ω takes the form

L (x,∇x)u(x) = λγ(x)u(x), x ∈Ω , (9.178a)

N Ω (x,∇x)u(x) = 0, x ∈ Σ , (9.178b)

u(x) = 0, x ∈ Γ , (9.178c)
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where γ > 0 is the material density, λ is an eigenvalue, the square of eigenfreguency.
The part Γ of the surface ∂Ω is clamped, and the first boundary condition is pre-
scribed on the traction free remaining part Σ = ∂Ω \Γ of the surface.

Remark 9.10. The analysis of boundary value problems with the collision line Σ ∩Γ
should be performed in the weighted Sobolev and Hölder spaces (cf. [166, Chap-
ter 2, pp. 94–113]) taking into account the singularities caused by the change of
boundary conditions over the collision line.

We denote by H1
Γ (Ω ;R3) the energy space, i.e., the subspace of the Sobolev space

H1(Ω ;R3) with null traces on the subset Γ . The variational formulation of problem
(9.178) reads:

Problem 9.10. Find a non trivial function u ∈ H1
Γ (Ω ;R3) and a number λ such that

for all test functions v ∈ H1
Γ (Ω ;R3) the following integral identity is verified

(A Du,Dv)Ω = λ (γu,v)Ω , (9.179)

where (·, ·)Ω is the scalar product in the Lebesgue space L2(Ω ;R3).

If the stiffness matrix A and the density γ are measurable functions of the spa-
tial variables x, and in addition uniformly positive definite and bounded, then the
variational problem (9.179) admits normal positive eigenvalues λp, which form the
sequence

0 < λ1 � λ2 � · · ·� λp � · · · → ∞ (9.180)

taking into account its multiplicities, and the elastic vibration modes: for an eigen-
value λp the corresponding orthonormalized eigenfunction is denoted by u(p).

Remark 9.11. In the case of multiple eigenvalues the notation is slightly changed.
For an multiple eigenvalue λp = · · ·= λp+κp−1 of the multiplicity κp the orthonor-

malized eigenfunctions are denoted by u(q)
(p) ∈ L2(Ω ;R3) for q = p, . . . , p+κp − 1.

The elastic vibration modes are subject to the orthogonality and normalization con-
ditions

(γu(p),u(q))Ω = δpq , p,q ∈N := {1,2, . . .} , (9.181)

where δpq is the Kronecker symbol.
In the sequel it is assumed that elements of the matrix A and the density γ are

smooth functions in Ω , continuous up to the boundary. In such the case Ω is called
a smooth inhomogeneous body. For such a body the elastic modes u(p) are smooth
functions in the interior of Ω , and up to the boundary in the case of the smooth sur-
face ∂Ω . We have also the equivalence between the variational form and the differ-
ential form (9.178) of the spectral problem. We require only the interior regularity
of elastic modes in the sequel. In any case the elastic modes have singularities on the
collision line Σ ∩Γ and therefore, are excluded from the Sobolev space H2(Ω ;R3).

Along with the smooth inhomogeneous body Ω , let us consider a body Ωh

with inclusions or defects; here h > 0 stands for a small dimensionless geometrical



260 9 Compound Asymptotic Expansions for Spectral Problems

parameter, which describes the relative size of inclusions or defects. Actually, we
select in the interior of Ω the points p1, . . . , p(J) and denote by ω1, . . . ,ωJ elastic
bodies bounded by the Lipschitz surfaces ∂ω1, . . . ,∂ωJ . Furthermore, for the sake
of simplicity we assume that the origin O belongs to ω j, j = 1, . . . ,J. The body with
inclusions or defects is defined by

Ξ(h) =Ωh ∪ωh
1 ∪·· ·∪ωh

J , (9.182)

where

ωh
j =

{

x ∈R3 : ξ j := h−1(x− p j) ∈ ω j
}

, Ωh =Ω \
J
⋃

j=1

ωh
j . (9.183)

In the limit case of h → 0, the open domain Ω \{p1, . . . , pJ} is called the punctured
domain. The stiffness matrix and the density of the composite body (9.182) take the
form

A h(x) =

{

A (x), x ∈Ωh,
A( j)(ξ j), x ∈ ωh

j ,
γh(x) =

{

γ(x), x ∈Ωh,
γ j(ξ j), x ∈ ωh

j ,
(9.184)

where ξ j := h−1(x− p j).
The matrices A and A( j) as well as the scalars γ and γ( j) are different from each

other, i.e., ωh
j are inhomogeneous inclusions of small diameters. We assume that

A( j) and γ( j) are measurable, bounded and positive definite uniformly on ω j. In
particular, for almost all ξ ∈ ω j the eigenvalues of the matrix A( j)(ξ ) are bounded
from below by a constant c j > 0. There is no special assumption on the relation
between the properties of the inclusions and of the matrix (body without inclusions),
we assume only that the densities γ , γ( j), and entries of the matrices A , A( j) are of
similar orders, respectively.

In the fracture mechanics, the most interesting case is the weakening of elastic
material due to the crack formation. The cracks are modeled by two-sided, two di-
mensional surfaces, with the first boundary conditions (9.178b) prescribed on both
crack lips, i.e. the surface is traction free from both sides. The case of a microc-
rack is not formally included in our problem statement, since we assume that the
inclusion or defect ω j is of positive volume and with the Lipschitz boundary ∂ω j.
However, the asymptotic procedure works also for the cracks. Small changes which
are required in the justification part, are given separately (see the proof of Proposi-
tion C.1 and Remark C.2). The polarization matrices for the cracks can be found in
[180, 220].

The exchange of γ and A by γh and A h from (9.184), respectively, transforms
(9.179) in the integral identity for the body weakened by the inclusions or defects
ωh

1 , . . . ,ω
h
J , this integral identity is further denoted by (9.185).
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Problem 9.11. Find a non trivial function uh ∈H1
Γ (Ξ(h);R3) and a number λ h such

that for all test functions v∈ H1
Γ (Ξ(h);R3) the following integral identity is verified

(A hDuh,Dv)Ξ (h) = λ h(γhuh,v)Ξ (h) , (9.185)

where (·, ·)Ξ (h) is the scalar product in the Lebesgue space L2(Ξ(h);R3).

We denote

Lh(x,∇x)u
h(x) := D(−∇x)

�A h(x)D(∇x)u
h(x), (9.186a)

Nh(x,∇x)u
h(x) := D(n)�A h(x)D(∇x)u

h(x). (9.186b)

We observe also, that for the stiffness matrix A h and the density γh the differential
problem for vibrations of a composite body does not consist only of the system of
equations, but also of the transmission conditions on the surface ∂ωh

j where the
ideal contact is assumed. The problem on eigenvibrations of the composite body
Ξ(h) takes the form:

Problem 9.12. Let us now consider the strong system associated to Problem 9.11,
namely

Lh(x,∇x)u
h(x) = λγh(x)uh(x), x ∈ Ξ(h), (9.187a)

Nh(x,∇x)u
h(x) = 0, x ∈ Σ , (9.187b)

uh(x) = 0, x ∈ Γ , (9.187c)

�uh�(x) = 0, x ∈ ∂ωh
j , j = 1, . . . ,J, (9.187d)

�Nh(x,∇x)u
h�(x) = 0, x ∈ ∂ωh

j , j = 1, . . . ,J, (9.187e)

where �·� stands for the jumps over the interfaces ∂ωh
j , j = 1, . . . ,J.

In a similar way as for problem (9.180) the general theory is applied, hence there is
the sequence of eigenvalues for the problem (9.185)

0 < λ h
1 � λ h

2 � · · ·� λ h
p � · · · →+∞, (9.188)

and the corresponding eigenfunctions uh
( j) meet the orthogonality and normalization

conditions
(γhuh

(p),u
h
(q))Ω = δpq, p,q ∈N. (9.189)

9.4.3 Formal Construction of Asymptotic Expansions

We introduce the following asymptotic ansätze for eigenvalues and eigenfunctions
in problem (9.185)

λ h
p ∼ λp + h3ςp, (9.190)
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and

uh
(p)(x)∼ u(p)(x)+ h

J

∑
j=1

χ j(x)
(

w1 j
(p)

(

h−1 (x− p j))+

hw2 j
(p)

(

h−1 (x− p j))
)

+ h3v(p), (9.191)

where χ j ∈C∞
c (Ω), j = 1, . . . ,J, are cut-off functions, with non overlapping supports

in Ω , and for each j, χ j(x) = 1 for x ∈ ω j and χi(p j) = δi j.
First, we assume that the eigenvalue λ = λp in problem (9.179) is simple, and

for brevity the subscript p is omitted. The corresponding eigenfunction u = u(p) ∈
H1
Γ (Ω ;R3), normalized by condition (9.181), is smooth in the interior of the domain

Ω . The columns M j(x), j = 1, . . . ,12 of the matrix M(x) :=
[

D(x),D(x)�
]

P(x) =

⎡

⎣

1 0 0 0 −2−1/2x3 2−1/2x2 x1 0 0 0 2−1/2x3 2−1/2x2

0 1 0 2−1/2x3 0 −2−1/2x1 0 x2 0 2−1/2x3 0 2−1/2x1

0 0 1 −2−1/2x2 2−1/2x1 0 0 0 x3 2−1/2x2 2−1/2x1 0

⎤

⎦

form a basis in the twelve dimensional space of the first order polynomial vector
functions in R3. In this way, the Taylor formula takes the form

u(x) =D(x− p j)a j +D(x− p j)�ϑ j +O(‖x− p j‖2) , (9.192)

where a j := a( j) and ϑ j := ϑ ( j). The summation convention is used as usually for
the repeated indices j = 1, . . . ,6. By equalities (9.171), (9.172) and (9.175), the
columns

a j =D(∇x)
�u(p j) , ϑ j = D(∇x)u(p j) , (9.193)

represent the column of rigid motions, and of strains, at the point p j, respectively.
By the Taylor formula (9.192) we obtain an expansion of the strains in the vicinity

of each inclusion ωh
j

ϑ(u(x)) = ϑ j +O(x) = ϑ j +O(h) . (9.194)

If the displacement field u, which as usually is the first term of the approximate
solution, is inserted in the problem (9.185) for the composite body Ω h, it gives
rise to discrepancies. The main terms of the discrepancies, left by the field u in the
problem (9.185) for the composite body Ωh, appear in the system of equations in
ωh

j and in the transmission conditions on ∂ωh
j .

For the compensation of the discrepancies we use the special solutions of the
elasticity problem in a homogeneous space with the inclusion ω j of unit size

L 0 j(∇ξ )W
jk(ξ ) := D(−∇ξ )

�A (p j)D(∇ξ )W
jk(ξ )

= 0, ξ ∈Θ j =R3 \ω j, (9.195a)

L j(ξ ,∇ξ )W
jk(ξ ) := D(−∇ξ )

�A( j)(ξ )D(∇ξ )W
jk(ξ )

= D(∇ξ )A( j)(ξ )ek, ξ ∈ ω j, (9.195b)
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with jump conditions of the form

W
jk
+ (ξ ) = W

jk
− (ξ ), ξ ∈ ∂ω j, (9.195c)

D(ν(ξ ))�(A( j)(ξ )D(∇ξ )W
jk
− (ξ )−A (p j)D(∇ξ )W

jk
+ (ξ )) =

D(ν(ξ ))�(A (p j)−A( j)(ξ ))ek, ξ ∈ ∂ω j. (9.195d)

Here ν is the unit vector of the exterior normal on the boundary ∂ω j of the inclusion
ω j, ek = (δ1k, . . . ,δ6k)

� is an orthant in the space R6, W+ and W− are limit values
of the function W on the surface ∂ω j evaluated from outside and from inside of the
inclusion ω j, respectively.

We denote by Φ j the fundamental (3×3)-matrix of the operator L 0 j(∇ξ ) in R3.
This matrix is infinitely differentiable in R3 \{O} and enjoys the following positive
homogeneity property

Φ j(tξ ) = t−1Φ j(ξ ) , t > 0. (9.196)

It is known (see [170, Chapter 6]), that the solutions W jk of problem (9.195a)-
(9.195d) admit the expansion

W jk(ξ ) =
6

∑
p=1

P
( j)
kp

3

∑
q=1

Dq
p(∇x)Φ jq(ξ )+O(‖ξ‖−3), ξ ∈R3 \BR, (9.197)

where Dp = (D1
p ,D

2
p ,D

3
p) is a line of the matrix D (see (9.170)), Φ j1,Φ j2,Φ j3

are columns of the matrix Φ j, and the radius R of the ball BR = {ξ : ‖ξ‖ < R} is
chosen such thatω j ⊂BR. If the radius R= 1 then the unit ball B := {ξ : ‖ξ‖< 1} as

well as B := {x : ‖x‖ < 1}. The coefficients P( j)
kp in (9.197) form the (6× 6)-matrix

P( j), j = 1, . . . ,J, which is called the polarization matrix of the elastic inclusion
ω j (see [165, 220] and also [105], [170, Chapter 6], [172]). Some properties of the
polarization matrix, and some comments on the solvability of problem (9.195a)-
(9.195d) are given in Section 9.4.4 as well as in Appendix D.

The columns W j1, . . . ,W j6 compose the (3× 6)-matrix W j and we set

w1 j(ξ ) =W j(ξ )ϑ j. (9.198)

In Appendix C, Section C.1, it is verified that the right choice of boundary layer
is given by formula (9.198), since it compensates the main terms of discrepancies.
From (9.197) and (9.198) it follows that

w1 j(ξ ) = (P( j)D(∇ξ )Φ j(ξ )�)�ϑ j +O(‖ξ‖−3) , ξ ∈R3 \BR. (9.199)

Relation (9.199) can be differentiated term by term on the set R3 \BR under the rule
∇ξO(‖ξ‖−p) = O(‖ξ‖−p−1) for the remainder.
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In view of (9.196) the detached asymptotic expansion term equals

h2(P( j)D(∇x)Φ j(x− p j)�)�ϑ j. (9.200)

It produces discrepancies of order O(h3), which should be taken into account when
constructing the regular type term h3v (we point out that there is the factor h on
w1 j in (9.191)). On the other hand, discrepancies of the same order O(h3) are left
in the problem for v by the subsequent term h2w(h−1(x− p j)), which solves the
transmission problem analogous to (9.195a)-(9.195d), that is

L 0 j(∇ξ )w
2 j(ξ ) = F0 j(ξ ), ξ ∈Θ j, (9.201)

L j(ξ ,∇ξ )w
2 j(ξ ) = F j(ξ ), ξ ∈ ω j, (9.202)

with jump conditions of the form

w2 j
+ (ξ ) = w2 j

− (ξ ), ξ ∈ ∂ω j, (9.203)

D(ν(ξ ))�(A( j)(ξ )D(∇ξ )w
2 j
− (ξ )−

A (p j)D(∇ξ )w
2 j
+ (ξ )) = Gj(ξ ), ξ ∈ ∂ω j , (9.204)

and with the decay rate O(‖ξ‖−1) at ‖ξ‖→ ∞, smaller compared to the decay rate
of w1 j.

Now, we evaluate the right hand sides of the problems (9.201)-(9.204). First, by
the representation of the stiffness matrix

A (x) = A (p j)+ (x− p j)�∇xA (p j)+O(‖x− p j‖2) (9.205)

and the corresponding splitting of differential operator with the variable coefficients
L 0(x,∇x) from (9.178a), we find that the right hand side of system (9.201)-(9.202)
is the main term of the expression

−L 0(x,∇x)w
1 j(h−1(x− p j)) ∼ h−1D(∇ξ )

�(ξ�∇xA (p j))D(∇ξ )w
1 j(ξ )

=: h−1F0 j(ξ ). (9.206)

We note that L 0 j(∇x)w1 j(h−1(x− p j)) = 0 in (9.206). The following discrepancy
appears in the second transmission condition (9.204):

G j(ξ ) = D(ν(ξ ))�(ξ�∇xA (p j))(D(∇ξ )w
1 j(ξ )+ϑ j)

+ D(ν(ξ ))�(A (p j)−A( j)(ξ ))D(∇ξ )U
j(ξ ). (9.207)

The second term comes out from the second order elaborated Taylor formula (9.205)

u(x) =D(x− p j)a j +D(x− p j)�ϑ j +U j(x− p j)+O(‖x− p j‖3) (9.208)
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and involves the quadratic vector functions ξ → U j(ξ ), j = 1, . . . ,J,

U j(x− p j) :=
1
2
(x− p j)�U j(x− p j) =

1
2

3

∑
p,q=1

(xp − p j
p)U

j
pq(xq − p j

q), (9.209)

where U j stands for the second order differential of the vector function u evaluated
at p j, i.e., U j is the symmetric matrix with entries

U j
pq :=

∂ 2u
∂xp∂xq

(p j).

Finally, the right hand side of system (9.201)-(9.202) takes the form

F j(ξ ) =−λγ j(ξ )u(p j)+D(∇ξ )
�A( j)(ξ )D(∇ξ )U

j(ξ ). (9.210)

Besides the term obtained from the quadratic vector function (9.209) in the Taylor
formula (9.208), the expression (9.210) contains the discrepancy λγ ju(p j) which
originates from the inertial term λ hγ juh in accordance to the asymptotic ansätze
(9.209).

In order to establish properties of solutions to the problem (9.201)-(9.204), we
need some complementary results.

Lemma 9.1. Assume that Z(ξ ) = D(∇ξ )
�Y(ξ ) and

Y(ξ ) = ρ−2
Y(θ ), Z(ξ ) = ρ−3

Z(θ ), (9.211)

where (ρ ,θ ) are spherical coordinates and Y ∈ C∞(∂B;R6), Z ∈ C∞(∂B;R3) are
smooth vector functions on the unit sphere ∂B := {ξ : ‖ξ‖= 1}. The model problem

L 0 j(∇ξ )X(ξ ) = Z(ξ ), ξ ∈R3 \ {0}, (9.212a)

admits a solution X(ξ ) = ρ−1X(θ ), which is defined up to the term Φ j(ξ )c with
c ∈R3, and becomes unique under the orthogonality condition

∫

∂B
D(ξ )�A 0(p j)D(∇ξ )X(ξ )dsξ = 0 ∈R3. (9.212b)

Proof. After separating variables and rewriting the operator L 0 j(∇ξ ) in the spher-
ical coordinates (L 0 j(∇ξ ) = r−2L(θ ,∇θ ,r∂/∂ r)), the system (9.212a) takes the
form

L
j(θ ,∇θ ,−1)X(θ ) = Z(θ ), θ ∈ ∂B. (9.213)

Since L(θ ,∇θ ,0) is the formally adjoint operator for L j(θ ,∇θ ,−1) (see, for exam-
ple, [170, Lemma 3.5.9]), the compatibility condition for the system of differential
equations (9.213) implies the equality

∫

∂B
Z(θ )dsθ = 0 ∈R3. (9.214)
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The equality represents the orthogonality condition in the space L2(∂B;R3) of the
right hand side Z of system (9.213) to the solutions of the system

L
j(θ ,∇θ ,0)V(θ ) = 0, θ ∈ ∂B , (9.215)

which are nothing but constant columns. Indeed, after transformation to the cartesian
coordinate system ξ , equations (9.215) take the form

L 0 j(∇ξ )V (ξ ) = 0, ξ ∈R3 \ {O}, (9.216)

and any solution V (ξ ) = ρ0V(θ ) is constant. Let b > a > 0 be some numbers, and
let Ξ be the annulus {ξ : a < ρ < b}. We have

ln
b
a

∫

∂B
Z(θ )dsθ =

∫ b

a
ρ−1dρ

∫

∂B
Z(θ )dsθ =

∫

Ξ
ρ−3

Z(θ )dξ

=

∫

Ξ
D(∇ξ )

�Y(ξ )dξ =

∫

∂Bb

D(ρ−1ξ )�Y(ξ )dsξ

−
∫

∂Ba

D(ρ−1ξ )�Y(ξ )dsξ = 0. (9.217)

We have used here the Green formula and the fact that the integrands on the spheres
of radii a and b are equal to b−2D(θ )�Y and a−2D(θ )�Y, respectively, i.e., the in-
tegrals cancel one another. Therefore, the compatibility condition (9.214) is verified
and the system (9.213) has a solution X ∈ C∞(∂B;R3). The solution is determined
up to a linear combination of traces on ∂B of columns of the fundamental matrix
Φ(ξ ). Recall that the columns Φq of matrix Φ(ξ ) are the only homogeneous so-
lutions of degree −1 of the homogeneous model problem (9.212a) and verify the
relations

−
∫

∂B
D(ξ )�A (p j)D(∇ξ )Φq(ξ )dsξ =

∫

B
L 0 j(∇ξ )Φq(ξ )dξ

=

∫

B
δ (ξ )eqdξ = eq, (9.218)

where we take into account that ξ ∈ ∂B is the unit outer normal to the sphere ∂B =
{ξ : ρ = 1}, the boundary of the unit ball B = {ξ : ρ < 1}, δ ∈ D ′(R3) is the Dirac
measure, eq = (δ1q,δ2q,δ3q)

� ∈ R3,q = 1,2,3, is the basis vector of the axis xq,
where δi j stands for the Kronecker symbol, and the last integral over B is understood
in the sense of the theory of distributions. Thus, owing to (9.218), the orthogonality
condition (9.212b) can be satisfied that implies the uniqueness of the solution X to
the problem (9.212a)-(9.212b). �

In view of (9.199), (9.200) and (9.206), the right hand side of (9.212a) takes the
form

Z(ξ ) = D(∇ξ )
�(ξ�∇ξA (p j))D(∇ξ )(P

( j)D(∇ξ )Φ j(ξ )�)�ϑ j. (9.219)
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General results of [117] (see also [170, §3.5, §6.1, §6.4]) show that there exists a
unique decaying solution of problem (9.201)-(9.204), which admits the expansion

w2 j(ξ ) = X j(ξ )+Φ j(ξ )C j +O(ρ−2(1+ | lnρ |)), ξ ∈R3 \BR. (9.220)

In the same way as in relation (9.199), the relation (9.220) can be differentiated
term by term under the rule ∇ξO(|ρ |−p(1+ | lnρ |)) = O(|ρ |−p−1(1+ | lnρ |)). The
method [149] is applied in order to evaluate the column C j.

Lemma 9.2. The equality is valid

C j =−λ (γ j − γ(p j))|ω j |u(p j)−I j, (9.221)

where |ω j| is the volume, and

γ j =
1

|ω j|
∫

ω j

γ j(ξ )dξ (9.222)

the mean scaled density of the inclusion ω j , i.e., its mass is γ j |ω j|, and

I j =
∫

∂B
D(ξ )�(ξ�∇ξA (p j))D(∇ξ )(P

( j)D(∇ξ )Φ j(ξ )�)�dsξ ϑ j. (9.223)

Proof. In the ball BR we apply the Gauss formula and obtain, that for R → ∞,
∫

BR\ω j

F0 jdξ +

∫

ω j

F jdξ +

∫

∂ω j

G jdsξ = (9.224)

∫

BR\ω j

L j0w2 jdξ
∫

ω j

L jw2 jdξ+
∫

∂ω j

D(ν)�(A( j)(ξ )D(∇ξ )w
2 j
− −A (p j)D(∇ξ )w

2 j
+ )dsξ =

−
∫

∂BR

D(ρ−1ξ )�A (p j)D(∇ξ )w
2 j(ξ )dsξ =

−
∫

∂BR

D(R−1ξ )�A (p j)D(∇ξ )(X
j(ξ )+Φ j(ξ )C j)dξ + o(1) =C j + o(1).

We have also taken into account equalities (9.212b) and (9.218). On the other hand,
in view of formulae (9.206) and (9.210) it follows that
∫

ω j

F j(ξ )dξ = −λ
∫

ω j

γ j(ξ )dξu(p j)+

∫

ω j

D(∇ξ )
�A( j)(ξ )D(∇ξ )U

j(ξ )dξ

= −λγ j|ω j|u(p j)+

∫

∂ω j

D(ν(ξ ))�A( j)(ξ )D(∇ξ )U
j(ξ )dξ , (9.225)
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and
∫

BR\ω j

F0 j(ξ )dξ = −
∫

∂ω j

D(ν(ξ ))�(ξ�∇ξA (p j))D(∇ξ )w
1 j(ξ )dsξ

+

∫

∂BR

D(R−1ξ )�(ξ�∇xA (p j))D(∇ξ )w
1 j(ξ )dsξ . (9.226)

We turn back to the decomposition (9.199). Then, by taking into account the ho-
mogeneity degree of the integrand, we can see that the integral over the sphere ∂BR

equals
∫

∂B
D(ξ )�(ξ�∇xA (p j))D(∇ξ )(P

( j)D(∇ξ )Φ j(ξ )�)�dsξϑ j +O(R−1). (9.227)

The integrals over the surfaces ∂ω j in the right hand sides of (9.225)-(9.226) cancel
with two integrals, which according to (9.207) appear in the formula

∫

∂ω j

G j(ξ )dsξ =

∫

∂ω j

D(ν(ξ ))�(ξ�∇xA (p j))D(∇ξ )w
1 j(ξ )dsξ

−
∫

∂ω j

D(ν(ξ ))�A( j)(ξ )D(∇ξ )U
j(ξ )dξ

+
∫

∂ω j

D(ν(ξ ))�(ξ�∇xA (p j))dsξ ϑ j

+
∫

∂ω j

D(ν(ξ ))�A (p j)D(∇ξ )U
j(ξ )dsξ . (9.228)

Finally, by the equality

D(−∇x)
�A 0(p j)D(−∇x)U

j(ξ )+

D(−∇x)
�(x�∇xA

0(p j))ϑ j = λγ0(p j)u(p j) , (9.229)

resulting from equation (9.207) at the point x = p j, the sum of the pair of two last
integrals in (9.228) takes the form

∫

ω j

(

D(−∇ξ )
�A 0(p j)D(∇ξ )U

j(ξ )+

D(−∇ξ )
�(ξ�∇xA

0(p j))ϑ j
)

dξ = λγ0(p j)|ω j|u(p j). (9.230)

It remains to pass to the limit R →+∞. �

Now, we are in position to determine the first regular corrector v := v(p) of the
eigenfunction u := u(p) and the first corrector ς := ςp of the eigenvalue λp in the
ansätze (9.191) and (9.190), which are given by solutions of
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Problem 9.13. Find v and ς such that

L (x,∇x)v(x) = λγ(x)v(x)+ ςγ(x)u(x)+ f (x), x ∈Ω \ {p1, . . . , pJ}, (9.231a)

D(n(x))�A (x)D(∇x)v(x) = 0, x ∈ Σ , v(x) = 0, x ∈ Γ , (9.231b)

where n(x) := ν(x) stands for the unit normal vector on Γ .

The weak formulation of Problem 9.13 is given below by (9.241) in the subspace
H1
Γ (Ω ;R3) of the Sobolev space H1(Ω ;R3). The right hand side f includes the

discrepancies, which results from the boundary layer correctors of order h3. By
decompositions (9.199) and (9.220) we obtain

f (x) =
J

∑
j=1

(L (x,∇x)−λγ(x)I3)χ j(x)(P
( j)D(∇x)Φ j(x− p j)�)�ϑ j

+
J

∑
j=1

{X j(x)+Φ j(x− p j)C j}. (9.232)

The terms D(∇x)Φ j(x− p j) and Φ j(x− p j) in (9.232) enjoy the singularities of
orders O(‖x− p j‖−2) and O(‖x− p j‖−1), respectively. Therefore, it should be clar-
ified in what sense the differential Problem 9.13 is solvable. Equation (9.231a) is not
considered in Ω , but it is posed in the punctured domain Ω \{p1, . . . , pJ}. Thus the
Dirac measure and its derivatives, which are obtained by the action of the operator
L on the fundamental matrix, are not taken into account. Besides that, by virtue
of the definition of the term X j implying a solution to the model problem (9.212a)
with the right hand side (9.219), and according to the estimates of remainders in the
expansions (9.199) and (9.220), the following relations are valid

f (x) = O(r−2
j (1+ lnr j)), r j := ‖x− p j‖→ 0, j = 1, . . . ,J, (9.233)

which can be differentiated term by term according to the rule

∇xO(r−p
j (1+ | lnr j|)) = O(r−p−1

j (1+ | lnr j|)). (9.234)

In other words, expression (9.232) should be rewritten

f (x) =
J

∑
j=1

([L ,χ j]−λγχ jI3)(S
j1 + S j2)+

J

∑
j=1

(A −A (p j))D(∇x)S
j2

+
J

∑
j=1

χ jD(∇x)
�((A −A (p j)− (x− p j)�∇xA (p j))D(∇x)S

j1. (9.235)

Here, [L1,L2] = L1L2 −L2L1 is the commutator of operators L1 and L2, and

S j1(x) = (P( j)D(∇x)Φ j(x− p j)�)�ϑ j, (9.236)

S j2(x) = S j1(x)+X j(x)+Φ j(x− p j)C j. (9.237)
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Lemma 9.3. Let λ be a simple eigenvalue in the problem (9.178a)-(9.178c), and u
the corresponding vector eigenfunction normalized by the condition (9.181). Then,
Problem 9.13 admits a solution v ∈ H1(Ω ;R3) if and only if

ς =− lim
ι→0

∫

Ωι
u(x)� f (x)dx , (9.238)

where Ωι :=Ω \ (B1
ι ∪·· ·∪BJ

ι ) and B j
ι = {x : r j = ‖x− p j‖< ι}.

Proof. The variant of the one dimensional Hardy’s inequality

∫ 1

0
|z(r)|2dr � c

(
∫ 1

0
r2|∂rz(r)|2dr+

∫ 1

1/2
|z(r)|2dr

)

(9.239)

provides the estimate

‖r−1
j υ‖L2(Ω ;R3) � c‖υ‖H1(Ω ;R3). (9.240)

In this way, the last term in the integral identity serving for Problem 9.13

(A ∇xv,∇xυ)Ω −λ (γv,υ)Ω = ς(ρu,υ)Ω +( f ,υ)Ω ∀υ ∈ H1
Γ (Ω ;R3), (9.241)

is a continuous functional over the Sobolev space H1(Ω ;R3), owing to the
inequalities

|( f ,υ)Ω | � c

(

‖υ‖L2(Ω ;R3) +
J

∑
j=1

(
∫

B j
ι
r2

j‖ f (x)‖2dx

) 1
2
(
∫

B j
ι
r−2

j ‖υ(x)‖2dx

) 1
2
)

� c‖υ‖H1(Ω ;R3), (9.242)

and
∫

B j
ι
r2

j‖ f (x)‖2dx � c
∫ ι

0
r2

j r
−2
j (1+ | lnr j|)2dr j <+∞. (9.243)

Thus, the result follows by the Riesz representation theorem and the Fredholm al-
ternative. In addition, formula (9.238) holds true since the integrand is a smooth
function in Ω \ {p1, . . . , pJ}, with absolutely integrable singularities at the points
p1, . . . , pJ . �

Remark 9.12. If the points p j are considered as tips of the complete cones R3\{p j},
the elliptic theory in domains with conical points (see the fundamental contributions
[117, 149, 152] and also monograph [170]) provides estimates in weighted norms
of the solution v to Problem 9.13. Indeed, owing to relation (9.233) for any τ > 1/2
the inclusions rτj f ∈ L2(N j;R3) are valid, where N j stands for a neighborhood of

the point p j, in addition N j ∩Nk =∅ for j �= k, therefore, the terms rτ−2
j v, rτ−1

j ∇xv

and rτj∇2
xv are square integrable in N j.
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We evaluate the limit in the right hand side of (9.238) for ι → +0. By the Green
formula and representation (9.232), the limit is equal to the sum of the surface
integrals

lim
ι→0

∫

Ωι
u(x)� f (x)dx =−

∫

∂B j
ι

(

S j(x)�D(ι−1(x− p j))�A (x)D(∇x)u(x)
)

dsx

+

∫

∂B j
ι

(

u(x)�D(ι−1(x− p j))�A (x)D(∇x)S
j1(x)+ S j2

)

dsx . (9.244)

We apply the Taylor formulae (9.192) and (9.205) to the matrix A and to the vector
u, and take into account relations (9.175) for the matrices D and D . We also intro-
duce the stretched coordinates ξ = ι−1(x− p j). As a result, up to an infinitesimal
term as ι →+0, integral (9.244) equals to

−ι−1I0 +I1 +I2 +I3 +I4+ o(1) =

−ι−1
∫

∂B
u(p j)�D(ξ )�A (p(i))D(∇ξ )S

j1(ξ )dsξ

−
∫

∂B
(D(ξ )a j − u(p j))�D(ξ )�A (p j)D(∇ξ )S

j1(ξ )dsξ

−
∫

∂B
u(p j)�D(ξ )�(ξ�∇xA (p j))D(∇ξ )S

j1(ξ )dsξ

−
∫

∂B
u(p j)�D(ξ )�A (p j)D(∇ξ )(X

j(ξ )+Φ j(ξ )C j)dsξ

+

∫

∂B
(S j0(ξ )�D(ξ )�A (p j)D(∇ξ )D(ξ )�ϑ j

−(D(ξ )�ϑ j)�D(ξ )�A (p j)D(∇ξ )S
j1(ξ ))dsξ + o(1). (9.245)

The integrals I0 and I1 vanish. Indeed, due to the identity D(∇x)D(x) = O6 we
have

∫

∂B
D(ξ )�D(ξ )�A (p j)D(∇ξ )S

j1(ξ )dsξ =

−
∫

B
D(ξ )�D(ξ )�A (p j)D(∇ξ )(P

( j)D(∇ξ )Φ j(ξ )�)�ϑ jdξ =

−
∫

B
D(ξ )�D(ξ )�δ (ξ )dξP( j)ϑ j =

−(D(∇ξ )D(ξ ))�|ξ=0P
( j)ϑ j = 0 ∈R6, (9.246)

where δ (ξ ) is the Dirac measure, hence these equalities are understood in the sense
of the theory of distributions. By formula (9.223), we obtain

I2 =−u(p j)�I j. (9.247)

Relations (9.212b) and (9.218) yield

I3 = u(p j)�C j. (9.248)
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Finally, in the same way as in (9.246), we obtain

I4 =

∫

B
(D(ξ )�ϑ j)�D(∇ξ )

�A (p j)D(∇ξ )S
j1(ξ )dξ

= −(ϑ j)�
∫

B
D(ξ )D(∇ξ )

�P( j)ϑ jδ (ξ )dξ = (ϑ j)�P( j)ϑ j. (9.249)

Now, we could apply the derived formulae. We insert the obtained expressions for
Iq into (9.245) → (9.244) → (9.238) and in view of equation (9.221) for the column
C j, we conclude that

ς =
J

∑
j=1

(

(ϑ j)�P( j)ϑ j + |ω j|λ (γ(p j)− γ j)‖u(p j)‖2
)

. (9.250)

If equality (9.250) holds, then Problem 9.13 admits a solution v ∈ H1(Ω ;R3). The
construction of the detached terms in the asymptotic ansätze (9.190) and (9.191) is
completed.

In Appendix C the formal asymptotic analysis is confirmed and generalized into
the following result obtained for multiple eigenvalues [180].

Theorem 9.2. Let λp be a multiple eigenvalue in problem (9.179) with multiplicity
κp, this means that in the sequence (9.180)

λp−1 < λp = · · ·= λp+κp−1 < λp+κp . (9.251)

Then there exist hp > 0 and cp > 0 such that for h ∈ (0,hp] the only eigenvalues
λ h

p , . . . ,λ h
p+κp−1 of the singularly perturbed problem (C.14) verify the estimates

∣

∣

∣λ h
p+q−1 −λp− h3ς (q)p

∣

∣

∣� cp(α)h3+α , q = 1, . . . ,κp , (9.252)

where cp(α) depends on p and the exponent α ∈ (0,1/2) but it is independent

of h ∈ (0,hp], with the eigenvalues ς (1)p , . . . ,ς (κp)
p of the symmetric matrix Q(p) =

{Q(p)
km }1�k,m�κp , the entries are given

Q
(p)
km =

J

∑
j=1

ϑ (u(p+k−1)(p j))�P( j)ϑ(u(p+m−1)(p j))

−
J

∑
j=1

λp(γ j − γ(p j))|ω j|u(p+k−1)(p j)�u(p+m−1)(p j) , (9.253)

where P( j) is the polarization matrix of the scaled inclusion given in (9.197) and
(9.199), u(p), . . . ,u(p+κp−1) are the vector eigenfunctions of the problem (9.179) for
the eigenvalue λp and orthonormalized by condition (9.181). Finally, the quantities
γ j and |ω j| are defined in Lemma 9.2.
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Remark 9.13. The formal asymptotic procedure is described only in the case of
a simple eigenvalue. Now, we explain briefly changes in the asymptotic ansätze
(9.190), (9.191) and in the asymptotic procedure in order to perform the asymptotic
analysis in the case of a multiple eigenvalue λp. It is the framework for the proof of
Theorem 9.2 in Appendix C.

1. A single number ςp and a single vector eigenfunction u(p) in (9.190) and (9.191)

are replaced by the numbers ς (q)p , q = 1, . . . ,κp, and the linear combinations

u(q)
(p) = b(q)1 u(p) + · · ·+ b(q)κp u(p+κp−1) (9.254)

of vector eigenfunctions, respectively. The columns b(q) = (b(q)1 , . . . ,b(q)κp )
� be-

long to Rκp , q = 1, . . . ,κp, are the unit vectors.
2. With the changes, the formulae for the boundary layers w1 jq and w2 jq remain of

the same form.
3. Problem 9.13 for the regular correctors v(q)

(p), q = 1, . . . ,κp, requires the modifi-
cation of the compatibility conditions which turn into the κp relations

ς (q)p (γu(q)
(p),up+m−1)Ω =− lim

ι→+0

∫

Ωι
up+m−1(x)

� f (x)dx , m = 1, . . . ,κp.

(9.255)
4. The left hand side of (9.255) equals ς (q)p b(q)m by (9.181) and (9.254). It is evaluated

by the same method as used to evaluate (9.238), that (9.255) becomes the system
of algebraic equations

ς (q)p b(q)m =
κp

∑
k=1

Q
(p)
mk b(q)k , m = 1, . . . ,κp, (9.256)

with coefficients from (9.253). In this way, the eigenvalues of the matrix Q(p) and
its eigenvectors b(q) ∈Rκp furnish the explicit values for the terms of the asymp-
totic ansätze (9.190) and (9.191). We emphasize that by the orthogonality and
normalization conditions (b(q))�b(k) = δqk for the eigenvectors of the symmet-

ric matrix Q(p), it follows that the vector eigenfunctions u(p) = (u(1)(p), . . . ,u
(κp)

(p) ),
with p = 1, . . . ,κp, in problem (9.179), which are given by formulae (9.254), are
as well orthonormalized by the conditions (9.181).

9.4.4 Polarization Matrices

The results on polarization matrices for inclusions in elasticity are presented in this
section and also in Appendix D. These integral attributes of inclusions in elastic
bodies can be useful in configurational mechanics theory.
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Variational formulation of problem (9.195) for the special fields W jk, which de-
fine the elements of the polarization matrix P( j) in decomposition (9.197), are of the
form

2E j(W jk,ζ ) := (A (p j)D(∇ξ )W
jk,D(∇ξ )ζ )Θ j

+ (A( j)D(∇ξ )W
jk,D(∇ξ )ζ )ω j

= (R( j)ek,D(∇ξ )ζ )ω j , ζ ∈V 1
0 (R

3;R3). (9.257)

The following result is established in Appendix D.

Proposition 9.4. The equalities hold true

P
( j)
km =−2E j(W jk,W jm)−

∫

ω j

(Akm(p j)− (A( j))km(ξ ))dξ . (9.258)

From the above representation it is clear that the matrix P( j), j = 1, . . . ,J, is sym-
metric, the property follows by the symmetry of the stiffness matrices A 0, A( j) and
of the energy quadratic form E j. In addition, the representation allows us to deduce
if the matrix P( j) is negative or positive definite. We write P1 <P2 for the symmetric
matrices P1 and P2 provided all eigenvalues of P2 −P1 are positive.

Proposition 9.5. The matrix P( j) has the following properties:

1. If A( j)(ξ ) < A (p j) for ξ ∈ ω j (the inclusion is softer compared to the bulk

phase), then P( j) is a negative definite matrix.
2. If the matrix A( j) is constant and A −1

( j) < A (p j)−1 (the homogeneous inclusion

is rigid compared to the bulk phase), then P( j) is a positive definite matrix.

It is also possible to consider the limit cases [140, 201], either of a cavity with
A( j) = 0, or of an absolutely stiff (rigid) inclusion with A( j) = ∞.

• For a cavity the differential problem takes the form

L 0 j(∇ξ )W
jk(ξ ) = 0, ξ ∈Θ j :=R3 \ω j, (9.259a)

D(ν(ξ ))�A (p j)D(∇ξ )W
jk(ξ ) = −D(ν(ξ ))�A (p j)ek, ξ ∈ ∂ω j.(9.259b)

• For an absolutely rigid inclusion the integral-differential equations occur as fol-
lows

L 0 j(∇ξ )W
jk(ξ ) = 0, ξ ∈Θ j, (9.260a)

W jk(ξ ) = D(ξ )c jk −D(ξ )�ek, ξ ∈ ∂ω j, (9.260b)

together with the additional condition
∫

∂ω j

D(ξ )�D(ν(ξ ))�A (p j)(D(∇ξ )W
jk(ξ )− ek)dsξ = 0 ∈R6, (9.260c)

where the matrices D and D are introduced in (9.170) and (9.174), respectively.
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Remark 9.14. The Dirichlet conditions in (9.260b) contains an arbitrary column
c jk ∈ R6, which permits for rigid motion of ω j and it is determined from the mo-
mentum balance laws (9.260c) applied to the body ω j.

Remark 9.15. The variational formulation of problems (9.259) and (9.260) is estab-
lished in the Kondratiev spaces V 1

0 (Θ j;R3) (see [117], and e.g., [170]) normed by
the weighted norm (C.44) (cf. the right hand side of (C.1)) and in its linear subspace
{ζ ∈ V 1

0 (Θ j;R3) : ζ|∂ω j
∈ R}, respectively, where R is the linear space of rigid

motions (9.173).

Remark 9.16. In accordance with Proposition 9.5 the polarization matrix for a cav-
ity is always negative definite, and that for an absolutely rigid inclusion, it is always
positive definite. Theorem 9.2 gives an asymptotic formula, which can be combined
with the indicated facts and the information from Proposition 9.5, and it makes pos-
sible to deduce the sign of the variation of a given eigenvalue in terms of the defect
properties. For example, in the case of a crack, with the null volume and negative
polarization matrix, the eigenvalues of the weakened body are smaller compared to
the initial body.



Chapter 10
Topological Asymptotic Analysis for Semilinear
Elliptic Boundary Value Problems

There are very few mathematical results on the shape and topology optimization
for nonlinear boundary value problems. We refer the reader to [196] for the mathe-
matical theory of shape optimization in aerodynamics. The new results obtained for
compressible Navier-Stokes equations can be summarized as follows:

• The compressible Navier-Stokes equations with the weak renormalized global
solutions are well-posed from the point of view of shape optimization which
means that for the typical shape functionals of aerodynamics there is the exis-
tence of optimal shapes under realistic assumptions on the family of admissible
domains.

• The shape differentiability of the drag functional requires the regularity of solu-
tions to the stationary boundary value problems and it is obtained for the strong,
local approximate solutions of the stationary problem which means that the nu-
merical methods for shape optimization problems is a vast field of research in
progress.

The shape sensitivity analysis results obtained for compressible Navier-Stokes could
be completed by shape-topological perturbation theory, but it is out of the scope of
this monograph. We refer to [12] for some results in this direction for the incom-
pressible case.

In this chapter the classical solutions of a nonlinear elliptic problem are consid-
ered. The nonlinear problem admits the linearization with classical solutions of the
linear problem. Asymptotics of solutions to semilinear elliptic equations in singu-
larly perturbed domains are investigated in this chapter following the ideas devel-
oped in [99]. The equations are considered in two and three spatial dimensions. The
singular domain perturbations takes the form of small holes or cavities far from the
boundary of the reference (unperturbed) domain. In two spatial dimensions, homo-
geneous Neumann boundary conditions are prescribed on the boundaries of holes. In
three spatial dimensions, we consider homogeneous Dirichlet boundary conditions
on the boundaries of cavities. The proof of asymptotic approximation of solutions
by the method of compound asymptotic expansions is presented in Appendix E in
three spatial dimensions. In the proof, the Banach fixed point theorem in weighted
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Hölder spaces provides the estimate for the remainder in asymptotic approximation
of the solution. Besides that, an example of shape optimization problem is given
for the equation with cubic nonlinearity. It is shown that the example fits in our
framework.

The asymptotic analysis of solutions to the semilinear problems is performed by
technical reasons only for the classical solutions which belong to the Hölder space
C2,α(Ω), with the exponent α > 0. It means that for the purposes of asymptotic
analysis the existence of a unique classical solution u ∈ C2,α(Ω) is required for a
semilinear elliptic problem in the C3 domain Ω ⊂Rd , d = 2,3,

{−Δu(x) = F(x,u(x)), x ∈Ω ⊂Rd ,
u(x) = 0, x ∈ ∂Ω ,

(10.1)

where F ∈ C0,α(Ω ×R) is a given function, with α ∈ (0,1). The results on the
existence of classical solutions to the semilinear problems with subcritical nonlin-
earity can be found e.g., in the textbook [58]. We are interested in the topological
asymptotic expansion of a class of shape functionals of the form

JΩ (u) =
∫

Ω
J(x,u(x)) , Ω ⊂Rd , (10.2)

where we assume that the function J, which defines the shape functional, is of class
C0,α(Ω ×R), with α ∈ (0,1).

Condition 10.1. The following regularity is assumed throughout this chapter for
the semilinear equation (10.1) and the integral shape functional (10.2) with a given
α ∈ (0,1):

Assumption 10.1. The nonlinear term in (10.1) is given by the function
F ∈C0,α(Ω ×R), which admits the partial derivative 0 � F ′

u ∈C0,α(Ω ×R).

Assumption 10.2. The function J ∈C0,α(Ω×R) in (10.2), admits the partial deriva-
tive J′u ∈C0,α(Ω ×R).

Assumption 10.3. Given v ∈ C2,α(Ω) and η ∈ C(Ω), then for all σ ∈ (0,1) and a
positive constant C

| J(x,v(x)+η(x))− J(x,v(x))−η(x)J′v(x,v(x)) |�C | η(x) |1+σ . (10.3)

Remark 10.1. Assumption 10.3 is required to justify estimate (10.91) in Ωε , where v
is the solution of semilinear boundary value problem in the reference (unperturbed)
domain Ω and η is a given function.

Remark 10.2. If Assumption 10.1 holds, then Assumption E.2 is also satisfied.

Let Ω , ω be bounded domains in Rd with C2,α boundaries ∂Ω , ∂ω , for some
α ∈ (0,1), and the compact closures Ω , ω, respectively. We are dealing with singu-
lar domain perturbations of Ω ⊂ Rd , for d = 2,3, far from the boundary ∂Ω . We
assume that the center x̂ of singular perturbation is an arbitrary point of the reference
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Fig. 10.1 Original (unperturbed) domain Ω and topologically perturbed domain Ωε =Ω \ωε

domain Ω far from the boundary ∂Ω , and the origin O belongs to ω . Without loss
of generality, we perform the asymptotic analysis for x̂ := O , where O is the origin
of the coordinate system. The following sets are introduced:

ωε =
{

x ∈Rd : ξ := ε−1x ∈ ω
}

and Ωε =Ω \ωε , (10.4)

where ε > 0 is a small parameter. The upper bound ε0 > 0 is chosen in such a way
that for ε ∈ (0,ε0] the set ωε belongs to the domain Ω , that is ωε � Ω . The set
ωε is called a cavity, a hole, a void, or an opening, included into the domain Ωε .
Therefore,Ω represents the original (unperturbed) reference domain and Ωε is used
to denote the topologically perturbed domain, as shown in fig. 10.1.

Remark 10.3. The regularity of the domains is supposed for the simplicity of the
presentation. We require the regularity of the reference domain and the classical
solutions of elliptic PDE’s because in the approximation procedure of asymptotic
analysis we use the Taylor’s formula for the solution in the reference domain. In
fact we need only the local regularity of solutions to this end. On the other hand, the
assumption on the regularity of ω can be weakened.

10.1 Topological Derivatives in R2

Let us consider two bounded domains Ω and ω in two spatial dimensions R2. We
assume that the closed sets Ω and ω are simply connected and with the smooth
boundaries ∂Ω and ∂ω . The center O belongs at the same time to Ω and ω . The
topological perturbation is defined through (10.4) for d = 2. In such a case ωε is
called a hole in the domain Ωε . Let us consider the mixed elliptic boundary value
problem:

⎧

⎨

⎩

−Δuε(x) = F(x,uε(x)), x ∈Ωε ⊂R2,
uε(x) = 0, x ∈ ∂Ω ,

∂nuε(x) = 0, x ∈ ∂ωε .
(10.5)
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The topological derivative of a shape functional is obtained by formal asymptotic
analysis. It means that the construction of an asymptotic approximation for the solu-
tions to problem (10.5) is performed formally. This result is used to obtain directly
the topological derivative of the shape functional (10.2).

10.1.1 Formal Asymptotic Analysis

By rε(x) we denote a remainder which is different in different places. We suppose
that a solution to problem (10.5) admits an asymptotic approximation for ε → 0 in
the form of the ansätz

uε(x) = v(x)+ εw1(ε−1x)+ ε2w2(ε−1x)+ ε2v′(x)+ rε(x) . (10.6)

Some terms in the above expansion require explanation:

• v is a solution of the original semilinear boundary value problem;
• since there is no singularity at the origin in the semilinear boundary value prob-

lem, its classical solution coincides with the solution of the semilinear problem
in the punctured domain Ω \ {O};

• v′ is a regular corrector defined by a solution of a linearized equation in the
punctured domain;

• w1, w2 are boundary layer correctors given by solutions to exterior problems for
the principal part of the elliptic operator in R2 \ω.

Now, we specify the boundary value problems for all terms in (10.6).

Remark 10.4. In asymptotic analysis of linear elliptic equations in singularly per-
turbed domains [172] with respect to small parameter ε → 0, there are involved
two sorts of boundary value problems associated with the perturbed boundary value
problem: the inner problems in the punctured domain, and the outer problems in
the exterior domains. We proceed now with the construction of subsequent inner
and outer problems for semilinear equation (10.5). It turns out that as a result all
obtained boundary value problems are linear except of the first, which is the un-
perturbed semilinear boundary value problem. However, for the purposes of the
asymptotic analysis it is required that the classical solution to the semilinear prob-
lem is locally sufficiently smooth, since the Taylor formula for the classical solution
is used in a neighborhood of the origin where the singular perturbation is localised.

In asymptotic analysis of equation (10.5) for ε → 0, the first boundary value problem
is:

{−Δv(x) = F(x,v(x)), x ∈Ω ⊂R2,
v(x) = 0, x ∈ ∂Ω .

(10.7)
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It is assumed that the above problem has a solution v defined in Ω , which can be
developed at the point O as follows

v(x) = v(O)+∇v(O) · x+ 1
2
∇∇v(O)x · x+O(‖x‖3) . (10.8)

The second boundary value problem, which is an exterior problem, is obtained when
(10.6) is introduced in (10.5), taking into account that Δ = ε−2Δξ , where ξ = ε−1x.
Therefore,

−Δv(x)− ε−1Δξw1(ξ )−Δξw2(ξ )− ε2Δv′(x)+ rε(x)

= F(x,v(x)+ εw1(ξ )+ ε2w2(ξ )+ ε2v′(x)+ rε(x))

= F(x,v(x))+ (εw1(ξ )+ ε2w2(ξ )+ ε2v′(x))F ′
v(x,v(x))+ rε(x) . (10.9)

In view of (10.7) the leading terms cancel and we have

−ε−1Δξw1(ξ )−Δξw2(ξ )− ε2Δv′(x)

= (εw1(ξ )+ ε2w2(ξ )+ ε2v′(x))F ′
v (x,v(x))+ rε(x) . (10.10)

Multiplication of both sides by ε followed by the limit passage ε → 0 leads to the
exterior problem

{−Δξw1(ξ ) = 0, ξ ∈R2 \ω,
∂n(ξ )w1(ξ ) = −∇v(O) ·n(ξ ), ξ ∈ ∂ω ,

(10.11)

where the condition for the normal derivative of w1 on the boundary of ω follows
from the relations

0 = ∂n(x)uε(x) (10.12)

= ∂n(x)v(x)+ ε∂n(x)w1(ε−1x)+ ε2∂n(x)w2(ε−1x)+ ε2∂n(x)v
′(x)+ rε(x)

= ∇v(O) ·n(x)+ ε∂n(x)w1(ε−1x)+ ε2(∂n(x)w2(ε−1x)+ ∂n(x)v
′(x))+ rε(x) .

Since ∂n(ξ )(·) = ε−1∂n(x)(·), we have

0 = ∇v(O) ·n(ξ )+ ∂n(ξ )w1(ξ )+ ε2(∂n(x)w2(ε−1x)+ ∂n(x)v
′(ε−1x))+ rε(x)

ε→0−−→ ∇v(O) ·n(ξ )+ ∂n(ξ )w1(ξ ), ξ ∈ ∂ω . (10.13)

In the same way as in (10.9) and (10.10) the second exterior problem is obtained:

{−Δξw2(ξ ) = 0, ξ ∈R2 \ω,
∂n(ξ )w2(ξ ) =−∇∇v(O)ξ ·n(ξ ), ξ ∈ ∂ω ,

(10.14)
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with the boundary condition derived as follows:

0 = ∂n(x)uε(x)

= ∇v(O) ·n(x)+∇∇v(O)x ·n(x)
+ ε∂n(x)w1(ε−1x)+ ε2∂n(x)w2(ε−1x)+ ε2∂n(x)v

′(x)+ rε(x)

= ∇v(O) ·n(ξ )+ ∂n(ξ )w1(ξ )

+ ε(∇∇v(O)ξ ·n(ξ )+ ∂n(ξ )w2(ξ ))+ ε2∂n(x)v
′(x)+ rε(x)

ε→0−−→ ∇∇v(O)ξ ·n(ξ )+ ∂n(ξ )w2(ξ ), ξ ∈ ∂ω , (10.15)

by taking into account (10.11) and after division by ε > 0.
Following [198, Appendix 6], we have

∇v(O) ·n(ξ ) = ∂n(ξ )(∇v(O) ·ξ ) = ∂xi v(O) ∂n(ξ )ξi , (10.16)

where Einstein’s summation convention is used for i = 1,2. We introduce two func-
tions W = (W1,W2) given by solutions of the canonical set of equations:

{−ΔξWi(ξ ) = 0, ξ ∈R2 \ω,
∂n(ξ )Wi(ξ ) = −∂n(ξ )ξi, ξ ∈ ∂ω ,

(10.17)

for i = 1,2. The solution of the above exterior problem is a vector function W (ξ )
with the asymptotic behavior [198] for ‖ξ‖→ ∞:

W (ξ ) =− 1
2π

ξ�

‖ξ‖2 m(ω)+O(‖ξ‖−2) , (10.18)

where m(ω) is the symmetric virtual mass matrix. Therefore, we can conclude [198]
that the solution of (10.11) admits the asymptotic representation

w1(ξ ) :=Wi(ξ ) ∂xiv(O) =− 1
2π

ξ�

‖ξ‖2 m(ω)∇v(O)+O(‖ξ‖−2) . (10.19)

Remark 10.5. For the particular case of a circular hole, m(ω) is proportional to the
identity matrix [198].

Note 10.1. Recall that the solution in the sense of distributions to

−Δξφ(ξ ) = δ (ξ ), ξ ∈R2, (10.20)

where δ (ξ ) is the Dirac measure concentrated at the origin, is named the fundamen-
tal solution of Laplacian in two spatial dimensions. This solution is given by

φ(ξ ) =− 1
2π

ln‖ξ‖ . (10.21)
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Thus, the asymptotic representation of the solution to (10.14) is written as:

w2(ξ ) =− c
2π

ln‖ξ‖+ c0+O(‖ξ‖−1) , (10.22)

with the constants c,c0 to be determined.
Integration by parts in (10.14) over BR \ω leads to

∫

BR\ω
Δw2(ξ ) =

∫

∂BR

∂n(ξ )w2(ξ )+
∫

∂ω
∂n(ξ )w2(ξ ) = 0 , (10.23)

where BR is a ball of radius R > 1 and center at the origin. Let us consider a polar
coordinate system (r,θ ) with center at the origin. Therefore, the normal derivative
of w2(ξ ) on ∂BR is given by

∂n(ξ )w2(ξ )|∂BR
= − c

2π
∂
∂ r

ln(r)|r=R
+O(‖ξ‖−2)

= − c
2πR

+O(‖ξ‖−2) , (10.24)

and the constant c can be determined from the boundary condition

∫

∂ω
∂n(ξ )w2(ξ ) =−

∫

∂BR

∂n(ξ )w2(ξ ) =
c

2πR

∫ 2π

0
Rdθ = c , (10.25)

where the integral of the term O(‖ξ‖−2) on ∂BR vanishes when R tends to ∞. On
the other hand, by taking into account the divergence theorem (G.35), we have:

∫

∂ω
∂n(ξ )w2(ξ ) = −

∫

∂ω
∇∇v(O)ξ ·n(ξ ) =−

∫

ω
divξ (∇∇v(O)ξ )

= −
∫

ω
∇∇v(O) · I =−|ω |Δv(O) = |ω |F(O,v(O)) . (10.26)

Therefore, c = |ω |F(O,v(O)), where |ω | is the Lebesgue measure of the set ω , and
the solution w2(ε−1x) is given by:

w2(ε−1x) =− 1
2π

|ω |F(O,v(O)) ln‖x‖+O(ε‖x‖−1), (10.27)

where the arbitrary constant c0 has been fixed as

c0 =− 1
2π

|ω |F(O,v(O)) lnε . (10.28)

Finally, let us consider the last component of the solution (10.6) and note that in
view of (10.10) we have:

− ε2Δv′(x) =
(

εw1(ε−1x)+ ε2w2(ε−1x)+ ε2v′(x)
)

F ′
v(x,v(x))+ rε(x) . (10.29)
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Whence, the problem for v′ can be written:
{−Δv′(x)− v′(x)F ′

v(x,v(x)) = g(x)F ′
v(x,v(x)), x ∈Ω ,

v′(x) = −g(x), x ∈ ∂Ω ,
(10.30)

where function g(x) is defined as

g(x) =− 1
2π

x�

‖x‖2 m(ω)∇v(O)+
1

2π
|ω |F(O,v(O)) ln‖x‖ . (10.31)

10.1.2 Formal Asymptotics of Shape Functional

In this section the formal asymptotic analysis is applied to the energy functional in
two spatial dimensions. In this way, the form of topological derivative of the shape
functional can be identified.

The function F being monotone, hence by the Lax-Milgram Lemma and Condi-
tion 10.1 it follows that the adjoint state equation

{−Δ p(x)−F ′
v(x,v(x))p(x) = J′v(x,v(x)), x ∈Ω ⊂R2,

p(x) = 0, x ∈ ∂Ω ,
(10.32)

admits a unique solution p∈C2,α(Ω). Now, the solution uε in the perturbed domain
is replaced by its asymptotic approximation (10.6). In this way the first term of the
asymptotics of order ε2 is obtained for the functional

JΩε (uε) =
∫

Ωε
J(x,uε(x)) , Ωε ⊂R2 , (10.33)

with respect to the small parameter ε . The functional (10.33) is written as follows:

JΩε (uε) =
∫

Ωε
J(x,v(x))+

∫

Ωε
(J(x,uε(x))− J(x,v(x)))

= JΩ (v)− ε2|ω |J(O,v(O))+

∫

Ωε
(uε(x)− v(x))J′v(x,v(x))+ r(ε)

= JΩ (v)− ε2|ω |J(O,v(O))

+

∫

Ω
J′v(x,v(x))(εw1(ε−1x)+ ε2w2(ε−1x)+ ε2v′(x))+ r(ε)

= JΩ (v)− ε2|ω |J(O,v(O))+ ε2
∫

Ω
J′v(x,v(x))G(x)+ r(ε) , (10.34)

where r(ε) is a remainder and we denote G(x) = g(x)+ v′(x), that is

G(x) =− 1
2π

x�

‖x‖2 m(ω)∇v(O)+
1

2π
|ω |F(O,v(O)) ln‖x‖+ v′(x) . (10.35)
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We introduce the notation and evaluate the integral obtained in (10.34)

I :=
∫

Ω
J′v(x,v(x))G(x)

=

∫

Ω
(−Δ p(x)−F ′

v(x,v(x))p(x))G(x)

= lim
ρ→0

∫

Ω\Bρ
(−Δ p(x)−F ′

v(x,v(x))p(x))G(x) , (10.36)

where Bρ is a ball of radius ρ and center at the origin. From the Green’s formula,
we have

I = lim
ρ→0

(
∫

Ω\Bρ
(−ΔG(x)−F ′

v(x,v(x))G(x))p(x)

+

∫

∂Ω
(∂nG(x)p(x)− ∂n p(x)G(x))

+

∫

∂Bρ
(∂nG(x)p(x)− ∂n p(x)G(x))

)

. (10.37)

From (10.11), (10.14), (10.30), we conclude that the first term vanishes. Further-
more, by (10.30) and (10.32), the second term equals zero on ∂Ω . Finally, we ob-
tain:

I = lim
ρ→0

[
∫

∂Bρ
∂nG(x)p(x)−

∫

∂Bρ
∂n p(x)G(x)

]

. (10.38)

The above integral can be evaluated explicitly. We start by expanding p(x) and v′(x)
in Taylor’s series around the origin O to obtain

p(x) = p(O)+∇p(O) · x+ rε(x) , (10.39)

v′(x) = v′(O)+∇v′(O) · x+ rε(x) . (10.40)

The gradient of the function G(x) can be expressed as follows

∇G(x) =− 1
2π‖x‖2

(

I− 2
‖x‖2 (x⊗ x)

)

m(ω)∇v(O)

+
x

2π‖x‖2 |ω |F(O,v(O))+∇v′(O)+ rε(x) . (10.41)

Since on the boundary of the ball Bρ we have x = −ρn, then the normal derivative
of G(x) on ∂Bρ is given by

∂nG(x)|∂Bρ
=− 1

2πρ2 (I− 2(n⊗ n))m(ω)∇v(O) ·n

− 1
2πρ

|ω |F(O,v(O))+∇v′(O) ·n+O(ρ) . (10.42)
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Therefore, the first integral in (10.38) becomes

∫

∂Bρ
∂nG(x)p(x) =− 1

2πρ

∫

∂Bρ
|ω |F(O,v(O))p(O) (10.43)

− 1
2πρ

(m(ω)∇v(O)⊗∇p(O)) ·
∫

∂Bρ
n⊗ n+O(ρ)

=−|ω |F(O,v(O)p(O)− 1
2

m(ω)∇v(O) ·∇p(O)+O(ρ) ,

while the second integral can be written as

−
∫

∂Bρ
∂n p(x)G(x) =− 1

2πρ
(m(ω)∇v(O)⊗∇p(O)) ·

∫

∂Bρ
n⊗ n+O(ρ)

=− 1
2

m(ω)∇v(O) ·∇p(O)+O(ρ) , (10.44)

where we have used
∫

∂Bρ
n = 0 and

∫

∂Bρ
n⊗ n = πρI . (10.45)

Finally, the limit passage ρ → 0 in (10.38) leads to

I =−m(ω)∇v(O) ·∇p(O)−|ω |F(O,v(O)p(O) . (10.46)

After comparing (10.34) and (10.36) together with (10.46), we can state the follow-
ing result:

Theorem 10.1. Under Assumptions 10.1 and 10.2, the (topological) asymptotic ex-
pansion of the shape functional (10.33) is given by

JΩε (uε) = JΩ (v)− ε2 [|ω |J(O,v(O)) +

m(ω)∇v(O) ·∇p(O)+ |ω |F(O,v(O))p(O)]+ r(ε) . (10.47)

Corollary 10.1. The topological derivative T (x̂) at x̂∈Ω ⊂R2 far from the bound-
ary ∂Ω of the shape functional (10.2) for problem (10.5) with homogeneous Neu-
mann boundary condition on the boundary of the hole is given by:

T (x̂) =−|ω |J(x̂,v(x̂))−m(ω)∇v(x̂) ·∇p(x̂)−|ω |F(x̂,v(x̂))p(x̂) , (10.48)

where v(x) and p(x) are solutions to the direct (10.7) and adjoint (10.32) problems
in the unperturbed domain Ω .

Remark 10.6. The results of analysis for perturbations close to the boundary are
given in Chapters 9 for linear spectral problems with the complete proofs in
Appendices B and C.



10.2 Topological Derivatives in R3 287

10.2 Topological Derivatives in R3

Let us consider two bounded domains Ω and ω in three spatial dimensions R3.
We assume again that the closed sets Ω and ω are simply connected and with the
smooth boundaries ∂Ω and ∂ω . The origin O belongs to Ω and ω . The topological
perturbation far from the boundary is defined through (10.4) in three spatial dimen-
sions (d = 3). In such a case ωε is called a cavity in the domain Ωε . Let us consider
the Dirichlet elliptic boundary value problem:

⎧

⎨

⎩

−Δuε(x) = F(x,uε(x)), x ∈Ωε ⊂R3,
uε(x) = 0, x ∈ ∂Ω ,
uε(x) = 0, x ∈ ∂ωε .

(10.49)

In this section, the construction of an asymptotic approximation for the solutions to
problem (10.49) is performed. In this way, the topological derivative of the shape
functional (10.2) is obtained directly. In Appendix E the proofs are given in the
framework of compound asymptotics expansions.

Remark 10.7. The asymptotic approximations of solutions to nonlinear PDE’s can
be found in [146], (cf. [148, Chapter 5.7]) but without derivation of the form of
topological derivatives. We refer also to [14] for topological derivatives of shape
functional for nonlinear elliptic problems obtained from the one term exterior ap-
proximation of the solutions. In Chapter 11 the asymptotic analysis of the energy
functional is performed for the frictionless contact problems.

10.2.1 Asymptotic Approximation of Solutions

We need an ansätz for asymptotic behavior of the solutions to nonlinear problems
in singularly perturbed domains as ε → 0. Therefore, the formal analysis serves to
devise an asymptotic approximation of the solutions and to determine the boundary
value problems for regular as well as boundary layer correctors in asymptotic ap-
proximation. The method of compound asymptotics expansions [148] proposes an
ansätz for the solution to (10.49) of the for

uε(x) = v(x)+w(ε−1x)+ εv′(x)+Rε(x) , (10.50)

where v is the solution of unperturbed problem and x �→ v′(x) is regular corrector
defined in Ω . The boundary layer corrector ξ �→ w(ξ ) depends on the fast variable
ξ := ε−1x, and it is given by a solution to an exterior boundary value problem. The
remainder Rε(x) of (10.50) is in the space Λ2,α

β (Ωε) introduced in Appendix E.
We want to simplify the notation, so the subsequent remainders are denoted

by the same symbol Rε(x). The remainders are analyzed within the proof of the
asymptotic precision of our approximation.
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As in [146] (see also [148]; §5.7), the first term in (10.50) is given by the solution
of nonlinear problem

{−Δv(x) = F(x,v(x)), x ∈Ω ⊂R3,
v(x) = 0, x ∈ ∂Ω .

(10.51)

The asymptotic approximation is constructed by using the solution to problem
(10.51) in unperturbed domain Ω and the solutions to auxiliary linear boundary
value problems. The first boundary value problem which defines the regular correc-
tor in (10.50) includes the linearized equation in the punctured domain Ω \ {O},
with the origin O as the center of the cavity. The second family of such bound-
ary problems for the boundary layer correctors in (10.50) includes linear exterior
problems in R3 \ω for the Laplacian which is the principal part of the differen-
tial operator in semilinear equation. The proposed asymptotic approximation of the
solution to (10.49) uses the fundamental solution for the Laplacian and its deriva-
tives, and therefore it enjoys the singularities at the origin, that is why the punctured
domain is considered for the regular correctors in the approximation.

Let us consider now the terms v, w and v′ in (10.50) and determine the boundary
value problems for each of the terms. We assume that the first term v is given by a
solution to the first boundary value problem of the form (10.49). Indeed, let us recall
that for all x ∈R3 we have ξ := ε−1x, thus Δ = ε−2Δξ , and by introducing (10.50)
into (10.49) it follows that

−Δv(x)− ε−2Δξw(ξ )− εΔv′(x)+Rε(x)

= F(x,v(x)+w(ε−1x)+ εv′(x)+Rε(x)) , (10.52)

where Rε(x) represents the higher order terms with respect to ε , which are included
in the remainder ΔRε(x). Now, by the Taylor’s formula for F with respect to the
second argument in the neighborhood of v(x) with fixed x ∈ R3, we obtain (taking
into account that w(ε−1x) = w(ξ )→ 0 with ε → 0 or, equivalently with ‖ξ‖→ ∞):

F(x,v(x)+w(ε−1x)+ εv′(x)+Rε(x))

= F(x,v(x))+ (w(ε−1x)+ εv′(x))F ′
v(x,v(x))+Rε(x) . (10.53)

Therefore, from (10.52) and (10.53) we have:

−Δv(x)− ε−2Δξw(ξ )− εΔv′(x)

= F(x,v(x))+ (w(ε−1x)+ εv′(x))F ′
v(x,v(x))+Rε(x) . (10.54)

From (10.51) the first terms in (10.54) cancel each other and we obtain

− ε−2Δξw(ξ )− εΔv′(x) = (w(ε−1x)+ εv′(x))F ′
v(x,v(x))+Rε(x) , (10.55)

hence, multiplying by ε2 we get:

−Δξw(ξ ) = ε3Δv′(x)+ ε2(w(ε−1x)+ εv′(x))F ′
v(x,v(x))+Rε(x) . (10.56)
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As already mentioned, w is given by a solution of an exterior problem, i.e. boundary
value problem defined for all ξ ∈ R3 \ω . Thus, by the limit passage ε → 0, and
from the condition w(ε−1x) = w(ξ )→ 0 with ε → 0, or equivalently ‖ξ‖→ ∞, the
following exterior boundary value problem is obtained:

{−Δξw(ξ ) = 0, ξ ∈R3 \ω,
w(ξ ) = −v(O), ξ ∈ ∂ω ,

(10.57)

whence w(ξ ) is a harmonic function in an unbounded domain. The boundary condi-
tions for w(ξ ) follows by the boundary condition for uε(x) which vanishes on ∂ωε .
Therefore, for all x ∈ ∂ωε , with ε → 0, we have:

0 = uε(x)

= v(O)+w(ε−1x)+O(ε)
ε→0−−→ v(O)+w(ξ ), ξ ∈ ∂ω . (10.58)

Note 10.2. Recall that the solution in the sense of distributions to

−Δξφ(ξ ) = δ (ξ ), ξ ∈R3 , (10.59)

where δ (ξ ) is the Dirac measure concentrated at the origin, is named the fundamen-
tal solution of Laplacian in three spatial dimensions. This solution is given by

φ(ξ ) =
1

4π‖ξ‖ . (10.60)

Arbitrary solution of (10.57) is of the form

w(ξ ) = cφ(ξ )+ g(ξ ) . (10.61)

The coefficient c and the function g(ξ ) are determined from the condition w(ξ ) =
−v(O),ξ ∈ ∂ω , and by taking into account that the solution (10.61) vanishes at
infinity. Therefore, a potential denoted by ℘ is introduced here, since the function
w enjoys the properties of a potential, i.e. it is a harmonic function with the constant
value on the boundary ∂ω . Such potentials are known in the literature [128, 198].
In particular, the potential℘ is a harmonic function in R3 \ω such that℘(ξ ) = 1,
for ξ ∈ ∂ω , and it admits the asymptotic representation for ‖ξ‖→ ∞:

℘(ξ ) =
cap(ω)

‖ξ‖ +O(‖ξ‖−2) , (10.62)

where cap(ω) stands for the capacity of ω . See Note 9.2 for the definition of Bessel
capacity.
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Note 10.3. The capacity potential℘of ω is a minimizer of the energy functional

cap(ω) :=
∫

ω
‖∇℘‖2 = inf

{
∫

ω
‖∇ϕ‖2 : ϕ|ω � 1,ϕ ∈C∞

0 (R
3)

}

for a compact ω ⊂R3.

Thus, we can write the following equality for ‖ξ‖→ ∞

w(ξ ) = −v(O)℘(ξ )

= −v(O)
cap(ω)

‖ξ‖ +O(‖ξ‖−2)

= −4πv(O)cap(ω)

4π‖ξ‖ +O(‖ξ‖−2) . (10.63)

It turns out, that for the following choice

c = 4πv(O)cap(ω) and g(ξ ) = O(‖ξ‖−2) , (10.64)

the function w is given by:

w(ε−1x) =−ε
cap(ω)

‖x‖ v(O)+O(ε2‖x‖−2) , (10.65)

hence for ξ = ε−1x, and for ‖ξ‖→ ∞ we have

w(ξ ) =−cap(ω)

‖ξ‖ v(O)+O(‖ξ‖−2) . (10.66)

The boundary value problem for the regular corrector v′(x) is now introduced. First,
the boundary conditions on ∂Ω are determined. From (10.49) and (10.50), we have
for all x ∈ ∂Ω

0 = uε(x) = v(x)+w(ε−1x)+ εv′(x)+Rε(x) . (10.67)

In view of (10.51), the function v(x) = 0 on ∂Ω . Taking into account (10.65), we
have w(ε−1x) =−εcφ(x)+Rε(x) for all x ∈Ω \ωε , hence on the boundary ∂Ω it
holds:

0 =−εcφ(x)+ εv′(x)+Rε(x) , (10.68)

which gives the boundary condition

v′(x) = cφ(x), x ∈ ∂Ω . (10.69)

In order to obtain the equation for v′(x), we can comeback to (10.55), namely

− εΔv′(x) = ε(−cφ(x)+ v′(x))F ′
v (x,v(x))+Rε(x) , (10.70)
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since −Δξw(ξ ) = 0 for all ξ ∈ R3 \ω . Thus we divide both sides of (10.70) by ε
and pass to the limit ε → 0. As a result we obtain

{−Δv′(x)− v′(x)F ′
v(x,v(x)) = −cφ(x)F ′

v(x,v(x)), x ∈Ω ,
v′(x) = cφ(x), x ∈ ∂Ω ,

(10.71)

where c = 4πv(O)cap(ω).

Remark 10.8. In Appendix E the analysis of the boundary value problem for the
regular corrector is presented in the scale of the weighted Hölder spaces. In par-
ticular, it can be shown that F ′

v(·,v)φ ∈ Λ0,α
γ (Ω) for all γ > 1+α and the solu-

tion v′ ∈ Λ2,α
β (Ω) of problem (10.71) is such that v′ − v′(O) ∈ Λ2,α

γ (Ω), where
β −α ∈ (2,3) and γ−α ∈ (1,2) are arbitrary.

Finally, the following form of the solution to (10.49) is postulated:

uε(x) = v(x)+w(ε−1x)+ εv′(x)+ ũε(x) , (10.72)

with v(x) given by a solution to (10.51), w(ε−1x) given by a solution to (10.57)
and v′(x) given by a solution of the linearized problem (10.71). The remainder in
(10.72), denoted by ũε(x) := Rε(x), is given by the relation:

ũε(x) = uε(x)− v(x)−w(ε−1x)− εv′(x) . (10.73)

Now, our goal is to show that the remainder ũε(x) can be neglected as it is small or
of higher order with respect to the parameter ε , which means that the expression

uε(x)≈ v(x)+w(ε−1x)+ εv′(x) (10.74)

can be used as an approximation of the solution uε(x) for ε→ 0. Thus, for x∈Ω \ωε

−Δ ũε(x) =−Δuε(x)+Δv(x)+Δw(ε−1x)+ εΔv′(x) , (10.75)

since Δw(ε−1x) = ε−2Δξw(ξ ) = 0, ξ ∈ R3 \ω , and in view of (10.71), for x ∈
Ω \ωε ,

εΔv′(x) =−εv′(x)F ′
v(x,v(x))+ εcφ(x)F ′

v(x,v(x)) , (10.76)

then, from (10.49) and (10.51), it follows that

−Δ ũε(x) = F(x,uε(x))−F(x,v(x))− εF ′
v(x,v(x))v

′+ εcφ(x)F ′
v(x,v(x))

= F(x,v(x)+w(ε−1x)+ εv′(x)+ ũε(x))−F(x,v(x))

− ε(v′(x)− cφ(x))F ′
v(x,v(x))

:= Fε(x, ũε) . (10.77)

On the exterior boundary of Ω we have uε(x) = 0 and v(x) = 0, hence

ũε(x) =−w(ε−1x)− εcφ(x) := gεΩ (x), x ∈ ∂Ω . (10.78)
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In addition, on ∂ωε we have uε(x) = 0 and w(ε−1x) =−v(O), whence

ũε(x) =−v(x)+ v(O)− εv′(x) := gεω(x), x ∈ ∂ωε . (10.79)

With the notation we have introduced, the nonlinear problem associated to the re-
mainder ũε(x) takes the form:

⎧

⎨

⎩

−Δ ũε(x) = Fε(x, ũε ), x ∈Ωε ,
ũε(x) = gεΩ (x), x ∈ ∂Ω ,
ũε(x) = gεω(x), x ∈ ∂ωε ,

(10.80)

where

Fε (x, ũε) = F(x,v(x)+w(ε−1x)+ εv′(x)+ ũε(x))−F(x,v(x))

− ε(v′(x)− cφ(x))F ′
v(x,v(x)) , (10.81)

gεΩ (x) = −w(ε−1x)− cεφ(x) , (10.82)

gεω(x) = −v(x)+ v(O)− εv′(x) , (10.83)

with the solution defined by the formula (10.73). In the Appendix E we show that
the remainder ũε , solution to the nonlinear boundary value problem (10.80), is small
with respect to the parameter ε . The argument used in the proof is based on the
Banach fixed point theorem.

10.2.2 Asymptotics of Shape Functional

In this section the asymptotic analysis of (10.2) is performed in three spatial dimen-
sions. In this way the first term of order ε is identified for the asymptotic expansion
of the functional

JΩε (uε) =
∫

Ωε
J(x,uε(x)), Ωε ⊂R3 , (10.84)

which is clearly the topological derivative.
We obtain by the Taylor’s formula for the function J, which holds in view of

Assumption 10.2,

JΩε (uε) =
∫

Ωε
J(x,v(x))+

∫

Ωε
(w(ε−1x)+ εv′(x))J′v(x,v(x))+R(ε)

=
∫

Ω
J(x,v(x))+ ε

∫

Ω
(v′(x)− cφ(x))J′v(x,v(x))+R(ε)

=

∫

Ω
J(x,v(x))+ ε

∫

Ω
G(x)J′v(x,v(x))+R(ε) , (10.85)
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where R(ε) stands for the terms of higher order with respect to the small parameter
ε and function G(x) is now defined as

G(x) = v′(x)− cφ(x) . (10.86)

Let p ∈C2,α(Ω) be a solution of the boundary value problem
{−Δ p(x)−F ′

v(x,v(x))p(x) = J′v(x,v(x)), x ∈Ω ,
p(x) = 0, x ∈ ∂Ω .

(10.87)

Integration by parts in Ω \Bρ , where Bρ is a ball of radius ρ and center at the origin,
leads to

I =
∫

Ω
G(x)J′v(x,v(x))

= lim
ρ→0

∫

Ω\Bρ
(−Δ p(x)−F ′

v(x,v(x))p(x))G(x)

= lim
ρ→0

∫

Ω\Bρ
(−ΔG(x)−F ′

v(x,v(x))G(x))p(x)

+

∫

∂Ω
(∂nG(x)p(x)− ∂n p(x)G(x))

+ lim
ρ→0

∫

∂Bρ
(∂nG(x)p(x)− ∂n p(x)G(x)) . (10.88)

From (10.57) and (10.71) we have that the first term vanishes. In addition, by (10.71)
and (10.87) the second term is equal to zero, since p(x) = 0 and G(x) = v′(x)−
cφ(x) = 0 for x ∈ ∂Ω . Therefore

I = lim
ρ→0

∫

∂Bρ
(∂n(v

′(x)− cφ(x))p(x)− ∂n p(x)(v′(x)− cφ(x)))

= − c
4π

lim
ρ→0

1
ρ2

∫

∂Bρ
(p(O)+O(ρ))

= −c p(O) =−4πv(O)p(O)cap(ω) , (10.89)

hence, the topological asymptotic expansion of the shape functional leads to

JΩε (uε) = JΩ (v)− 4πε v(O)p(O)cap(ω)+R(ε) . (10.90)

We assume that the function J ∈ C0,α(Ω ×R), α ∈ (0,1), verifies Assumptions
10.2, 10.3. Thus,
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| JΩε (uε)−JΩ (v)−
∫

Ωε
(w(ε−1x)+ εv′(x)+ ũε(x))J

′
v(x,v(x)) |

�C
∫

Ωε
| w(ε−1x)+ εv′(x)+ ũε(x) |1+σ

�C
∫

Ωε

(

‖ε−1x‖−1−σ + ‖x‖−(1+σ)(β−2−α)
(

ε1+σ‖v′‖1+σ
Λ2,α
β (Ω)

+ ‖ũε(x)‖1+σ
Λ2,α
β (Ω)

))

�Cε1+σ
(
∫ 1

ε
τ−1−σ τ2dτ+

∫ 1

ε
τ−(1+σ)(β−2−α)τ2dτ

(

ε1+σ + ε(1+κ)(1+σ)
)

)

�Cε1+σ , (10.91)

since 1+σ � 2 and (1+σ)(β − 2−α)� 2, it is sufficient to recall the following
estimates

|JΩε (uε)−JΩ (v)|�Cε , (10.92)
∫

Ωε
|w(ε−1x)+ cεφ(x)|× |J′v(x,v(x))| �C

∫ 1

ε

(τ
ε

)−2
τdτ �Cε2 , (10.93)

∫

Ωε
|ũε |× |J′v(x,v(x))| �Cε1+κ

∫

Ωε
‖x‖−(β−2−α)τ �Cε1+κ , (10.94)

to complete the proof of the result:

Theorem 10.2. Under Assumptions 10.1, 10.2 and 10.3, it follows that

JΩε (uε) = JΩ (v)− 4πε v(O)p(O)cap(ω)+O(ε1+min(σ ,κ)) . (10.95)

Corollary 10.2. The topological derivative of the shape functional (10.2) in the
space R3 for problem (10.49) with the Dirichlet boundary condition on the bound-
ary of the hole is given, for all x̂ ∈Ω far from the boundary ∂Ω , by

T (x̂) =−4πv(x̂)p(x̂)cap(ω) , (10.96)

where v(x) and p(x) are solutions to the direct (10.51) and adjoint (10.87) problems,
both associated to the unperturbed domain Ω .

Remark 10.9. The case of singular perturbations close to the boundary is considered
in Chapter 9.
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10.3 Exercises

1. Consider the semilinear problem in two spatial dimensions as described in Sec-
tion 10.1:

a. Show that (10.21) is solution to (10.20).
b. Derive formulas (10.41)-(10.44).
c. Proof the identities (10.45).
d. Consider a shape functional of the form

JΩ (u) =
1
2

∫

Ω
‖∇u‖2 −

∫

Ω
bu ,

where u is solution to (10.1) for d = 2 and F(x,u(x)) = b(x), with the func-
tion b(x) used to denote a given source term. By taking into account that the
perturbation ωε(x̂) = Bε(x̂), where Bε(x̂) is a ball of radius ε and center at
x̂ ∈Ω , show that the topological asymptotic expansion in Theorem 10.1 leads
to

JΩε (uε) = JΩ (u)−πε2(‖∇u(x̂)‖2 − b(x̂)u(x̂))+ r(ε) ,

where in the particular case of circular holes the virtual mass matrix is given
by m(ω) = −2πI. Compare this result with the one given in Section 4.1
through expression (4.55), with ψ(χ) := JΩ (u).

2. Consider the semilinear problem in three spatial dimensions as described in Sec-
tion 10.2:

a. Show that the solution to (10.59) is given by (10.60).
b. Derive formula (10.89).
c. Repeat the formal derivation presented in this section by taking F(x,u(x)) =

b(x) in (10.1) for d = 3, where the function b(x) is a given source term.
The asymptotic analysis in the linear case is well known (see monographs
[100, 148]). According to the method of compound asymptotic expansions,
the solution uε to the perturbed problem can be decomposed as follows

uε(x) = u(x)+w(ε−1x)+ ũε(x) ,

where the first term is obtained by formally taking ε = 0 and the second one
is the boundary value problem which furnishes the leading boundary layers
term:

{−Δξw(ξ ) = 0, ξ ∈R3 \ω,
w(ξ ) = −u(x̂), ξ ∈ ∂ω ,

where u(x̂) is the value of u at the center x̂ ∈ Ω of the perturbation ωε . The
last term in the expansion is the remainder, which is of order o(ε).

3. Let us consider a shape optimization problem for a semilinear elliptic equation.
For the specific problem the shape and topological derivatives can be obtained
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Fig. 10.2 Example of an ad-
missible domain Ω =D\ω
with one hole inside

for a general class of shape functionals. Let B and D be two bounded open sets
in R2 such that B� D. Given a set ω in R2, we denote by #ω the number of
connected components of ω , and #ω � k means that there are at most k holes
in an admissible domain Ω , where k is an integer, as shown in fig. 10.2. In gen-
eral, the set ω can be represented in the form ω = ∪N

i=1ω
i, N � k, with simply

connected, mutually disjoint sets ω i, i = 1, . . . ,N. The boundary is of the form
∂ω = ∪N

i=1∂ω
i. We introduce the following family of admissible domains

Uad = {Ω =D\ω : ω open,ω ⊂B,#ω � k,H 1(∂ω)� p0} ,

where p0 is given and H 1(∂ω) is the Hausdorff 1-dimensional measure of ∂ω ,
i.e., the perimeter of ∂ω . We assume that the boundary ∂D = Γ of the hold-all
domain D is C2,α , and denote ∂Ω = Γ ∪∂ω . The semilinear elliptic state equa-
tion includes the polynomial nonlinearity, and admits a unique classical solution,

⎧

⎨

⎩

−Δu(x)+ u(x)3 = b(x), x ∈Ω ,
u(x) = 0, x ∈ Γ ,

∂nu(x) = 0 x ∈ ∂ω ,

here n is the unit normal vector on ∂Ω directed to the exterior of Ω . We denote
by

H1
Γ (Ω) =

{

ϕ ∈ H1(Ω) : ϕ|Γ = 0
}

the linear subspace of the Sobolev space H1(Ω). We recall here the classical
result on the existence of solutions for the state equation.

Lemma 10.1. For any given b∈ L2(D) there exists a unique solution u ∈ H1
Γ (Ω)

∩L4(Ω) to the above boundary value problem. The solution minimizes the energy
functional

IΩ (ϕ) =
1
2

∫

Ω
‖∇ϕ‖2 +

1
4

∫

Ω
|ϕ |4 −

∫

Ω
bϕ

over the space H1
Γ (Ω)∩L4(Ω).

Given a function zd defined on D, the following tracking type shape functional
is introduced

JΩ (u) :=
1
2

∫

Ω
(u− zd)

2 .



10.3 Exercises 297

The existence of an optimal domain for the above shape optimization problem
can be assured by an appropriate regularization [63, 64] of the shape functional.
In our case the regularized version of the shape functional can be taken e.g., in
the form

ΨΩ (u) := JΩ (u)+α|Ω |−β max(0,H 1(∂Ω)− p0)
2 ,

where the constants α and β are strictly positive and define the constraints on the
surface and the perimeter of the domain Ω . The constant p0 is strictly positive
and defines the threshold for the perimeter. The perimeter constraints become
active for domains with the perimeter greater then the constant. Therefore:

a. Show the existence of an optimal domain Ω � for the regularized shape opti-
mization problem.

b. Compute the topological derivative of the regularized shape functional by us-
ing the general result given by (10.48). Make some comments on the topolog-
ical derivative associated to the perimeter constraint.



Chapter 11
Topological Derivatives for Unilateral Problems

In this chapter variational inequalities are considered from the point of view of topo-
logical sensitivity analysis. We concentrate on the specific class of problems with
the unilateral boundary conditions. This class of variational inequalities includes
the frictionless contact problems in linearized elasticity. For the contact problems in
two and three spatial dimensions the linearized nonpenetration condition is imposed
for the normal displacements in the potential contact zone including crack problems
[52, 103, 108, 109, 110, 111, 112, 113]. Topological derivatives for unilateral prob-
lems are obtained in [208, 209].

The specific method of topological sensitivity analysis which is adapted to the en-
ergy functionals associated with the unilateral problems is proposed in this chapter.
The complete mathematical justification is presented in this chapter and in Appendix
F for the obtained topological derivatives. The proposed framework is based on two
important mathematical concepts. The first one is the domain decomposition tech-
nique and the associated Steklov-Poincaré pseudodifferential operators. The second
concept is the so-called Hadamard directional derivative of the metric projection
onto a positive cone with respect to the natural order in a Dirichlet-Sobolev space.

In the proposed framework we can determine one term approximate solution
for the unilateral problem with respect to the hole size ε → 0 created in the ge-
ometrical domain Ω far from the boundary hence far from the contact zone. The
proposed method is constructive for unilateral problems including the frictionless
contact problem in elasticity. As a result, the closed form of the topological deriva-
tive for the energy shape functional is obtained for such problems. We present an
example of the topological derivative for the elastic body with a rigid inclusion, the
boundary of the inclusion is an interface in the domain Ω . The crack is located at
the inclusion interface, and the unilateral conditions are prescribed on the crack lips
(faces).



300 11 Topological Derivatives for Unilateral Problems

11.1 Preliminaries

The properties of solutions to the variational inequalities used in this chapter are
obtained in Section 11.3.2 and in Appendix F in the framework of nonsmooth
analysis.

Note 11.1. In an abstract setting, the unilateral problem can be reduced to the con-
strained optimization of the quadratic energy functional

ϕ �→ E (ϕ) :=
1
2

a(ϕ ,ϕ)−L(ϕ) (11.1)

over a convex cone K of the Hilbert space H. Here H � ϕ ,ψ �→ a(ϕ ,ψ) ∈ R is a
continuous bilinear form, and H � ϕ �→ L(ϕ) ∈R is a continuous linear form on H.
A minimizer, if any, satisfies the variational inequality:

Problem 11.1. Find u ∈ K such that

a(u,ϕ− u)� L(ϕ − u) ∀ϕ ∈ K. (11.2)

We can describe briefly the results obtained for the contact problems. In the pres-
ence of constraints due to the convex set K the elliptic regularity of the solutions to
variational inequalities is lost. However, the local regularity of solutions is still avail-
able. In particular, the topological derivatives of the energy functionals, evaluated
far from the boundary, are of the same form as in the case of the energy functional
associated to the linear problem:

Problem 11.2. Find u ∈ H such that

a(u,ϕ) = L(ϕ) ∀ϕ ∈ H. (11.3)

Therefore, the derivation of topological derivatives for contact problems can be per-
formed within the following framework:

• The method of derivation combines the domain decomposition technique to-
gether with the conical differentiability [62] of the metric projection onto a poly-
hedric cone in a Dirichlet space.

• The Steklov-Poincaré pseudodifferential boundary operators are employed within
the domain decomposition technique.

As a result, the original variational inequality is decomposed into two subproblems,
which are:

1. The first subproblem is defined in the subdomain which includes the topological
perturbation and can be solved explicitly for the Dirichlet to Neumann map or
equivalently for the Steklov-Poincaré operator.

2. The second subproblem is defined in the subdomain far from the singularity
caused by topological perturbation and takes the form of a variational inequality
with the nonlocal pseudodifferential operator in the boundary conditions.
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In this way the asymptotic analysis is separated from the nonsmooth analysis which
makes the derivation of topological derivatives for the energy functionals of contact
problems somehow simpler.

Let us point out that such a method of sensitivity analysis was already exploited,
however with a different decomposition technique, in [210] for the shape sensitivity
analysis of frictionless contact problems.

The direct asymptotic analysis of variational inequalities seems to be possible
[22, 23, 24, 25, 26, 27, 28], however, under the restrictive hypothesis of strict com-
plementarity for unilateral constraints. The method proposed here [62, 208, 209,
210] allows for the derivation of topological derivatives for the energy function-
als without any regularity assumptions on the unknown solutions to the variational
inequality under considerations.

Let us describe the properties of subproblems resulting from the domain decom-
position applied to the variational inequality. It turns out that the asymptotic expan-
sions of the energy shape functional with respect to singular domain perturbations
for the linear elliptic boundary value problems imply the expansions of the related
nonlocal Steklov-Poincaré boundary operators. In other words, the knowledge of
the asymptotic expansion of the energy is sufficient to determine the regular expan-
sion of the boundary operators. In the proof of asymptotic expansions of the energy
functionals are employed the local representation formulae for pointwise values of
the first order derivatives of the solutions to the linear elliptic boundary value prob-
lems obtained by decomposition. For harmonic functions in two spatial dimensions
it is a line integral given by Proposition 11.2. The obtained results are applied for
the topological sensitivity analysis of unilateral contact problems in Section 11.4 for
the crack modeling with the nonpenetration condition on the crack’s lips for d = 2.

Note 11.2. We need also some explanation, why the compound asymptotics method
should be adapted to the variational inequalities. The compound asymptotics method
can be applied to linear elliptic problems with a postulated ansätz for solutions in
singularly perturbed domain. Such an ansätz defines an approximate solution de-
pending on the small parameter ε . Now, we want to replace the exact solution by
its approximation. The discrepancies left by the approximate solution in the linear
boundary value problem are estimated in such a way, which implies that the re-
mainder can be neglected in the first order expansion of the energy functional, i.e.,
the remainder leads to the terms of higher order with respect to ε in the first order
expansion of the energy shape functional. Thus, the solution of a linear boundary
value problem in singularly perturbed domain can be represented by a sum of an
approximate solution of specific form and a discrepancy bounded in an appropri-
ate norm. This representation includes few regular and boundary layer correctors
(terms), and a small remainder estimated usually in the weighted function space.
The method is applied to the semilinear boundary value problems in Chapter 10
since the semilinear boundary value problem admits a linearization at the classical
solution. Unfortunately, for the variational inequalities it is in general impossible
to linearize boundary value problem with unilateral conditions without the strict
complementarity hypothesis. We refer to [28] for the asymptotic analysis with the
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Fig. 11.1 Topologically perturbed domain Ωε by the nucleation of a small circular hole Bε

hypothesis (for asymptotic analysis of related boundary value problems see also
[22, 23, 24, 25, 26, 27]). Therefore, the compound asymptotics method seems to
be inapplicable in its genuine form for derivation of topological derivatives for
variational inequalities.

11.2 Domain Decomposition and the Steklov-Poincaré
Operator

Let us consider the linear elliptic boundary value problems, and describe the domain
decomposition technique for the energy functional. The method is presented for
simplicity for circular holes and for the Laplacian with Neumann conditions on the
hole, and the Dirichlet condition on the outer boundary. In such a case the function
f (ε) = ε2 is used in asymptotic analysis. The shape functional is defined by the
associated energy functional to the boundary value problem.

The domain decomposition technique and the Steklov-Poincaré nonlocal bound-
ary operators are used in the topological sensitivity analysis of nonlinear variational
problems. We start with a scalar linear boundary value problem in order to present
the outline of the method. Therefore, given domainsΩ and Ωε (x̂) =Ω \Bε(x̂)⊂R2

as shown in fig 11.1, where Bε(x̂) is a ball of radius ε → 0 and center at a point x̂∈Ω
far from the boundary Γ = ∂Ω , with Bε � Ω . By uε we denote a unique classical
solution of the Poisson equation in singularly perturbed domain:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find uε such that
−Δuε = b in Ωε ,

uε = 0 on ∂Ω ,
∂nuε = 0 on ∂Bε ,

(11.4)

where b ∈C0,α(Ω), with α ∈ (0,1), is a given element which vanishes in the vicin-
ity of the point x̂ ∈ Ω . The solution uε of the boundary value problem (11.4) is
variational, since uε ∈ Vε ⊂ H1(Ωε) minimizes the quadratic functional
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Iε(ϕ) =
1
2

∫

Ωε
‖∇ϕ‖2 −

∫

Ωε
bϕ (11.5)

over the linear subspace Vε ⊂ H1(Ωε), where Vε is defined as

Vε := {ϕ ∈ H1(Ωε ) : ϕ|Γ = 0} . (11.6)

The shape functional

JΩε (uε) :=
1
2

∫

Ωε
‖∇uε‖2 −

∫

Ωε
buε =−1

2

∫

Ωε
buε (11.7)

defined by the equality
JΩε (uε) = Iε(uε) (11.8)

is the energy functional evaluated for the solution of the boundary value problem
(11.4) posed in the singularly perturbed domain Ωε .

Proposition 11.1. We know already that the energy admits the expansion with re-
spect to the small parameter ε → 0 of the following form:

JΩε (uε) = JΩ (u)−πε2‖∇u(x̂)‖2 + o(ε2) , (11.9)

where ‖∇u(x̂)‖2 is the bulk energy density at the point x̂ ∈Ω and u is a solution to
(11.4) for ε = 0.

Proof. See Section 4.1, expansion (4.55) for b = 0 in the neighborhood of x̂ ∈Ω . �

Remark 11.1. The bulk energy density functional H1(Ω) � ϕ �→ ‖∇ϕ(x̂)‖2 ∈ R in
general is not continuous at a point x̂ ∈ Ω . Therefore, the bulk energy density is
replaced by a continuous bilinear form H1(Ω) � ϕ �→ 〈B(ϕ),ϕ〉ΓR ∈ R. For the
Laplacian in two spatial dimensions, and the solution of unperturbed problem u
which is harmonic in a neighborhood of x̂, the appropriate continuous bilinear form
with respect to H1(Ω) norm, such that there is equality for u,

‖∇u(x̂)‖2 = 〈B(u),u〉ΓR

is given by (11.13) or (11.15). This replacement of ‖∇ϕ(x̂)‖2 by 〈B(ϕ),ϕ〉ΓR in
the energy functional for problem (11.4) has been introduced in [208, 209] for
the purposes of topological derivatives evaluation in the framework of domain
decomposition method.

Note 11.3. If we combine (11.5) with (11.9), we arrive at the conclusion that the
modified energy functional

H1(Ω) � ϕ → 1
2

∫

Ω
‖∇ϕ‖2−

∫

Ω
bϕ−πε2〈B(ϕ),ϕ〉ΓR ∈R

is an approximation of (11.5) which furnishes the topological derivative (11.9) but
with the minimization over unperturbed space H1(Ω). This observation is in fact
used in the domain decomposition method for unilateral problems.
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Fig. 11.2 Truncated domain ΩR and the ring C(R,ε)

11.2.1 Domain Decomposition Technique

Now, we are going to decompose the linear elliptic problem (11.4) into two parts,
defined in two disjoint domains ΩR and C(R,ε) := BR \ Bε ⊂ Ω , R > ε > 0 as
shown in fig. 11.1. Two non-overlapping subdomainsΩR,C(R,ε) of Ωε are selected
Ωε =ΩR ∪ΓR ∪C(R,ε), where we assume that R > ε0, ε ∈ (0,ε0] and ΓR stands for
the exterior boundary ∂BR of C(R,ε). Since the gradient of Sobolev functions is not
continuous for test functions in H1(Ω), but it is the case for harmonic functions,
we replace the pointwise values of the gradient of test functions by a representation
formula valid only for the pointwise values of the gradient of a harmonic function.

Proposition 11.2. If the function u is harmonic in a ball BR ⊂R2, of radius R > 0
and center at x̂ ∈Ω , then the gradient of u evaluated at x̂ is given by

∇u(x̂) =
1

πR3

∫

ΓR

(x− x̂)u(x) . (11.10)

Proof. The proof of this result we leave as an exercise. �

In view of (11.10), since b ≡ 0 in BR for sufficiently small R > ε0, expansion (11.9)
can be rewritten in the equivalent form

JΩε (uε) = JΩ (u)− ε2

πR6

[

(
∫

ΓR

ux1

)2

+

(
∫

ΓR

ux2

)2
]

+ o(ε2) , (11.11)

where x− x̂= (x1,x2). As observed in [208, 209], it is interesting to note that (11.11)
can be rewritten as follows

JΩε (uε) = JΩ (u)− ε2〈B(u),u〉ΓR + o(ε2) , (11.12)

with the nonlocal, positive and selfadjoint boundary operator B uniquely deter-
mined by its bilinear form
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〈B(u),u〉ΓR =
1

πR6

[

(
∫

ΓR

ux1

)2

+

(
∫

ΓR

ux2

)2
]

. (11.13)

From the above representation, since the line integrals on ΓR are well defined for
functions in L1(ΓR), it follows that the operator B can be extended e.g., to a bounded
operator on L2(ΓR), namely

B ∈ L (L2(ΓR);L2(ΓR)) , (11.14)

with the same symmetric bilinear form

〈B(ϕ),φ〉ΓR =
1

πR6

[
∫

ΓR

ϕ x1

∫

ΓR

φ x1 +

∫

ΓR

ϕ x2

∫

ΓR

φ x2

]

, (11.15)

which is continuous for all ϕ ,φ ∈ L2(ΓR). We observe that the bilinear form

L2(ΓR)×L2(ΓR) � (ϕ ,φ) �→ 〈B(ϕ),φ〉ΓR ∈R (11.16)

is continuous with respect to the weak convergence since it has the simple structure

〈B(ϕ),φ〉ΓR = L1(ϕ)L1(φ)+L2(ϕ)L2(φ) ϕ ,φ ∈ L1(ΓR) (11.17)

with two linear forms ϕ �→ L1(ϕ) and φ �→ L2(φ), given by the line integrals on ΓR.

11.2.2 Steklov-Poincaré Pseudodifferential Boundary Operators

Note 11.4. We determine the family Steklov-Poincaré boundary operators on the
outer boundary ΓR of the domain C(R,ε), if there is a hole Bε inside of C(R,ε).

We select R > 0 such that the circle (or the ball for d = 3) BR contains the hole Bε
and introduce the truncated domain ΩR. For the boundary value problem defined
in Ωε , we introduce its approximation in ΩR. The singular perturbation Ωε of the
geometrical domain Ω is replaced by a regular perturbation of the Steklov-Poincaré
boundary operator living on the interface, which coincides with the interior bound-
ary ΓR of ΩR.

Definition 11.1. The Steklov-Poincaré boundary operator

Aε : H1/2(ΓR)→ H−1/2(ΓR) (11.18)

is defined for the Poisson’s equation in the domain C(R,ε). For a fixed parameter
ε > 0 and a given element v ∈ H1/2(ΓR) the corresponding element in the range of
the operator Aε is given by the Neumann trace of a unique solution to the boundary
value problem
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⎧

⎪

⎪

⎨

⎪

⎪

⎩

Find wε such that
−Δwε = 0 in C(R,ε) ,

wε = v on ΓR ,
∂nwε = 0 on ∂Bε .

(11.19)

Then we set
Aε(v) = ∂nwε on ΓR , (11.20)

here n is the unit exterior normal vector on ∂C(R,ε).

Remark 11.2. Let us note that, in absence of the source term b, the energy shape
functional in C(R,ε) evaluated for the harmonic function wε coincides with the
boundary energy of the Steklov-Poincaré operator on ΓR evaluated for the Dirichlet
trace of the solution wε , namely

∫

C(R,ε)
‖∇wε‖2 = 〈Aε(v),v〉ΓR . (11.21)

Therefore, the asymptotics of the energy shape functional in C(R,ε) for ε → 0,
gives rise to the regular expansion of the Steklov-Poincaré operator (see Appendix
F, Theorem F.2):

Aε = A − 2ε2B+Rε , (11.22)

where the remainder denoted by Rε in the above expansion is of order o(ε2) in the
operator norm L (H1/2(ΓR);H−1/2(ΓR)).

By Remark 11.2 we obtain the strong convergence of solutions in the truncated
domain. In fact, let us state the following important result:

Proposition 11.3. The sequence of solutions uε converges as ε → 0 in the following
sense. For any R > 0,

uR
ε → uR strongly in H1(ΩR) , (11.23)

where ΩR :=Ω \BR, ε ∈ (0,ε0], and R > ε0 > 0, where BR is a ball of radius R and
center at x̂ ∈Ω .

Proof. Let uR
ε be the restriction to ΩR of the solution uε to (11.4), namely

uR
ε ∈ H1

Γ (ΩR) :
∫

ΩR

∇uR
ε ·∇η+

∫

ΓR

Aε(u
R
ε )η =

∫

ΩR

bη ∀η ∈ H1
Γ (ΩR) . (11.24)

In the same way, for ε = 0 we have

uR ∈ H1
Γ (ΩR) :

∫

ΩR

∇uR ·∇η+

∫

ΓR

A (uR)η =

∫

ΩR

bη ∀η ∈ H1
Γ (ΩR) , (11.25)

where uR is the restriction to ΩR of the solution to (11.4) for ε = 0. In addition,
H1
Γ (ΩR) is a subset of H1(ΩR), which is defined as

H1
Γ (ΩR) := {ϕ ∈ H1(ΩR) : ϕ|Γ = 0} . (11.26)
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By taking η = uR
ε − uR and after subtracting the second equation from the first one

we get
∫

ΩR

‖∇(uR
ε − uR)‖2 +

∫

ΓR

(Aε(u
R
ε )−A (uR))(uR

ε − uR) = 0 . (11.27)

By taking into account the expansion (11.22) we observe that
∫

ΩR

‖∇(uR
ε − uR)‖2 =

∫

ΓR

(2ε2B(uR)−Rε(u
R))(uR

ε − uR) . (11.28)

From the Cauchy-Schwarz inequality we obtain
∫

ΩR

‖∇(uR
ε − uR)‖2 � 2ε2‖B(uR)‖H−1/2(ΓR)

‖uR
ε − uR‖H1/2(ΓR)

+ ‖Rε(u
R)‖H−1/2(ΓR)

‖uR
ε − uR‖H1/2(ΓR)

. (11.29)

Taking into account the trace theorem and the compactness of the remainder Rε
given by Theorem F.2, we have

∫

ΩR

‖∇(uR
ε − uR)‖2 � ε2C1‖uR

ε − uR‖H1(ΩR)
. (11.30)

Finally, from the coercivity of the bilinear form on the left hand side of the above
inequality, namely,

c‖uR
ε − uR‖2

H1(ΩR)
�
∫

ΩR

‖∇(uR
ε − uR)‖2 , (11.31)

we obtain
‖uR

ε − uR‖H1(ΩR)
�Cε2 , (11.32)

which leads to the result, with C =C1/c. �

Now, we make use of the Steklov-Poincaré operator defined above for the annulus
C(R,ε) in order to rewrite the energy shape functional in Ωε as a sum of integrals
over ΩR and of the boundary bilinear form on ΓR,

JΩε (uε) =
1
2

∫

ΩR

‖∇uε‖2 −
∫

ΩR

buε +
1
2
〈Aε(uε),uε〉ΓR , (11.33)

which is possible since the source term b vanishes in the small ball BR around the
point x̂ ∈Ω .

In conclusion, another method of evaluation of the topological derivative for the
energy shape functional is now available. We have the energy shape functional in
the form

JΩε (uε) = inf
ϕ∈H1

Γ (ΩR)

{

1
2

∫

ΩR

‖∇ϕ‖2−
∫

ΩR

bϕ+
1
2
〈Aε(ϕ),ϕ〉ΓR

}

, (11.34)
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where H1
Γ (ΩR) is defined trough (11.26). Taking into account expansion (11.22),

from (11.34) it follows by an elementary argument that

JΩε (uε) = inf
ϕ∈H1

Γ (ΩR)

{

1
2

∫

ΩR

‖∇ϕ‖2 −
∫

ΩR

bϕ+
1
2
〈A (ϕ),ϕ〉ΓR

}

− ε2〈B(u),u〉ΓR + o(ε2) , (11.35)

where (11.35) coincides with (11.12). The range of applications of the presented
method is not limited to linear problems only. In fact, this is the only available
method without any strict complementarity type assumptions on the unknown so-
lution of the variational inequality, for evaluation of topological derivatives of the
energy shape functional for unilateral problems.

11.3 Domain Decomposition Method for Variational
Inequalities

The topological derivative of the energy shape functional is obtained for a class of
variational inequalities. To this end the domain decomposition technique is applied.
The method introduced in Section 11.2 is adapted to a class of unilateral problems.
The specific class of variational inequalities is equivalent to constrained optimiza-
tion problems over a positive cone in the Dirichlet-Sobolev space. We recall that
the Sobolev space H1(Ω) is the Dirichlet space for the natural order, we refer the
reader e.g. to [62] for further details in the case of contact problems in linear elas-
ticity. By the Dirichlet-Sobolev space we mean the ordered Sobolev spaces e.g.,
H1(Ω) or H1/2(∂Ω) with the following property for the natural order. If the func-
tion x �→ u(x) is in the Sobolev space, then the function x �→ u+(x) := max{u(x),0}
belongs to the Sobolev space.

11.3.1 Problem Formulation

Let us consider the new boundary value problem, with nonlinear boundary condi-
tions onΓc ⊂Ω . For the domain with a hole Bε(x̂), where x̂∈Ω , the boundary value
problem takes the following form:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find uε such that
−Δuε = b in Ωε ,

uε = 0 on Γ ,
∂nuε = 0 on ∂Bε ,

uε
∂nuε

uε ∂nuε

�
�
=

0
0
0

⎫

⎬

⎭

on Γc ,

(11.36)
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where the source term b∈C0,α(Ω ) vanishes in the neighborhood of the point x̂∈Ω .
See sketch in fig. 11.1. A weak solution uε of problem (11.36) minimizes the energy
functional (11.5) over a cone in the Sobolev space, and the shape energy functional
takes the form

JΩε (uε) = inf
ϕ∈{Vε :ϕ|Γc

�0}

{

1
2

∫

Ωε
‖∇ϕ‖2 −

∫

Ωε
bϕ

}

, (11.37)

where the liner space Vε is defined by (11.6).
Now, let us consider the domain decomposition method for (11.36), assuming

that Γc ⊂ ΩR, as shown in fig. 11.2. In particular it means that the linear space
H1
Γ (ΩR) defined through (11.26) is replaced in (11.34) by the convex and closed

subset
K := {ϕ ∈ H1

Γ (ΩR) : ϕ|Γc
� 0} , (11.38)

and the functional including the Steklov-Poincaré operator is as follows

I R
ε (u

R
ε ) = inf

ϕ∈K

{

1
2

∫

ΩR

‖∇ϕ‖2−
∫

ΩR

bϕ+
1
2
〈Aε(ϕ),ϕ〉ΓR

}

. (11.39)

In order to establish the equality

I R
ε (u

R
ε )≡ JΩε (uε) , (11.40)

it is sufficient to show that the minimizer uR
ε in (11.39) coincides with the restriction

to ΩR of the minimizer uε of the corresponding quadratic functional defined in the
whole singularly perturbed domain Ωε , which is left as an exercise. In this way we
obtain

JΩε (uε) =
1
2

∫

Ωε
‖∇uε‖2 −

∫

Ωε
buε

=
1
2

∫

ΩR

‖∇uε‖2 −
∫

ΩR

buε +
1
2
〈Aε(uε),uε〉ΓR

= I R
ε (u

R
ε )

= inf
ϕ∈K

{

1
2

∫

ΩR

‖∇ϕ‖2 −
∫

ΩR

bϕ+
1
2
〈Aε (ϕ),ϕ〉ΓR

}

, (11.41)

thus the topological derivative of JΩ (u) can be evaluated by using the expansion
of I R

ε (u
R
ε ). The assumption required for the derivation of I R

ε (u
R
ε ) with respect to

the parameter ε at ε = 0+ is only the strong convergence as ε → 0 for fixed R > 0,
namely uR

ε → uR strongly in H1(ΩR), i.e., there is no need for differentiability prop-
erties of the minimizer uR

ε ∈ H1(ΩR) with respect to ε (see the proof of Proposition
11.3).
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11.3.2 Hadamard Differentiability of Minimizer

The existence of the conical differential for the mapping

[0,ε0) � ε �→ uR
ε ∈ H1(ΩR) (11.42)

is established.
We introduce:

• The quadratic functional

G R(ϕ) :=
1
2

aR(ϕ ,ϕ)− lR(ϕ)+
1
2
〈A (ϕ),ϕ〉ΓR − ε2〈B(ϕ),ϕ〉ΓR , (11.43)

where
aR(ϕ ,ϕ) =

∫

ΩR

‖∇ϕ‖2 and lR(ϕ) =
∫

ΩR

bϕ . (11.44)

• The coincidence set
Ξ := {x ∈ Γc : uR = 0} . (11.45)

• The linear form (nonegative measure)

〈μc,ϕ〉 := aR(uR,ϕ)− lR(ϕ)+ 〈A (uR),ϕ〉ΓR . (11.46)

• The convex cone

SK(u
R) = {ϕ ∈ H1

Γ (ΩR) : ϕ � 0 q.e. on Ξ , 〈μc,ϕ〉= 0} . (11.47)

We recall that the symbol q.e. reads ”quasi everywhere” and it means, everywhere,
with possible exception on a set of null capacity. For the notion of the Bessel capac-
ity in two or three spatial dimensions (cf. Definitions 2.2.1, 2.2.2, 2.2.4 in [1]) see
Note 9.2.

Theorem 11.1. For fixed R > 0 we have

‖uR
ε − uR‖H1

Γ (ΩR)
�CRε2 . (11.48)

Furthermore, there is an expansion with respect to ε → 0+,

uR
ε = uR + ε2vR + oR(ε2) in H1(ΩR) . (11.49)

The element vR ∈ H1(ΩR) is uniquely determined by a solution to the following
quadratic minimization problem

G R(vR) = inf
ϕ∈SK (uR)

G R(ϕ) . (11.50)

Proof. The proof follows from the general result in Appendix F given by Theorem
F.1 and it is left as an exercise. �
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Remark 11.3. The result established in Theorem 11.1 can be obtained as well for a
class of contact problems by an application of general results given in [62, 210].

11.3.3 Topological Derivative Evaluation

Now the outline of the domain decomposition method for variational inequalities is
given. The topological derivative can be evaluated for the energy shape functional.
The scalar elliptic equation as well as the linear elasticity system in two spatial di-
mensions with the unilateral conditions far from the hole are considered. The case
of three spatial dimensions can be described in the same manner. The unilateral con-
ditions are imposed for the weak solutions of elliptic boundary value problems by
a cone constraint for the minimization of the quadratic energy functional. We recall
that the cone of admissible displacements in contact problems of linear elasticity is
defined by the nonpenetration condition. The unilateral condition is only an approx-
imation of the real condition and it is prescribed for normal displacements in the
contact zone. Thus the normal displacements in the contact zone belong to a posi-
tive cone in the space of traces. We refer to Section 11.4 for more details associated
to the particular case of cracks.

In this part we restrict ourselves to the circular holes. Let us recall the notation
for the domain decomposition technique. Given a domain Ωε =Ω \Bε ⊂R2, with a
small hole Bε ⊂ BR of radius ε → 0 and center at x̂ ∈Ω , we denote by ΩR =Ω \BR

the domain without the hole Bε , and by C(R,ε) = BR \Bε the ring with the small
hole Bε inside. It means that the domain Ωε is decomposed into two subdomains,
the truncated one ΩR and the ring C(R,ε). The main idea which is employed here is
to perform the asymptotic analysis for a linear problem and then apply the result to
the nonlinear problem in a smaller domain called truncated domain. This is possible
for unilateral conditions prescribed on Γc ⊂ΩR, where the set Γc is far from the hole
Bε , and therefore far from the ball BR.

Under this geometrical assumption it is possible to restrict the asymptotic anal-
ysis to the ring C(R,ε). Then the obtained result on the asymptotic behavior of the
associated solution to the boundary value problem defined in the ring is applied to
the variational inequality considered in the truncated domain ΩR. In this way the
singular domain perturbation in the ring influences, by a regular perturbation, the
boundary conditions on the interface for variational inequality. The regular pertur-
bation is governed by a nonlocal, pseudodifferential, selfadjoint boundary operator
of Steklov-Poincaré type. The nonlocal Steklov-Poincaré operator is introduced on
the interface between two subdomains, it is the exterior boundary ΓR of the ring,
which is exactly the interior boundary of the truncated domain ΩR. The subprob-
lem to be solved in the truncated domain is a variational inequality associated to the
constrained minimization problem over a closed convex cone K ⊂ H1(ΩR):

Find a unique minimizer uε ∈ K of the quadratic energy functional

I R
ε (ϕ) =

1
2

aR(ϕ ,ϕ)− lR(ϕ)+
1
2
〈Aε(ϕ),ϕ〉ΓR , (11.51)
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where Aε stands for the Steklov-Poincaré operator for the ring C(R,ε) and 〈·, ·〉ΓR is
the duality pairing defined for the fractional Sobolev spaces H−1/2(ΓR)×H1/2(ΓR)
on the interface ΓR, associated with the corresponding Steklov-Poincaré operator
Aε : H1/2(ΓR) �→ H−1/2(ΓR). We need an assumption on its asymptotic behavior,
which is:

Condition 11.1. The Steklov-Poincaré operator for the ring C(R,ε) admits the ex-
pansion for ε > 0, ε small enough,

Aε = A − 2 f (ε)B+Rε , (11.52)

with an appropriate function f (ε) → 0, when ε → 0, depending on the boundary
conditions on the hole, where the remainder Rε is of order o( f (ε)) in the operator
norm L (H1/2(ΓR);H−1/2(ΓR)).

Remark 11.4. In the scalar case the operator B is defined by the bilinear form
(11.15). From (11.22) it follows that f (ε) = ε2 for the Neumann boundary con-
ditions on the hole Bε . For our specific applications, expansion (11.52) results from
the asymptotics of the shape energy functional in the ring C(R,ε), as it is for the
scalar problem. If the form of operator B in (11.52) is known, in order to apply
the general scheme the only assumption to check is the compactness condition for
the remainder in the operator norm L (H1/2(ΓR);H−1/2(ΓR)).

Therefore, the original variational inequality defined in the domain Ωε is replaced
by the variational inequality defined in the truncated domain ΩR. In this way, for
the purposes of asymptotic analysis the original quadratic functional defined in the
domain of integration Ωε , namely JΩε (ϕ), is replaced by the functional I R

ε (ϕ)
defined in the truncated domain without any hole. Two problems are equivalent un-
der the following assumption on the minimizers uε and uR

ε of JΩε (ϕ) and I R
ε (ϕ),

respectively.

Condition 11.2. For ε > 0, with ε small enough, the minimizer uR
ε in the truncated

domain coincides with the restriction to the truncated domain ΩR of the minimizer
uε in the singularly perturbed domain Ωε .

If Conditions 11.1 and 11.2 are fulfilled, then the topological asymptotic expansion
of the energy functional

JΩε (uε) =
1
2

∫

Ωε
‖∇uε‖2 −

∫

Ωε
buε (11.53)

can be determined from the expansion of the energy functional in the truncated
domain, namely

I R
ε (u

R
ε ) =

1
2

aR(uR
ε ,u

R
ε )− lR(uR

ε )+
1
2
〈Aε(u

R
ε ),u

R
ε 〉ΓR , (11.54)

where uR
ε is the restriction to the truncated domain ΩR of the solution uε to the vari-

ational inequality in the perturbed domain Ωε . Under our assumptions, the solution
uε coincides with the solution obtained by the domain decomposition method.
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The evaluation of the topological asymptotics expansion for the energy functional
(11.53) is based on the equality (11.40), so we have JΩε (uε) =I R

ε (u
R
ε ), combined

with the following characterization of the energy functional

I R
ε (u

R
ε ) = inf

ϕ∈K

{

1
2

aR(ϕ ,ϕ)− lR(ϕ)+
1
2
〈Aε(ϕ),ϕ〉ΓR

}

. (11.55)

The quadratic term ϕ �→ 1
2〈Aε(ϕ),ϕ〉ΓR of the functional I R

ε (ϕ) is, in view of as-
sumption (11.52) or of Condition 11.1, the regular perturbation of the bilinear form
in the quadratic functional I R

ε (ϕ). Therefore, we obtain the result on the differen-
tiability of the optimal value in (11.54) with respect to the parameter ε .

Proposition 11.4. Assume that:

• The Condition 11.1 given by (11.52) holds in the operator norm.
• The strong convergence takes place uR

ε → uR in the norm of the space H1(ΩR),
which also defines the energy norm for the functional (11.55).

Then, the energy in the truncated domain ΩR has the following topological asymp-
totic expansion

I R
ε (u

R
ε ) = I R(uR)− f (ε)〈B(uR),uR〉ΓR + o( f (ε)) , (11.56)

where uR is the restriction to the truncated domain ΩR of the solution u to the origi-
nal variational inequality in the unperturbed domain Ω . Therefore, the topological
derivative of the energy shape functional is obtained from the asymptotic expansion

JΩε (uε) = JΩ (u)− f (ε)〈B(u),u〉ΓR + o( f (ε)) . (11.57)

Proof. There are inequalities

I R
ε (u

R
ε )−I R(uR

ε )

f (ε)
� I R

ε (u
R
ε )−I R(uR)

f (ε)
� I R

ε (u
R)−I R(uR)

f (ε)
, (11.58)

which imply the existence of the limit

limsup
f (ε)→0

I R
ε (u

R
ε )−I R(uR

ε )

f (ε)
=

lim
f (ε)→0

I R
ε (u

R
ε )−I R(uR)

f (ε)
=

liminf
f (ε)→0

I R
ε (u

R)−I R(uR)

f (ε)
= 〈B(uR),uR〉ΓR . (11.59)

From (11.56), in view of (11.40), it follows (11.57). �
Remark 11.5. From the above results, we highlight the following important issues:

• It is clear, that expansion (11.52) in evaluation of the topological derivatives for
contact problems is a technical result required in the proof of Theorem 11.1.
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• The expansion (11.52) leads to one term expansion of solutions (11.49). In prin-
ciple (11.49) can be used for evaluation of topological derivatives for a general
class of shape functionals for contact problems. However, the general class of
shape functionals requires the framework of non-smooth and nonconvex analy-
sis for necessary conditions of optimality.

• If for uR there is the condition

SK(u
R) �= {

SK(u
R)−SK(u

R)
}

, (11.60)

i.e. the cone SK(uR) is not a linear subspace, then there is no classical adjoint
state equation defined for the problem and only the subgradient theory in noncon-
vex analysis can be employed for derivation of necessary optimality conditions.

We can conclude the analysis for the Signorini problem, and confirm that the topo-
logical derivative of the energy shape functional is given by the same formula as it
is in the linear case.

Theorem 11.2. The energy functional for the Signorini problem admits the
expansion

JΩε (uε) = JΩ (u)−πε2‖∇u‖2 + o(ε2) , (11.61)

where the topological derivative T (x̂) = −‖∇u(x̂)‖2 is the negative bulk energy
density at the point x̂ ∈Ω . Since the solution of the Signorini problem is harmonic
in a vicinity of x̂, the expansion is well defined. Therefore, the topological derivative
of the energy shape functional is given by the same expression as it is in the case of
linear problem.

11.4 Cracks on Boundaries of Rigid Inclusions

The problem associated to cracks on boundaries of rigid inclusions embedded
in elastic bodies appears in a vast number of applications in civil, mechanical,
aerospace, biomedical and nuclear industries. In particular, some classes of mate-
rials are composed by a bulk phase with inclusions inside. When the inclusions are
much stiffer than the bulk material, we can treat them as rigid inclusions. In addition,
it is quite common to have cracks within an interface between two different materi-
als. Thus, in this section we deal with the mechanical modeling as well as the shape
and topology sensitivity analysis associated to the limit case of rigid inclusions in
elastic bodies with a crack at the interface [109].

The mechanical modeling is based on the assumption of nonpenetration condi-
tions at the crack faces between the elastic material and the rigid inclusion, which
do not allow the opposite crack faces to penetrate each other, leading to a new class
of variational inequalities.

For the shape sensitivity analysis, the result on the Hadamard directional differ-
entiability of the solutions to the variational inequality is given. This result leads
to the existence of standard shape derivatives of solutions in the case of moving
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boundaries which are far from the crack. However, it seems that the shape perturba-
tions of the crack tip is a more complicated issue if the shape of the rigid inclusion
remains invariant for the perturbations. In [109] we attempt to define the new shape
derivative of the elastic energy with respect to the perturbations of the crack tip at
the interface between the rigid inclusion and the elastic material.

The topological derivatives of the energy shape functional associated to the nu-
cleation of a smooth imperfection in the bulk elastic material are also considered.
In order to apply the domain decomposition method it is assumed that the imper-
fections in the bulk phase are far from the crack, so the body is splitted into one
part with the rigid inclusion and the crack inside and the other part within the bulk
phase with the singular geometrical perturbations. Two subdomains are coupled by
the Steklov-Poincaré operator. The asymptotic analysis is performed in the subdo-
main which is located far from the crack. The topological derivatives can be used
in design procedures of elastic structures and in numerical solution of inverse prob-
lems. The shape and topology optimization for problems with rigid inclusions seem
to be a new field. The obtained results are useful from the mathematical and the
mechanical point of views as well.

The elasticity boundary value problem associated with the cracks in elastic bod-
ies on the boundaries of rigid inclusions is formulated in Section 11.4.1. The limit
passage from elastic to rigid inclusions is presented in Section 11.4.2. Some results
concerning shape sensitivity analysis with respect to the perturbations of the crack
tip are given in Section 11.4.3. The topological derivatives of the energy shape func-
tional are evaluated in Section 11.4.4. The formulae for such derivatives are given
in the case of nucleation of circular holes in two spatial dimensions.

11.4.1 Problem Formulation

Let Ω ⊂R2 be a bounded domain with smooth boundaryΓ , and ω ⊂Ω be a subdo-
main with smooth boundary ∂ω such that ω ∩Γ =∅. We assume that ∂ω consists
of two parts ϒ and ∂ω \ϒ , such that |∂ω \ϒ | > 0. Denote by n a unit outward
normal vector to ∂ω . The subdomain ω is a rigid inclusion, the curveϒ is a crack
located within the interface ∂ω , while the domain Ω \ω is the elastic part of the
body. The crackϒ is split into two curvesϒ±, where ± fit positiveϒ+ and negative
ϒ− crack lipsϒ with respect to the normal n. All the details can be seen in fig. 11.3.

We denote by R(ω) the set of infinitesimal rigid displacements. Let us consider
a second order tensor A decomposed in its symmetric S and skew W parts, namely

S =
1
2
(A+A�) and W =

1
2
(A−A�) . (11.62)

Therefore, the set R(ω) is defined as

R(ω) := {ρ : ρ(x) =Wx+ a, x ∈ ω , a ∈R2} . (11.63)
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Fig. 11.3 Cracked domain
Ωϒ with rigid inclusion ω
inside

The body with the rigid inclusion and the crack is denoted by Ωϒ = Ω \ϒ . The
equilibrium of an elastic body with a rigid inclusion ω and the crackϒ is governed
by a boundary value problem written in the domain Ωϒ , namely:

⎧
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⎪

⎪

⎪

⎪
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⎪

⎪

⎪

⎪

⎪
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⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Find a functionu and a rigid displacementρ0 := u|ω such that
−divσ(u) = b in Ω \ω ,

σ(u) = C∇us ,
u = 0 on Γ ,

(u−ρ0) ·n
στ (u)
σnn(u)

σnn(u)(u−ρ0) ·n

�
=
�
=

0
0
0
0

⎫

⎪

⎪

⎬

⎪

⎪

⎭

on ϒ+ ,

−
∫

∂ω
σ(u)n ·ρ =

∫

ω
b ·ρ ∀ ρ ∈ R(ω) ,

(11.64)

where the source term b ∈C0,α(Ω ;R2), with α ∈ (0,1) and

σnn(u) = n ·σ(u)n and στ(u) = σ(u)n−σnnn . (11.65)

The elasticity tensor C satisfies usual symmetry and positive definiteness properties.
The isotropic case is considered, namely

C= 2μI+λ (I⊗ I) , (11.66)

where I and I are the second and fourth order identity tensors, respectively, and
μ and λ are the Lamé’s coefficients. In (11.64), the conditions (u−ρ0) ·n � 0 and
στ(u)= 0 onϒ+ describe the frictionless contact between the crack lips with mutual
nonpenetration. Note that external forces b are applied to Ω \ω as well as to ω ,
however there are no equilibrium equations inside of the rigid inclusionω . Influence
of these forces on the rigid inclusion is taken into account through the last nonlocal
condition in (11.64). If there is no crack ϒ on ∂ω , the conditions on ϒ+ should be
omitted. This particular problem formulation for the case b = 0 in ω can be found
in [157].
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First of all we provide a variational formulation of the problem (11.64). To this
end, let us introduce the Sobolev space

H1,ω
Γ (Ωϒ ) = {ϕ ∈ H1(Ωϒ ;R2) : ∇ϕs = 0 in ω , ϕ|Γ = 0} (11.67)

and define for all functions in the Sobolev space two traces ϕ+,ϕ− on ϒ±, respec-
tively, and denote by �ϕ� = ϕ+−ϕ− the jump of ϕ across the crackϒ . Recall that
ϕ− ∈ R(ω) by definition of the space H1,ω

Γ (Ωϒ ). The set of admissible displace-
ments takes into account the unilateral nonpenetration condition

Kω = {ϕ ∈ H1,ω
Γ (Ωϒ ) : �ϕ� ·n � 0 onϒ+} . (11.68)

Let us consider the energy functional

I (ϕ) =
1
2

∫

Ω\ω
σ(ϕ) ·∇ϕs −

∫

Ωϒ
b ·ϕ . (11.69)

The weak solution u is a unique minimizer for the minimization problem,

I (u) = inf
ϕ∈Kω

I (ϕ) . (11.70)

Proposition 11.5. Problem (11.70) admits a unique solution given by the varia-
tional inequality

u ∈ Kω :
∫

Ω\ω
σ(u) ·∇(η− u)s �

∫

Ωϒ
b · (η− u) ∀η ∈ Kω . (11.71)

Proof. The set Kω is weakly closed in the Hilbert space H1,ω
Γ (Ωϒ ), and the func-

tional I is coercive and weakly lower semicontinuous on this space. Therefore,
there is a solution to the minimization problem (11.70). �

Remark 11.6. If a solution of (11.71) is sufficiently smooth then it satisfies (11.64).
Conversely, any smooth solution of (11.64) satisfies (11.71). On the other hand, for
a solution of (11.71), the complementarity conditions onϒ+ in (11.64) are satisfied
only in a weak sense. This issue requires more explanations, which can be found in
[109].

11.4.2 Approximation of a Rigid Inclusion with Contrast
Parameter

The nonlinear system (11.64) with the rigid inclusion ω is obtained as a limit for a
family of elasticity boundary value problems formulated in the domain Ωϒ with an
elastic inclusion ω inside and a crackϒ on the interface. Through this limit passage,
the stiffness of the elastic inclusion tends to infinity and the inclusion ω becomes
rigid.
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This means that a family of elasticity boundary value problems depending on a
positive parameter γ is introduced in such a way that for any fixed γ > 0 the problem
describes an equilibrium state for an elastic body occupying the domain Ωϒ with an
elastic inclusion ω and the crack ϒ on ∂ω . For the limit passage γ → 0 we obtain
a rigid inclusion ω . Thus, in the limit, any point x ∈ ω admits a displacement given
by a unique rigid displacement ρ0(x) with ρ0 ∈ R(ω).

Let us introduce the tensor Cγ such that

Cγ =

{

C in Ω \ω ,
γ−1

C in ω ,
(11.72)

and consider the following problem in the domain Ωϒ :
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⎪
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⎪
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⎪

⎪

⎪

⎪

⎪

⎪
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⎪

⎪

⎪

⎩

Finduγ such that
−divσγ (uγ) = b in Ωϒ ,

σγ (uγ) = Cγ∇us
γ ,

uγ = 0 on Γ ,
�uγ� ·n

�σnn
γ (uγ)�

σnn
γ (uγ)�uγ� ·n

�
=
=

0
0
0

⎫

⎬

⎭

on ϒ ,

στ
γ (uγ)

σnn
γ (uγ)

=
�

0
0

}

on ϒ± ,

(11.73)

where �ϕ�= ϕ+−ϕ− is a jump of ϕ acrossϒ , and ± fit positive and negative crack
lipsϒ± with respect to n.

For any fixed γ > 0 problem (11.73) is well known [107, 112, 113]. It admits a
variational formulation. Indeed, let us introduce the set of admissible displacements

K = {ϕ ∈ H1
Γ (Ωϒ ) : �ϕ� ·n � 0 onϒ} , (11.74)

where
H1
Γ (Ωϒ ) = {ϕ ∈ H1(Ωϒ ;R2) : ϕ|Γ = 0} . (11.75)

Proposition 11.6. There exists a unique solution uγ to the minimization problem

inf
ϕ∈K

{

1
2

∫

Ωϒ
σγ (ϕ) ·∇ϕs −

∫

Ωϒ
b ·ϕ

}

, (11.76)

which satisfies the variational inequality

uγ ∈ K :
∫

Ωϒ
σγ (uγ) ·∇(η− uγ)

s �
∫

Ωϒ
b · (η− uγ) ∀η ∈ K . (11.77)

Proof. Proof is left as an exercise. �

Problems (11.76) and (11.77) are equivalent by convexity of the quadratic functional
in (11.76). Moreover, the system (11.73) follows from (11.77), and conversely, from
(11.73) it follows (11.77).
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Theorem 11.3. The solution uγ of problem (11.77) weakly converges in H1
Γ (Ωϒ ) to

the solution u of problem (11.71) as γ → 0.

Proof. We justify the limit passage as γ → 0 in (11.77). Substituting η = 0, η = 2uγ
as test functions in (11.77), and summing up the obtained equalities leads to

∫

Ωϒ
σγ (uγ) ·∇us

γ =
∫

Ωϒ
b ·uγ . (11.78)

Assuming that γ ∈ (0,γ0), from (11.78) we obtain

‖uγ‖H1
Γ (Ωϒ )

� C1 , (11.79)

1
γ

∫

ω
σ(uγ ) ·∇us

γ � C2 , (11.80)

with σ(uγ) = C∇us
γ and the constants C1, C2 uniformly bounded on the interval

γ ∈ (0,γ0). Choosing a subsequence, if necessary, it follows that for γ → 0

uγ → u weakly in H1
Γ (Ωϒ ) . (11.81)

Then by (11.80)
∇us = 0 in ω . (11.82)

Therefore there is a function ρ0 ∈ R(ω) such that

u|ω = ρ0 in ω . (11.83)

Since uγ converges to u weakly in H1
Γ (Ωϒ ), the jump of traces across the crack

�u�γ � 0 converges weakly in the space of traces on ϒ to the jump of traces u|ω on
both crack’s lipsϒ±, thus the inequality

�u� = u+− u− := (u−ρ0) ·n � 0 onϒ+ (11.84)

is satisfied in the limit, and u ∈ Kω . Let us take any fixed element η ∈ Kω . Then,
there exists ρ ∈ R(ω) such that η = ρ in ω , and η can be taken as a test function
in (11.77). In such a case, inequality (11.77) implies

∫

Ωϒ
σγ (uγ) ·∇(η− uγ)

s �
∫

Ωϒ
b · (η− uγ) . (11.85)

By accounting Cγ = C in Ω \ω, we can pass to the limit in (11.85) as γ → 0 which
implies

u ∈ Kω :
∫

Ω\ω
σ(u) ·∇(η− u)�

∫

Ωϒ
b · (η− u) ∀η ∈ Kω , (11.86)

what is precisely (11.71). �
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Observe that there is no limit for the stress tensor σγ in ω as γ → 0. It is interesting
to compare the above passage to the limit with the fictitious domain approach in
contact problems [98].

11.4.3 Hadamard Differentiability of Solutions to Variational
Inequalities

We use the result on the Hadamard differentiability of the metric projection on poly-
hedric convex sets in Hilbert spaces due to Mignot 1976 [156] and Haraux 1977 [85]
given in Appendix F. Let us introduce the description of the convex cone SK(u),

SK(u) =

{

ϕ ∈ H1,ω
Γ (Ωϒ ) : �ϕ� ·n � 0 onϒ0;

∫

Ω\ω
σ(u) ·∇ϕs =

∫

Ωϒ
b ·ϕ

}

(11.87)
whereϒ0 = {x∈ϒ : (u−ρ0) ·n= 0}, where ρ0 := u|ω . We have the following result:

Theorem 11.4. Let there be given the right hand side bt = b + th of variational
inequality (11.71), then the unique solution ut ∈ Kω is Lipschitz continuous

‖ut − u‖H1(Ωϒ ;R2) �Ct (11.88)

and conically differentiable in H1(Ωϒ ;R2), that is, for t > 0, t small enough,

ut = u+ tv+ o(t) , (11.89)

where the conical differential solves the variational inequality

v ∈ SK(u) :
∫

Ω\ω
σ(v) ·∇(η− v)s �

∫

Ωϒ
h · (η− v) ∀η ∈ SK(u) . (11.90)

The remainder converges to zero

1
t
‖o(t)‖H1(Ωϒ ;R2) →

t→0
0 (11.91)

uniformly with respect to the direction h on the compact sets of the dual space
(H1,ω

Γ (Ωϒ ))
′. Thus v is the Hadamard directional derivative of the solution to the

variational inequality with respect to the right hand side.
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Fig. 11.4 Perforated domain Ωε with a rigid inclusion ω inside

11.4.4 Topological Derivative Evaluation

Let us now consider a singularly perturbed domain Ωε(x̂) =Ω \Bε(x̂), where Bε(x̂)
is a ball of radius ε > 0, ε → 0, and center at x̂ ∈Ω \ω . We assume that the hole Bε
do not touch the rigid inclusion ω , namely Bε �Ω \ω . See the details in fig. 11.4.

We are interested in the topological asymptotic expansion of the energy shape
functional of the form

JΩε (ϕ) =
1
2

∫

Ωε\ω
σ(ϕ) ·∇ϕs −

∫

Ωϒ
b ·ϕ , (11.92)

with ϕ = uε solution to the following nonlinear system:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Finduε such that
−divσ(uε) = b in Ωε \ω ,

σ(uε) = C∇us
ε ,

uε = 0 on Γ ,
σ(uε)n = 0 on ∂Bε ,

(uε −ρ0) ·n
στ(uε)
σnn(uε)

σnn(uε)(uε −ρ0) ·n

�
=
�
=

0
0
0
0

⎫

⎪

⎪

⎬

⎪

⎪

⎭

on ϒ+ ,

−
∫

∂ω
σ(uε)n ·ρ =

∫

ω
b ·ρ ∀ ρ ∈ R(ω) .

(11.93)

Since the problem is nonlinear, let us introduce two disjoint domains ΩR and
C(R,ε), with ΩR = Ω \BR(x̂) and C(R,ε) = BR \ Bε � Ω \ω , where BR(x̂) is a
ball of radius R > ε and center at x̂ ∈ Ω \ω, as shown in fig. 11.5. For the sake of
simplicity, we assume that b = 0 in BR(x̂), that is, the source term b vanishes in the
neighborhood of the point x̂ ∈ Ω \ω. Thus, we have the following linear elasticity
system defined in the ring C(R,ε):
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Fig. 11.5 Truncated domain ΩR and the ring C(R,ε)

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Findwε such that
−divσ(wε ) = 0 in C(R,ε) ,

σ(wε ) = C∇ws
ε ,

wε = v on ΓR ,
σ(uε)n = 0 on ∂Bε ,

(11.94)

where ΓR is used to denote the exterior boundary ∂BR of the ring C(R,ε). We are
interested in the Steklov-Poincaré operator on ΓR, that is

Aε : v ∈ H1/2(ΓR;R2)→ σ(wε )n ∈ H−1/2(ΓR;R2) . (11.95)

Then we have σ(uR
ε )n = Aε(uR

ε ) on ΓR, where uR
ε is solution of the variational in-

equality in ΩR, that is

uR
ε ∈ Kω :

∫

ΩR

σ(uR
ε ) ·∇(η− uR

ε )+

∫

ΓR

Aε(u
R
ε ) · (η− uR

ε )

�
∫

Ωϒ \BR

b · (η− uR
ε ) ∀η ∈ Kω . (11.96)

Finally, in the ring C(R,ε) we have
∫

C(R,ε)
σ(wε ) ·∇ws

ε =
∫

ΓR

Aε(wε ) ·wε , (11.97)

where wε is the solution of the elasticity system in the ring (11.94). Therefore the
solutions uR

ε and wε are defined as restriction of uε to the truncated domain ΩR and
to the ring C(R,ε), respectively.

In particular, according to Section 4.2, expansion (4.175) for b = 0 in the neigh-
borhood of x̂∈Ω \ω , the energy in the ring C(R,ε) admits the following topological
asymptotic expansion
∫

C(R,ε)
σ(wε ) ·∇ws

ε =

∫

BR

σ(w) ·∇ws −2πε2
Pσ(w(x̂)) ·∇ws(x̂)+o(ε2) . (11.98)
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where w is solution to (11.94) for ε = 0 and P is the polarization tensor given by
(4.174). It means that w is the restriction to the disk BR of the solution u to the non-
linear system (11.64) defined in the unperturbed domain Ωϒ . Therefore, following
the same steps as presented in the beginning of this chapter for the scalar case, we
have that the Steklov-Poincaré operator defined by (11.95) admits the expansion for
ε > 0, with ε small enough,

Aε = A − 2ε2B+ o(ε2) , (11.99)

where the operator B is determined by its bilinear form

〈B(w),w〉ΓR = πPσ(w(x̂)) ·∇ws(x̂) . (11.100)

From the above results, we have that the energy shape functional associated to
the cracks on boundaries of rigid inclusions embedded in elastic bodies has the
following topological asymptotic expansion

JΩε (uε) = JΩ (u)−πε2
Pσ(u(x̂)) ·∇us(x̂)+ o(ε2) , (11.101)

with the topological derivative T (x̂) given by

T (x̂) =−Pσ(u(x̂)) ·∇us(x̂) , (11.102)

where u is solution of the variational inequality (11.71) in the unperturbed domain
Ωϒ and P is the Pólya-Szegö polarization tensor given by (4.174).

Remark 11.7. From equality (11.97) we observe that the bilinear form (11.100) rep-
resents the topological derivative of the Steklov-Poincaré operator (11.95). In ad-
dition, since solution u ∈ Kω of the variational inequality (11.71) is a H1(Ωϒ ;R2)
function, then it is convenient to compute the topological derivative from quantities
evaluated on the boundary ΓR in similar way as presented in the beginning of this
chapter for the scalar case. This task we leave as an exercise.
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11.5 Exercises

1. Proof Proposition 11.2.
2. Show equality (11.78).
3. Consider Remark 11.7.
4. Extend the result in Proposition 11.3 to the elasticity system and write the proof.
5. Extend the result in Theorem F.2 to the elasticity system and write the proof.



Appendix A
Auxiliary Results for Spectral Problems

In this appendix we provide some auxiliary results for spectral problems. In par-
ticular, we recall some classical results on spectral problems including a lemma on
almost eigenvalues and eigenvectors. The possible sources are [37, 106, 166, 200],
for instance.

A.1 Preliminaries Results

Let K : H→ H be a compact, symmetric and positive, linear operator in the Hilbert
space H:

(Ku,v)H = (u,Kv)H ∀u,v ∈ H, (A.1a)

(Kv,v)H > 0 ∀v ∈H\ {0}, (A.1b)

‖K(un − u)‖H → 0 whenever (un − u,v)H → 0 ∀v ∈ H. (A.1c)

The following result can be found in [37, 200]:

Proposition A.1. The abstract spectral problem (A.1) enjoys the following
properties:

• The spectrum Sp(K) contains real eigenvalues μk, algebraic simple with the
finite multiplicity, ordered taking into account the multiplicity

‖K‖L (H→H) � μ1 � μ2 � · · ·� μn → 0+. (A.2)

The associated eigenvectors
Kv

n = μn
v

n. (A.3)

The family of eigenvectors is an orthonormal basis in H, normalized by the
conditions

(vn,vk)H = δnk, (A.4)
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where δnk is the Kronecker symbol.
• Rayleigh’s principle

μn = max{Q(v) : v ∈ H, (v,vk)H = 0, k = 1, · · · ,n− 1}, (A.5)

where

Q(v) :=
(Kv,v)H
(v,v)H

, for v �= 0. (A.6)

• Poincaré max-min principle

μn = max
{V⊂H, dimV=n}

min
{v∈V,v�=0}

Q(v). (A.7)

Each element h of H admits the decomposition in the basis

h=
∞

∑
k=1

(h,vk)Hv
k. (A.8)

Remark A.1. For the inverses λ n := (μn)−1 obviously we have

0 <
1

‖K‖L (H→H)
� λ 1 � λ 2 � · · ·� λ n → ∞. (A.9)

The family {λ n} serves as eigenvalues for the unbounded inverse operator K−1 :
D(K−1)⊂ H→ H, where by D(K−1) we denote the domain of K−1 in H.

We recall also two results useful for the asymptotic analysis of spectral problems
[166]. The norm ‖A‖ of a matrix A with the real entries a j

k and the columns a j is
defined as the norm of the associated linear mapping A : Rn → Rn. Such a matrix
norm is invariant for the transposition and for the multiplication by an orthogonal
matrix.

Proposition A.2. If the matrix A satisfies

‖A�A− I‖=: β ∈ [0,1), (A.10)

then there exists an orthogonal matrix B such that

‖AB− I‖� β . (A.11)

Proof. The matrix A�A is nonnegative, symmetric, therefore there is an orthogonal
matrix S such that S�A�AS = diag[1+ s1, · · · ,1+ sn] =: D. Matrix B takes the form
B = SD−1/2S�A�, where D−1/2 := diag[(1+ s1)

−1/2, · · · ,(1+ sn)
−1/2]. First of all

BB� = SD−1/2S�A�ASD−1/2S� = SD−1/2DD−1/2S� = I. (A.12)
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In addition,

‖AB− I‖ = ‖(A−B�)B‖= ‖S�B(A−B�)BB�S‖
= ‖S�BAS− I‖= ‖D−1/2D− I‖
= max

j
{(1+ s j)

2 − 1}� s j = β , (A.13)

which completes the proof. �

Proposition A.3. Let the family {h1, · · · ,hn} ⊂ H be orthonormal, i.e., (hl ,hk)H =
δlk, for all admissible l,k, and let the family {U1, · · · ,UN} ⊂H verifies the following
conditions

∥

∥U j
∥

∥

H
= 1, |(U j,Ui)H− δ ji|� τ,

∥

∥

∥

∥

∥

U j −
n

∑
l=1

a j
l h

l

∥

∥

∥

∥

∥

H

� σ (A.14)

for all admissible indices, where a j
l , l = 1, · · · ,n, j = 1, · · · ,N are given constants.

Then:

• The following inequality

(min{n,N}+ 1)(τ+(2+σ)σ)< 1 (A.15)

implies N � n;
• for N = n and (τ + (2+ σ)σ) < 1, there exist orthonormal family of vectors

gk = (gk
1, · · · ,gk

n)
�, k = 1, · · · ,n, such that

∥

∥

∥

∥

∥

h
k −

n

∑
l=1

g
k
l U

l

∥

∥

∥

∥

∥

H

� n(τ+(3+σ)σ). (A.16)

Proof. First, we prove (A.15). From relations (A.14) it follows that

∣

∣

∣(U j,Uk)H− ak ·a j
∣

∣

∣=

∣

∣

∣

∣

∣

(U j,Uk −
n

∑
m=1

ak
mh

m)H+(U j −
n

∑
m=1

a j
mh

m,Uk)H −

(U j −
n

∑
m=1

a j
mh

m,Uk −
n

∑
m=1

ak
mh

m)H

∣

∣

∣

∣

∣

� σ +σ +σ2 = (2+σ)σ , (A.17)

hence the vectors a j = (a1
j , · · · ,a j

n)
� satisfy

∣

∣

∣ak ·a j − δk j

∣

∣

∣� τ+(2+σ)σ . (A.18)

If N > n then there are only n linearly independent vectors within the family
a1, · · · ,aN . Therefore, in the linear combination α1a1 + · · ·+αNaN = 0 there are
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at most n+1 coefficients α j �= 0, for j ∈ I(N) here I(N)⊂ {1, · · · ,N} and #I(N)�
n+ 1. We select k ∈ I(N) such that |αk| � |α j| > 0 for all j ∈ I(N). Taking into
account (A.17) it follows that

1− τ− (2+σ)σ � ak ·ak =− ∑
j∈I(N)\{k}

α j

αk
ak ·a j � n(τ+(2+σ)σ), (A.19)

hence (n+1)(τ+(2+σ)σ)� 1. Thus (A.15) follows for N � n. Now we turn to the
proof of (A.16). By Proposition A.2 there is an orthonormal family of vectors g j, j =
1, · · · ,n which form an orthogonal n×n-matrix denoted by g :=

[

g1, . . . ,gn
]

= (g
j
i )

such that
n

∑
k=1

(

n

∑
l=1

(ak
l −g

l
k)g

k

)2

� n2(τ+(2+σ)σ)2. (A.20)

By the triangle inequality we have
∥

∥

∥

∥

∥

h
k −

n

∑
l=1

g
k
l U

l

∥

∥

∥

∥

∥

H

�
∥

∥

∥

∥

∥

h
k −

n

∑
l,m=1

g
k
l g

m
l h

m

∥

∥

∥

∥

∥

H

+

∥

∥

∥

∥

∥

n

∑
l=1

g
k
l

(

U
l −

n

∑
m=1

al
mh

m

)∥

∥

∥

∥

∥

H

+

∥

∥

∥

∥

∥

n

∑
l,m=1

(

al
m − g

m
l

)

g
k
l h

m

∥

∥

∥

∥

∥

H

. (A.21)

Since gl ·gm = δlm we have
∥

∥

∥

∥

∥

h
k −

n

∑
l,m=1

g
k
l g

m
l h

m

∥

∥

∥

∥

∥

H

= 0. (A.22)

In addition |gk
l |� ‖gk‖= 1, hence

n

∑
l=1

|gk
l |� n, (A.23)

and by (hk,hm)H = δkm we have

∥

∥

∥

∥

∥

n

∑
l,m=1

(

al
m − g

m
l

)

g
k
l h

m

∥

∥

∥

∥

∥

2

H

=
n

∑
k=1

(

n

∑
l=1

(ak
l − g

l
k)g

k

)2

(A.24)

which completes the proof in view of (A.20). �
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A.2 Lemma on Almost Eigenvalues and Eigenvectors

Now, we recall a lemma on almost eigenvalues and eigenvectors [122], which is
a standard tool, [131, 166, 177, 178, 179] in the asymptotic analysis of spectral
problems.

Lemma A.1. Let there be given h ∈ H with ‖h‖H = 1, and m ∈R+ such that

‖Kh−mh‖H = δ . (A.25)

Then:

• The distance d := dist {m,Sp(K)}� δ , i.e., the interval [m−δ ,m+δ ] contains
at least one eigenvalue of the operator K.

• If there are eigenvalues Sp(K) � μk, . . . ,μn−1 ∈ [m− ε,m+ ε] for a given ε ∈
(0,m), and vk, · · · ,vn−1 denote the associated eigenvectors, then we can find the
coefficients ak, . . . ,an−1 ∈R such that

∥

∥

∥

∥

∥

h−
n−1

∑
l=k

alv
l

∥

∥

∥

∥

∥

H

� δ
ε
. (A.26)

Proof. We have

h=
∞

∑
l=1

(h,vl)Hv
l :=

∞

∑
l=1

alv
l . (A.27)

Since Kvl = μ lvl and (vm,vl)H = δml , it follows that

δ 2 = ‖Kh−mh‖2
H =

∥

∥

∥

∥

∥

∞

∑
l=1

al(μ l −m)vl

∥

∥

∥

∥

∥

2

H

=
∞

∑
l=1

a2
l (μ

l −m)2

� min
l∈N

{(μ l −m)2}
∞

∑
l=1

a2
l = d2 ‖h‖2

H = d2, (A.28)

and the first claim of lemma is proved. For the second claim, we have

∥

∥

∥

∥

∥

h−
n−1

∑
l=k

alv
l

∥

∥

∥

∥

∥

2

H

=
∞

∑
l∈N\{k,n−1}

a2
l �

1
ε2

∞

∑
l∈N\{k,n−1}

a2
l (μ

l −m)2

� 1
ε2

∞

∑
l∈N

a2
l (μ

l −m)2 =
1
ε2 ‖Kh−mh‖2

H =
d2

ε2 . (A.29)

Thus the results are established. �



Appendix B
Spectral Problem for the Neumann Laplacian

In this appendix the justification of the asymptotic expansions is established in few
steps, which are:

• The justification of asymptotic expansions is based upon the weighted Poincaré
inequality in Lemma B.2.

• The analysis of perturbed spectral problem is reduced itself to the analysis of an
abstract equation in the Hilbert space combined with Lemma A.1 in Appendix A
on almost eigenvalues and eigenvectors. In such a way the necessary estimates
for the remainders in ansätze (9.69)-(9.70), for the simple and multiple eigenval-
ues are derived.

• First, the remainder which is a combination of the terms appearing in ansätze
(9.69)-(9.70) need to be estimated.

• After, the remainder is decomposed in such a way that an estimate of order
O(h7/2) is obtained.

• The estimates for different terms of this decomposition are obtained by analysis
of the boundary layers behavior as x → O and ‖ξ‖→ ∞.

• The estimates for the remainders in ansätze (9.69)-(9.70) are determined in The-
orem B.1.

• In the proof of Theorem B.1, first the existence of a certain number of eigenvalues
close to the eigenvalue λ 0

m with the multiplicity κm is assured by Lemma A.1.
Then it is shown that these eigenvalues are small perturbations of the eigenvalue
λ 0

m of the multiplicity κm.

B.1 The Weighted Poincaré Inequality

Let H1
m(Ωh) denote a subspace of the Sobolev space H1(Ωh) which contains func-

tions of zero mean over the set Ωh. First, we need the following auxiliary assertions:

Lemma B.1. Let Ω1 ⊂ Ω2 be two smooth domains, with |Ω1| �= 0, then for any
w ∈ H1(Ω2) we have
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‖w‖L2(Ω2)
� c

(

‖∇xw‖L2(Ω2)
+ ‖w‖L2(Ω1)

)

, (B.1)

where the constant c depends on Ω1 and Ω2.

Proof. Assume that (B.1) is not true and take a sequence wn such that ‖wn‖L2(Ω2)
=

1 and the right hand side of (B.1) tends to zero. From the boundedness of w and ∇xw
in L2(Ω2) we get the boundedness of w in H1(Ω2). Thus, up to a subsequence, wn

converges to some w ∈ H1(Ω2) and since ‖∇xwn‖L2(Ω2)
→ 0 we get ∇xw = 0 and w

is constant. Since ‖wn‖L2(Ω1)
→ 0, this constant is zero and thus w ≡ 0. This implies

‖wn‖L2(Ω2)
→ 0, (B.2)

in contradiction with ‖wn‖L2(Ω2)
= 1. Thus, (B.1) holds true. �

Lemma B.2. The following weighted Poincaré inequality is valid

‖u‖L2(Ωh)
� c‖r−1

h u‖L2(Ωh)
�C‖∇xu‖L2(Ωh)

, (B.3)

where rh = r+h with r(x) = dist(x,O) = ‖x‖, the constants c, C are independent of
h ∈ (0,h0] and of u ∈ H1

m(Ωh).

Proof. We use the representation

u(x) = uᵀ(x)+ bᵀ, (B.4)

where the constant bᵀ is chosen such that

∫

Ωᵀ
uᵀ(x)dx = 0, bᵀ =

1
|Ωᵀ|

∫

Ωᵀ
u(x)dx. (B.5)

In (B.5), the domain Ωᵀ ⊂Ω satisfies Ωᵀ �=∅ and Ωᵀ∩ωh =∅ for h ∈ (0,h0]. Let
us construct an extension ûᵀ of uᵀ in the class H1, from the set Ω� := Ω \B� onto
Ω , in such a way that the following estimate is valid

‖∇xûᵀ‖L2(Ω) � c‖∇xuᵀ‖L2(Ω�)
= c‖∇xu‖L2(Ω�)

� c‖∇xuᵀ‖L2(Ωh)
. (B.6)

Here B� = {x : ‖x−O‖< �}, with � = �(h) := Rh and the constant R chosen such
that ωh ⊂ B�. The reason for such procedure is that a direct extension of Ωh onto
Ω may not exist in the class H1, for example in the case of a crack (cf. Remark
9.8). Stretching coordinates x �→ ξ = h−1x transforms the set Σ� = {x ∈Ω : � > r >
�/2} into the three-dimensional half-annulus ϒh with fixed radii and gently sloped
ends, due to the smoothness of the boundary ∂Ω . In stretched coordinates, we write
uᵀ(ξ ) = uᵀ(x). Then, we proceed to the decomposition

uᵀ(ξ ) = um(ξ )+ bm, (B.7)
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where the constant bm is chosen such that
∫

ϒh

um(ξ )dξ = 0, bm =
1
|ϒh|

∫

ϒh

uᵀ(ξ )dξ . (B.8)

The extension ought to be made in the stretched variables. Due to the orthogonality
condition in (B.8), the Poincaré inequality holds true for um inϒh

‖um‖L2(ϒh)
� c‖∇ξum‖L2(ϒh)

= c‖∇ξuᵀ‖L2(ϒh)
, (B.9)

where the constant c does not depend on h becauseϒh has gently sloped ends. There-
fore, there exists an extension ûm of um fromϒh onto ϒ̂h = {ξ : x ∈Ω ,r < �}, such
that

‖ûm‖H1(ϒ̂h)
� c‖um‖H1(ϒh)

� c‖∇ξum‖L2(ϒh)
, (B.10)

where c is independent of h ∈ (0,h0] and um. Choosing Ωᵀ = Ω \B�, the required
extension ûᵀ is thus defined as follows:

ûᵀ(x) =

{

uᵀ(x), x ∈Ω \B�,
ûm(ξ )+ bm, Ω ∩B�.

(B.11)

Now we give estimates for the extension ûᵀ

‖∇xûᵀ‖L2(Ω) = ‖∇xuᵀ‖L2(Ω\B�)
+ ‖∇xûm‖L2(Ω∩B�)

, (B.12)

and further, using the previous estimates, we obtain

‖∇xûm‖L2(Ω∩B�)
= h1/2‖∇ξ ûm‖L2(ϒ̂h)

� h1/2‖ûm‖H1(ϒ̂h)
� ch1/2‖∇ξum‖L2(ϒh)

� ch1/2‖∇ξuᵀ‖L2(ϒh)
= c‖∇xuᵀ‖L2(Σ�)). (B.13)

Gathering the two previous estimates for ∇xûᵀ we obtain due to the definition of Σ�

that
‖∇xûᵀ‖L2(Ω) � c‖∇xuᵀ‖L2(Ω\B�/2)

� c‖∇xu‖L2(Ωh)
. (B.14)

The last inequality is true if Ω \B�/2 ⊂Ωh, which is certainly verified for an appro-
priate choice of R and h small enough. The constant c in the previous inequality is
independent of h. We show using the Poincaré inequality that

‖ûᵀ‖L2(Ω) � c‖∇xûᵀ‖L2(Ω) � c‖∇xu‖L2(Ωh)
. (B.15)

Applying Lemma B.1 to our problem, we get

‖ûᵀ‖L2(Ω) � c
(

‖∇xûᵀ‖L2(Ω) + ‖ûᵀ‖L2(Ωᵀ)

)

� c
(

‖∇xûᵀ‖L2(Ω) + ‖∇xûᵀ‖L2(Ωᵀ)

)

� c‖∇xûᵀ‖L2(Ω), (B.16)
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where we have also used the Poincaré inequality in Ωᵀ, since ûᵀ coincides with uᵀ
and has zero mean value on this set. Then with (B.14) and the previous inequality
we obtain the desired estimate (B.15). Next we invoke the one-dimensional Hardy’s
inequality

∫ 1

0
|z(r)|2 dr � 4

∫ 1

0
r2|∂rz(r)|2 dr, z ∈C1

c ([0,1)), (B.17)

which, after the integration in the angular variables θ and φ , leads to

‖r−1ûᵀ‖L2(Ω) � ‖∇xûᵀ‖L2(Ω) � c‖∇xu‖L2(Ωh)
. (B.18)

For the constant bm in decomposition (B.7) we now obtain

|bm| =
∣

∣

∣

∣

1
|ϒh|

∫

ϒh

uᵀ(ξ )dξ
∣

∣

∣

∣

� c‖uᵀ‖L2(ϒh)
= c‖ûᵀ‖L2(ϒh)

= ch−3/2‖ûᵀ‖L2(Σ�)

� ch−1/2‖r−1ûᵀ‖L2(Σ�). (B.19)

Further, the image Σω(h) of the set Ωh ∩B� under stretching of coordinates, pos-
sesses a gently sloped boundary, hence, applying Lemma B.1 we obtain

‖uᵀ‖L2(Σω (h)) � c
(

‖∇ξuᵀ‖L2(Σω (h)) + ‖uᵀ‖L2(ϒh)

)

. (B.20)

Recall that rh = r+ h > h. In this way we have

‖r−1
h uᵀ‖L2(Ωh∩B�)

� h−1‖uᵀ‖L2(Ωh∩B�)
= h1/2‖uᵀ‖L2(Σω (h))

� ch1/2
(

‖∇ξuᵀ‖L2(Σω (h)) + ‖uᵀ‖L2(ϒh)

)

� ch1/2
(

‖∇ξuᵀ‖L2(Σω (h)) + ‖um‖L2(ϒh)
+ |bm|

)

. (B.21)

Using the Poincaré inequality for um inϒh and the estimate for bm, we get from the
previous inequality

‖r−1
h uᵀ‖L2(Ωh∩B�)

� c
(

h‖∇xuᵀ‖L2(Ωh∩B�)
+ ‖r−1ûᵀ‖L2(Σ�)

)

. (B.22)

We can now, after applying (B.18) and (B.22), write

‖r−1
h uᵀ‖L2(Ωh)

= ‖r−1
h uᵀ‖L2(Ω\B�)

+ ‖r−1
h uᵀ‖L2(Ωh∩B�)

� c‖r−1
h ûᵀ‖L2(Ω) + c

(

h‖∇xuᵀ‖L2(Ωh∩B�)
+ ‖r−1ûᵀ‖L2(Σ�)

)

� c‖∇xuᵀ‖L2(Ωh)
. (B.23)
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We give an estimate for the constant bᵀ as follows:

|bᵀ| =
∣

∣

∣

∣

1
|Ωh|

∫

Ωh

(u(x)− uᵀ(x))dx

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ωh

uᵀ(x)dx

∣

∣

∣

∣

� c‖uᵀ‖L2(Ωh)
� c‖r−1uᵀ‖L2(Ωh)

� c‖∇xu‖L2(Ωh)
. (B.24)

Finally we have

‖r−1
h u‖L2(Ωh)

� c
(

‖r−1
h uᵀ‖L2(Ωh)

+ ‖r−1
h bᵀ‖L2(Ωh)

)

� c‖∇xu‖L2(Ωh)
, (B.25)

which completes the proof. �

B.2 Asymptotics for Spectral Problem

In the proof of Lemma B.2, an extension û := ûᵀ+ bᵀ of the function u ∈ H1
m(Ωh)

onto the domain Ω is constructed such that

‖r−1
h u‖L2(Ωh)

+ ‖∇xû‖L2(Ω) � c‖∇xu‖L2(Ωh)
. (B.26)

Assume that m � 1 and ûh
m is the extension described above of the eigenfunction uh

m.
In view of (9.65) and the integral identity [123], namely

(∇xuh
m,∇xz)Ωh = λ h

m(u
h
m,z)Ωh , z ∈ H1

m(Ωh), (B.27)

which serves for the problem (9.63), the following relation is valid:

‖ûh
m‖2

H1(Ω) � c‖∇xuh
m‖2

L2(Ωh)
= cλ h

m. (B.28)

The max-min principle of Proposition A.1 with the test functions from the space
C∞

c (Ωᵀ) show that for an integer m there exist positive numbers hm and cm, such
that

λ h
m � cm for h ∈ (0,hm]. (B.29)

Therefore the norms ‖ûh
m‖H1(Ω) are uniformly bounded with respect to the pa-

rameter h ∈ (0,hm] for a fixed m, i.e. the pairs {λ h
m, û

h
m} admit the weak limit

{λ 0
m, û

h
0} ∈ R×H1(Ω) for h → +0 and the strong limit in R×L2(Ω). In the in-

tegral identity (B.27) we choose a test function z ∈ C∞
c (Ω \ {O}) with null mean

value. For sufficiently small h, ûh
m = uh

m on the support of the function z, thus pass-
ing to the limit in (B.27) leads to the equality

(∇xv̂0
m,∇xz)Ω = λ̂ 0

m(v̂
0
m,z)Ω , (B.30)

where (·, ·)Ω stands for the scalar product in L2(Ω). Since C∞
c (Ω \{O)} is dense in

H1(Ω) (elements of the Sobolev space H1(Ω) have no traces at a single point), then
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by a density argument, we can assume that in (B.30), the test function z belongs to
H1
m(Ω). In view of (B.26), (B.27) and (B.28), it follows that
∣

∣

∣

∣

∫

Ω
ûh

mdx−
∫

Ωh

uh
mdx

∣

∣

∣

∣

�
∣

∣

∣

∣

∫

Ω∩B�

|ûh
m|dx−

∫

Ωh∩B�

|uh
m|dx

∣

∣

∣

∣

� ch5/2
(

‖r−1
h ûh

m‖L2(Ω) + ‖r−1
h uh

m‖L2(Ωh)

)

� ch5/2 (B.31)

and
∣

∣

∣

∣

∫

Ω
|ûh

m|2dx−
∫

Ωh

|uh
m|2dx

∣

∣

∣

∣

� ch2. (B.32)

Since ‖ûh
m‖L2(Ω) → ‖v̂0

m‖L2(Ω) and ‖ûh
m‖L2(Ω) = 1, the previous inequality provides

v̂0
m ∈ H1(Ω) and ‖v̂0

m‖L2(Ω) = 1, (B.33)

i.e. in view of (B.30), λ̂ 0
m is an eigenvalue and v̂0

m is a normalized eigenfunction of
problem (9.67).

Proposition B.1. Entries of sequences (9.64) and (9.66) are related by passing to
the limit

λ h
m → λ 0

m as h →+0. (B.34)

Proof of Proposition B.1 is completed in fact within the proof of Theorem B.1. We
only observe that it has been already shown that λ h

m → λ 0
p , thus it suffices to prove

that p = m.
From Lemma B.2 it follows that the left hand side of identity (B.27) can be

chosen as the scalar product 〈u,z〉Ωh := (∇xu,∇xz)Ωh in the space H1
m(Ωh). We

define the operator Kh in the space H1
m(Ωh) by the formula

〈Khu,z〉Ωh = (u,z)Ωh , u,z ∈ H1
m(Ωh). (B.35)

It is easy to check that Kh is symmetric, positive, compact and, therefore, self-
adjoint. Hence, the general theory applies to the spectral problem with the operator
Kh. For m � 1 we set μh

m = (λ h
m)

−1. The positive eigenvalues and the corresponding
eigenfunction of problem (9.63) can be considered in an abstract framework, so we
deal with the spectral equation in the Hilbert space H = H1

m(Ωh):

Khuh = μhuh. (B.36)

The norm, defined by the scalar product 〈·, ·〉Ωh is denoted by ‖·‖H . We are going to
apply Lemma A.1 on almost eigenvalues and eigenvectors for the compact operator
Kh. Thus, for given μ > 0 and u ∈ H, ‖u‖H = 1, such that ‖Khu−μu‖H = α , there
exists an eigenvalue μh

m of the operator Kh, which satisfies the inequality

|μ− μh
m|� α. (B.37)
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Moreover, for any αk > α the following inequality holds

‖u−uk‖H � 2α/αk, (B.38)

where uk is a linear combination of eigenfunctions of the operator Kh, correspond-
ing to the eigenvalues from the segment [μ − αk,μ + αk] and ‖uk‖H = 1. The
asymptotic approximations μ and u of a solution to equation (B.35) are defined
by the number (λ 0

m + h3λ ′
m)

−1 and by the function ‖υh
m‖−1

H υh
m, respectively, where

m � 1 and λ ′
m with υh

m are, respectively, the correction given by (9.157) and the
sum of the first four terms in the ansätz (9.70). In the case of multiple eigen-
value λ 0

p , we consider the specification provided at the end of section 9.3.4. We
estimate the quantity α in (B.38), such an estimate is used in Lemma A.1. Since
‖υh

m‖H � ‖v0
m‖H − cmh and λ 0

m + h3λ ′
m � λ 0

m − cmh3, for h sufficiently small it fol-
lows that

α = ‖Kh
u− μu‖H

= (λ 0
m + h3λ ′

m)
−1‖υh

m‖−1
H ‖(λ 0

m + h3λ ′
m)(K

h − μ)υh
m‖H

= (λ 0
m + h3λ ′

m)
−1‖υh

m‖−1
H sup

∣

∣

∣〈(λ 0
m + h3λ ′

m)(K
h − μ)υh

m,z〉Ωh

∣

∣

∣

� cm sup
∣

∣

∣(λ 0
m + h3λ ′

m)(υ
h
m,z)Ωh −〈υh

m,z〉Ωh

∣

∣

∣ , (B.39)

where the supremum is taken over the set {z ∈ H1
m(Ωh) : ‖z‖H = 1} and, hence,

the L2-norms of the test function z indicated in inequality (B.3), both standard and
weighted, are bounded by a constant C. Besides that, the standard proof of the trace
theorem [123, pp. 30] implies

h−1/2‖z‖L2(∂ωh∩Γh)
� c

(

‖r−1
h z‖L2(Ωh)

+ ‖∇z‖L2(Ωh)

)

� cC. (B.40)

The expression in the sup in (B.39) can be processed as follows:

I = (λ 0
m + h3λ ′

m)(υh
m,z)Ωh −〈υh

m,z〉Ωh

= I 1 + h3I 2 − h6I 3 +I 4 −I 5 − h3I 6

:= (∇xv0
m,∇xz)Ωh −λ 0

m(v
0
m,z)Ωh

+ h3 ((∇xv3
m,∇xz)Ωh − (λ 0

mv3
m +λ ′

mv0
m,z)Ωh

)− h6λ ′
m(v

3
m,z)Ωh

+ (∇xχ(hw1
m + h2w2

m),∇xz)Ωh −λ 0
m(χ(hw1

m + h2w2
m),z)Ωh

− h3λ ′
m(χ(hw1

m + h2w2
m),z)Ωh . (B.41)

The estimates of I 3 and I 6 are straightforward, that is

|I 3| � cm‖v3
m‖L2(Ω)C� cmC, (B.42)
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|I 6| � cm

∣

∣

∣

∣

∫

Ωh

χrh(hw1
m + h2w2

m)(r
−1
h z)dx

∣

∣

∣

∣

� cm‖r−1
h z‖L2(Ωh)

(
∫

Ωh

(χrh(hw1
m + h2w2

m))
2 dx

)1/2

� cmCh3/2
(
∫

Ξ∩BR

h2(1+ρ)2(hw1
m + h2w2

m)
2 dξ

+

∫

Ξ\BR

χ2h2(1+ρ)2(hρ−2 + h2ρ−1)2 dξ
)1/2

� cmCh5/2. (B.43)

Here, expressions (9.87) and (9.107) of the boundary layers are taken into account.
The remaining integrals require additional work. In view of relations (9.67) and
(9.123)-(9.125) we have

I 1 = (∂nv0
m,z)∂ωh∩Γh

, (B.44)

I 2 = I 2
1 +I 2

2 +I 2
3 := (∂nv3

m,z)∂ωh∩Γh
+( f 3,z)Ωh

= (∂nv3
m,z)∂ωh∩Γh

+(Δxχ(t1
m + t2

m),z)Ωh +λ 0
m(χ(t

1
m + t2

m),z)Ωh , (B.45)

where n is the unit normal vector on ∂Ωh.
To get the estimate for I 2

1 , first of all, we need to prove

‖r−1/2z‖L2(Γh)
+ ‖r−1z‖L2(Ωh)

� c‖z‖H1(Ωh)
. (B.46)

By (B.3) and (B.40), we may write

‖r−1/2
h z‖L2(Γh)

+ ‖r−1
h z‖L2(Ωh)

� c‖z‖H1(Ωh)
. (B.47)

Thus, we verify that (B.46) holds in a h-neighborhood of O . To this end, using the
dilation given by h−1, we verify

‖ρ−1/2η‖L2(∂ΞR)
+ ‖ρ−1η‖L2(ΞR)

� c‖η‖H1(ΞR)
, (B.48)

in the parameter independent case, where ΞR := Ξ ∩BR, BR is the ball of radius R
centered at the origin O = {ρ = 0} and R > 0 is such that ΞR ⊃ ω . There are three
possibilities:

1. if O is outside ΞR, then ρ > c > 0 and (B.48) is satisfied;
2. if O is inside ΞR, then ρ > c> 0 on ∂ΞR and the first norm in the left hand side of

(B.48) is bounded by c‖η‖H1(ΞR)
by the standard trace inequality. The estimation

of ‖ρ−1η‖L2(ΞR)
in (B.48) follows from the Hardy’s inequality (B.17);

3. if O is on ∂ΞR, then the boundary ∂Ξ should be rectified.

Note that the boundary ∂Ξ is Lipschitz. Without loss of generality, let us assume
that there exists a neighborhoodN of O such that ∂ΞR∩N is the graph of a Lipschitz
function ψ . We rectify the boundary ∂ΞR ∩N using the transformation
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T : (ξ1,ξ2,ξ3) �→ (ξ̃1, ξ̃2, ξ̃3) = (ξ1,ξ2,ξ3 −ψ(ξ1,ξ2)). (B.49)

The image of ∂ΞR ∩N by T is a piece of a plane. Let (ρ̃ , θ̃ , φ̃ ) be the spherical
coordinate system associated with (ξ̃1, ξ̃2, ξ̃3). Using the Lipschitz property of ψ ,
one readily checks that there exist constants c1 > 0 and c2 > 0, dependent on ψ ,
such that

c1ρ < ρ̃ < c2ρ . (B.50)

Using Hardy’s inequality (B.17) and the equivalence of ρ and ρ̃ , we have

‖ρ−1η‖L2(ΞR∩N) � c‖ρ̃−1η̃‖L2(T (ΞR∩N))

� c‖η̃‖H1(T(ΞR∩N))

� c‖η‖H1(ΞR∩N). (B.51)

For the trace inequality, we separate the radial and angular variables and use the
two-dimensional trace inequality in the angular variables:

‖ρ−1/2η‖L2(∂ΞR∩N) � c‖ρ̃−1/2η̃‖L2(T (∂ΞR∩N))

= c
∫ R̃

0

∫ 2π

0
ρ̃−1|η̃ |2ρdθ̃dρ̃

= c
∫ R̃

0

∫ π

0

∫ 2π

0

(

|η̃ |2 + |∂θ̃ η̃ |2 + |∂φ̃ η̃ |2
)

dθ̃dφ̃dρ̃, (B.52)

for some R̃ > 0. Then we may use Friedrich’s inequality to obtain

∫ R̃

0

∫ π

0

∫ 2π

0

(

|η̃ |2 + |∂θ̃ η̃ |2 + |∂φ̃ η̃ |2
)

dθ̃dφ̃dρ̃ � c‖η̃‖H1(T (ΞR∩N))

� c‖η‖H1(ΞR∩N). (B.53)

Therefore, we have proved (B.48) and in view of the previous comments, (B.46)
follows. Using (B.46), we get the estimate for I 2

1

|I 2
1 | � cm‖r1/2∂nv3

m‖L2(∂ωh∩Γh)
‖r−1/2z‖L2(∂ωh∩Γh)

� cmCh1/2‖r1/2∇v3
m‖H1(Ωh)

� cmh1/2, (B.54)

where we have also used the estimates

|∇p
x v3

m(x)|� cpr−p, p = 1,2, ..., (B.55)

for the solution of (9.124) which follow from the theory of elliptic boundary prob-
lems in the domains with corners or conical points (see [170]) and from the analysis
(9.131) of the right hand side of equation (9.124a). By Remark 9.6 and equation
(9.122), the following estimates are valid for ρ � R0
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|w̃1
m(ξ )| = |w1

m(ξ )− t1
m(ξ )|� cρ−3, (B.56)

|w̃2
m(ξ )| = |w2

m(ξ )− t2
m(ξ )|� cρ−2, (B.57)

which means that

|I 5 − h3I 2
3 | � ‖r−1

h z‖L2(Ωh)

(
∫

Ωh

(

rχ(x)(hw̃1
m + h2w̃2

m)
)2

dx

)1/2

� C

(
∫

Ξ
h2ρ2χ(hξ )

(

hw̃1
m + h2w̃2

m

)2
h3 dξ

)1/2

� Ch7/2

(

∫ h−1r

R
ρ−4ρ2

rρ

)1/2

� Ch7/2, (B.58)

where r is the diameter of the support of χ . We denote

I 4 = I 4
1 +I 4

2 :=
(

∇x(hw1
m + h2w2

m),∇xχz
)

Ωh

− (

[Δx,χ ](hw1
m + h2w2

m),z
)

Ωh
, (B.59)

I 2
2 = I 2

4 +I 2
5 :=

(

χΔx(t
1
m + t2

m),z
)

Ωh

+
(

[Δx,χ ](t1
m + t2

m),z
)

Ωh
. (B.60)

Here [Δx,χ ] = 2∇xχ ·∇x+(Δxχ) is the commutator of the Laplace operator with the
cut-off function χ . The supports of the coefficients of first order differential operator
[Δx,χ ] are contained in the set supp‖∇xχ‖ which is located at the distance rχ from
the origin. Thus, taking into account Remark 9.6 and relation (9.122), we find

|I 4
2 − h2I 2

5 | = ([Δx,χ ](hw̃1
m + h2w̃2

m),z)Ωh (B.61)

� cm

(
∫ r

rχ

(

h2ρ−6 + h4ρ−4
)

|ρ=r/h

rdr

)1/2

‖z‖L2(Ωh)
� cmh4

C.

Moreover,

I 4
1 + h3I 2

4 = I 4
3 +I 4

4 (B.62)

:= −(

Δx(hw̃1
m + h2w̃2

m),χz
)

Ωh
+
(

∂nh(hw1
m + h2w2

m),z
)

∂ωh∩Ωh
.

Remark B.1. The presence of corners on the boundary of domain Ξ may result
in the singularities of derivatives of the boundary layers, therefore the inclusions
χΔxw̃q

m ∈ L2(Ωh) and χ∂nhwq
m ∈ L2(Γh), in general are not valid. However, the terms

in (B.63) may be well defined in the sense of the duality pairing obtained by the
extension of scalar products (·, ·)Ωh and (·, ·)Γh in the Lebesgue spaces to the appro-
priate weighted Kondratiev spaces (see [117] and also [170, Chapter 2]). Additional
weighted factors are local, i.e., the factors are written in fast variables. That is why
the norms of test functions z can be bounded as before by the constant C.
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By definition, the function w̃1
m remains harmonic, and according to (9.99) and

(9.128), w̃2
m verifies the equation

−Δξ w̃2
m(ξ ) = L 1(ξ1,∇ξ )w̃

1
m(ξ ), ξ ∈ Ξ . (B.63)

Therefore,
Δx(hw̃1

m + h2w̃2
m) = h2L 1w̃2

m +L 2(hw̃1
m + h2w̃2

m). (B.64)

In contrast with (B.63), in (B.64) the operators L q are written in the slow vari-
ables and the function w̃q in fast variables, where Δξ = h2L 0(∂n,∂s,∂ν) and
L 1(ξ1,∇ξ ) = hL 1(n,∂n,∂s,∂ν ). Owing to (B.64), (9.122) and applying Remark
B.1, we have

L 2(hw̃1
m) = hO(ρ−3), L 1(w̃2

m) = h−1O(ρ−3), L 2(h2w̃2
m) = h2O(ρ−2). (B.65)

Thus, it follows that

|I 4
3 | � ‖r−1

h z‖L2(Ωh)

(
∫

Ωh

(

rχ(x)Δx(hw̃1
m + h2w̃2

m)
)2

dx

)1/2

� C

(
∫

Ξ
h2ρ2χ(hξ )2 (Δx(hw̃1

m + h2w̃2
m)
)2

h3 dξ
)1/2

� Ch5/2
(
∫

Ξ\BR

ρ2χ(hξ )2 (hρ−3 + h2ρ−2 + hρ−3)2
dξ

)1/2

� Ch7/2

(

∫ h−1r

r0

ρ−4ρ2dρ

)1/2

� Ch7/2. (B.66)

For the two last terms it suffices to process the difference of integrals from (B.44),
(B.45) and (B.63):

I 1 +I 4
4 =−(

∂nh(hw1
m + h2w2

m + v0
m),z

)

∂ωh∩Γh
. (B.67)

Note that, due to the very construction of w1
m and w2

m we have ∂nh(hw1
m + h2w2

m +
v0

m) = O(h2), see (9.99a)-(9.101) for instance. Thus, we get the estimate

|I 1 +I 4
4 | � cm‖z‖L2(∂ωh∩Γh)

h2(mes2(∂ωh))
1/2 � cmh7/2

C, (B.68)

where mes2 denotes the two-dimensional Hausdorff measure. Collecting estimates
(B.42)-(B.43), (B.54), (B.58), (B.62), (B.66) and (B.68) of the terms in (B.41), we
arrive at the following estimate of α in (B.39)

α � cmh7/2. (B.69)

We are ready now to verify the theorem on the asymptotic expansions, which implies
the main result of the chapter.
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Theorem B.1. For any positive eigenvalue λ 0
m in problem (9.67) of multiplicity κm

characterized by (9.163), there exist numbers cm > 0 and hm > 0 such that for
h∈ (0,hm] the eigenvaluesλ h

m, . . . ,λ h
m+κm−1 in problem (9.63), and only those eigen-

values in sequence (9.64), satisfy

|λ h
q −λ 0

m− h3ςq|� cmh7/2, q = m, . . . ,m+κm − 1. (B.70)

Moreover, there is a constant Cm and columns ahm, . . . ,ahm+κm−1 which define an
unitary matrix of the size κm ×κm such that

∥

∥

∥

∥

∥

vq0 + χ(hwq1+ h2wq2)+ h3vq3 −
m+κm−1

∑
p=m

ahq
p uh

p

∥

∥

∥

∥

∥

H1(Ωh)

�Cmh, (B.71)

with q = m, . . . ,m +κm − 1. Here vq0 denotes the linear combination (9.164) of
eigenfunctions in problem (9.67), constructed in Section 9.3.4, and wq1, wq2 and
vq3 are given functions which are determined for fixed vq0 (see Section 9.3.4 for
this type of construction). Finally ςq is an eigenvalue of the matrix Q with entries
(9.168). In the case of a simple eigenvalue λ 0

m (i.e., κm = 1), we have vm0 = v0
m the

corresponding eigenfunction, and ςm = λ ′
m is given by (9.157).

Proof. Given eigenvectors am, . . . ,am+κm−1 of the matrix Q, we construct linear
combinations (9.164) and the associated appropriate terms in asymptotic ansätz
(9.70). As a result, approximation solutions

{

(λ 0
q + h3ςq)

−1,uq
}

for q = m, . . . ,m+
κm−1 are obtained for the abstract spectral problem (B.35). Let ςq be an eigenvalue
of the matrix Q of multiplicity κq, i.e.,

ςq−1 < ςq = · · ·= ςq+κq−1 < ςq+κq . (B.72)

We choose the factor ck in the value αk = ckh3 in Lemma A.1 so small that the
segment

[

(λ 0
m + h3ςq)

−1 − ckh3,(λ 0
m + h3ςq)

−1 + ckh3] (B.73)

does not contain the approximation eigenvalues (λ 0
m + h3ςp)

−1 when p �∈ {q,q+
κq −1}. Then Lemma A.1 delivers the eigenvalues μh

i(q), . . . ,μ
h
i(q+κq−1) of the oper-

ator Kh such that
∣

∣

∣μh
i(p)− (λ 0

m+ h3ςp)
−1
∣

∣

∣� α � cmh7/2, p = q, . . . ,q+κq − 1. (B.74)

We here emphasize that, at the time being, we cannot infer that these eigenvalues
are different. At the same moment, the second part of Lemma A.1 gives the normed
columns bhp = (bhp

kmq
, . . . ,bhp

kmq+Nmq−1) verifying the inequalities

∥

∥

∥

∥

∥

u
p −

kmq+Nmq−1

∑
k=kmq

bhp
k uh

k

∥

∥

∥

∥

∥

H1(Ωh)

� c
α
αk

� ch1/2. (B.75)
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Here {μh
kmq

, . . . ,μh
kmq+Nmq−1} implies the list of all eigenvalues of the operator Kh in

segment (B.73). Note that the numbers kmq and Nmq can depend on the parameter h
but this fact is not reflected in the notation. Since

‖hχw1‖H1(Ωh)
� ch3/2, (B.76)

‖h2χw2‖H1(Ωh)
� ch5/2, (B.77)

‖h2v2‖H1(Ωh)
� ch3, (B.78)

the normalization condition (9.68) for the eigenfunctions of problem (9.67) and sim-
ilar conditions for eigenvectors of the matrix Q ensure that

|(up,ut)Ωh − δp,t|� ch3/2, p, t = q, . . . ,q+κq+ 1. (B.79)

In a similar way, inequalities (B.75) and the orthogonality and normalization condi-
tions (9.65) for eigenfunctions uh

k of problem (9.63) lead to the relation

∣

∣

∣

∣

∣

(up,ut )Ωh −
kmq+Nmq−1

∑
k=kmq

bhp
k bht

k

∣

∣

∣

∣

∣

� ch1/2. (B.80)

Formulas (B.79) and (B.80) are true simultaneously if and only if

Nmq � κq , (B.81)

otherwise we arrive at a contradiction where at least one of the coefficients bhp
k has to

be close to zero and to one simultaneously. To actually prove that the equality occurs
in (B.81), we first of all, notice that, for a sufficiently small h > 0, the relations
of type (B.81) are valid for all eigenvalues λ 0

1 , . . . ,λ
0
m of problem (9.67) and all

eigenvalues ςq of the associated matrices Q. We have verified above Proposition
B.1 that each eigenvalue λ h

p and the corresponding eigenfunction uh
p of singularly

perturbed problem (9.63) converge to an eigenvalue and an eigenfunction of the limit
problem (9.67), respectively. This observation ensures that the number of entries of
the eigenvalue sequence (9.64), which lives on the interval (0,λ 0

m), does not exceed
m+κm−1 for a small h> 0. Summing up the inequalities (B.81) over all λ 0

1 , . . . ,λ
0
m

and ςq, we conclude that the equalities Nmq = κq are necessary. Moreover, we now
are able to confirm that the eigenvalues μh

i(q), . . . ,μ
h
i(q+κq−1) can be chosen different

one from another. Indeed, we take αk = Ckh7/2 in Lemma A.1 and fix Ck so large
that the inequality (B.75) with the new bound c/Ck still guarantees that the segment

Λq(h) =
[

(λ 0
m + h3ςq)

−1 −Ckh7/2,(λ 0
m + h3ςq)

−1 +Ckh7/2
]

(B.82)

contains exactly κq eigenvalues of the operator Kh. It suffices to mention two facts.
First, for a small h > 0, the intervals Λq(h) and Λp(h) with ςq �= ςp do not intersect.
Second, any eigenvalue μh

k = (λ h
k )

−1 in the interval (B.82) meets the inequality
(B.70). �
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Remark B.2. Estimates (B.76)-(B.78) show that the bound in (B.71) is larger than
the norms of the functions wq1, wq2 and vq3 included into the approximation solu-
tion and, therefore, estimate (B.71) remains valid for the function vq0 alone, without
three correctors. This is the usual situation in the asymptotic analysis of singular
spectral problems: One needs to construct additional asymptotic terms of eigen-
functions in order to prove that the correcting term in the asymptotic expansions of
an eigenvalue is found properly. In theory, one can employ the general procedure
[143] and construct higher order asymptotic terms of eigenvalues and eigenfunc-
tions. We keep the boundary layer and regular corrections in the estimate (B.71)
because they form a so-called asymptotic conglomerate which is replicated in the
asymptotic series (see [143] and [166]; actually, the notion of asymptotic conglom-
erates was introduced in [166]).



Appendix C
Spectral Problems in Elasticity

In this appendix we provide the justification for the asymptotic expansions of solu-
tions to the spectral problems in elasticity. In particular, we prove Theorem 9.2 on
asymptotic expansions of solutions of singularly perturbed problem [180].

Remark C.1. In our notation the index ( j) is attached to the inclusion ω j, e.g., p j

stands for the center of ω j, in contrast to the index (p) which is attached to the
eigenvalue λp , e.g., the asymptotic approximation of the vector eigenfunction u(p)
with respect to h → 0 is denoted by u(p).

C.1 Justification of Asymptotic Expansions

The following statements are well known for the intact elastic body (see e.g., [118,
181]). In order to cover also the case of defects in the form of cavities (see (9.183)),
the general result is given with the proof [179]. We emphasize that a body with small
inclusions can be viewed as an intermediate case between a body with cavities and
an intact body. Therefore, some of the results presented for an intact body can be
applied for a body with foreign inclusions as well.

Proposition C.1. For a vector function u ∈ H1
Γ (Ω ;R3) the following inequality

holds true

‖r−1
j u‖L2(Ω ;R3) + ‖∇xu‖L2(Ω ;R3) � c‖D(∇x)u‖L2(Ω ;R3), (C.1)

where, according to (9.233), r j = ‖x− p j‖. The above inequality remains valid with
a constant independent of h ∈ (0,h0], if the domain Ω is replaced by the domain Ωh

with inclusions or defects.

Proof. For analysis of displacement fields in the domain Ωh with cavities (in par-
ticular, with cracks) we apply the method described in review paper [167, §2.3].
In this framework the body with elastic inclusions is considered as intact or en-

tire. Let us consider the restriction û of u to the set Ω(h) = Ω \⋃J
j=1 B j

� , where
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B j
� = {x : ‖x− p j‖ < �} and radius � = �(h) := Rh of the balls is selected in such

a way that ωh
j ⊂ B j

�. We construct an extension ũ to Ω of the field û. To this end,

we introduce the annulae Ξ j
h = B j

2� \B j
� and perform the stretching of coordinates

x �→ ξ j = h−1(x− p j). The vector functions û and u written in the ξ j-coordinates
are denoted by û j and u j, respectively. It is evident that

h‖D(∇ξ )û
j‖2

L2(Ξ ;R3) = ‖D(∇ξ )û‖2
L2(Ξ j

h ;R3)
� ‖D(∇x)u‖2

L2(Ωh;R3), (C.2)

where Ξ = B2R \BR. Let

û j(ξ j) = û j
⊥(ξ

j)+D(ξ j)a j, (C.3)

where D is the matrix (9.174), and the column a j ∈ R6 is selected in such a way
that

∫

Ξ
D(ξ j)�û j

⊥(ξ
j)dξ j = 0 ∈R6. (C.4)

By the orthogonality condition (C.4), the Korn’s inequality is valid (see, e.g., [118],
[167, §2] and [166, Theorem 2.3.3])

‖û j
⊥‖H1(Ξ ;R3) � cR‖D(∇ξ )û

j
⊥‖L2(Ξ ;R3) = cR‖D(∇ξ )û

j‖L2(Ξ ;R3). (C.5)

The last equality follows from the second formulae (9.175) since the rigid motion
Da j generates null strains (9.171). Let ũ j

⊥ denote an extension in the Sobolev class

H1 of the vector function û j
⊥ from Ξ onto BR, such that

‖û j
⊥‖H1(B2R;R3) � cR‖û j

⊥‖H1(Ξ ;R3). (C.6)

Now, the required extension of the field u onto the entire domain Ω is given by the
formula

ũ(x) =

{

û(x), x ∈Ω(h),
D(ξ j)a j + ũ j

⊥(ξ
j), x ∈ B j

�, j = 1, . . . ,J.
(C.7)

In addition, according to (C.2), (C.3), (C.5) and (C.6), we have

‖D(∇x)ũ‖L2(Ω ;R3) � c‖D(∇x)u‖L2(Ωh;R3). (C.8)

Applying the Korn’s inequality (C.5) in Ω , we obtain

‖r−1
j u‖L2(Ω(h);R3) + ‖∇xu‖L2(Ω(h);R3) � ‖r−1

j ũ‖L2(Ω ;R3) + ‖∇xû‖L2(Ω ;R3)

� c‖D(∇x)ũ‖L2(Ω ;R3). (C.9)

We turn back to the function û j and find

h‖û j‖2
H1(Ξ ;R3) � c

(

‖r−1
j ũ‖2

L2(Ω ;R3) + ‖∇xũ‖2
L2(Ω ;R3)

)

. (C.10)
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The other variant of the Korn’s inequality (see e.g., [118], [166, §3.1] or [167, §2])

‖u j‖2
H1(B2R\ω j ;R3) � c

(

‖D(∇x)u
j‖2

L2(Ξ\ω j;R3) + ‖u j‖2
L2(Ξ ;R3)

)

, (C.11)

after returning to the x-coordinates leads to the relations

h−2‖u‖2
L2(B2�\ωh

j ;R3)
� c‖∇xu‖2

L2(B2�\ωh
j ;R3)

� c

(

‖D(∇x)u‖2
L2(B2�\ωh

j ;R3)
+ h−2‖u‖2

L2(Ξ j
� ;R3)

)

. (C.12)

By virtue of Ch =: �∗(h) � r j � �(h) = ch > 0 for x ∈ B2� \ωh
j ⊃ Ξ j

� , the mul-

tiplier h−1 can be inserted into the norm, and transformed to r−1
j , but the norm

‖r−1
j u‖

L2(Ξ j
� ;R3)

is already estimated in (C.9), owing to ũ = u on Ξ j
� . Estimates

(C.12), j = 1, . . . ,J, modified in the indicated way along with relation (C.9) imply
the Korn’s inequality in the domain Ωh. �

Remark C.2. If ω j is a domain, then in the proof of Proposition C.1 we do not need
to restrict û to Ω(h), but operate directly with the sets Ωh and B2R \ω j since there
is a bounded extension operator in the class H1 over the Lipschitz boundary ∂ω j

with the estimate of type (C.6). The presence of cracks makes the existence of such
an extension impossible. However, the Korn’s inequality (C.12) is still valid in this
case, since it only requires the union of Lipschitz domains (see [118]).

The bilinear form

H1
Γ (Ω ;R3) � (u,v)Ω → 〈u,v〉Ω = (A hD(∇x)u,D(∇x)v)Ω ∈R (C.13)

defines a scalar product in the Hilbert space H1
Γ (Ω ;R3). In this way, the integral

identity
(A hDu,Dv)Ω = λ (γhu,v)Ω , (C.14)

can be rewritten as an abstract spectral equation

Khuh = μhuh , (C.15)

where μh = (λ h)−1 is the new spectral parameter, and Kh is a compact, symmetric,
and continuous operator, thus selfadjoint,

〈Khu,v〉Ω = (γhu,v)Ω , u,v ∈ H . (C.16)

Eigenvalues of the operator Kh constitute the sequence

μh
1 � μh

2 � · · ·� μh
p � · · · →+0 , (C.17)

with the elements related to the sequence in (9.188) by the first formula in (C.16).
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We are going to apply Lemma A.1 on almost eigenvalues and eigenvectors for
the compact operator Kh. It means that for given μ > 0 and u ∈ H, ‖u‖H = 1, such
that

‖Kh
u− μu‖H = δ , (C.18)

there exists an eigenvalue μh
p of the operator Kh, which satisfies the inequality

|μ− μh
p|� δ . (C.19)

Moreover, for any δk > δ the following inequality holds

‖u−uk‖H � 2δ/δk (C.20)

where uk is a linear combination of eigenfunctions of the operator Kh, associated to
the eigenvalues from the segment [μ− δk,μ+ δk], and ‖uk‖H = 1.

For the asymptotic approximations μ and u of solutions to the abstract equation
(C.15) we take

μ = (λp + h3ςp)
−1, u=

u(p)

‖u(p)‖H
, (C.21)

where

u(p)(x):=u(p)(x)+ h
J

∑
j=1

χ j(x)g
j
(p)

(

x− p j)+ h3v(p)(x), (C.22)

with g j
(p)

(

x− p j
)

:= w1 j
(p)

(

h−1
(

x− p j
))

+hw2 j
(p)

(

h−1
(

x− p j
))

, stands for the sum

of terms separated in the asymptotic ansätz (9.191). Let us evaluate the quantity δ
from formula (C.18). By virtue of λp > 0, for h ∈ (0,hp] and hp > 0 small enough,
we have

δ = ‖Kh
u− μu‖H

=
1

(λp + h3ςp)‖u(p)‖H
sup
υ∈S

∣

∣

∣(λp + h3ςp)〈Kh
u(p),υ〉Ω −〈u(p),υ〉Ω

∣

∣

∣

� c sup
υ∈S

∣

∣

∣(A hD(∇x)u(p);D(∇x)υ)Ω − (λp+ h3ςp)(γh
u(p),υ)Ω

∣

∣

∣ , (C.23)

where S = {υ ∈ H : ‖υ‖H = 1} is the unit sphere in the space H. In addition, to
estimate the norm ‖u(p)‖H the following relations are used

‖u(p)‖2
H = (A hD(∇x)u(p),D(∇x)u(p))Ω � c > 0, (C.24)

‖hiχ jw
i j
(p)‖H � chi+1/2, i = 1,2, (C.25)

‖h3v(p)‖2
H � ch3, (C.26)

where the first relation follows from the continuity at the points p j of the second or-
der derivatives of the vector function u(p) combined with the integral identity (9.179)
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and the normalization condition (9.189). We transform the expression under the sign
sup in (C.23). Substituting into the expression the sum of terms in ansätz (9.191),
we have

I0 = (A hD(∇x)u(p),D(∇x)υ)Ω − (λp + h3ςp)(γhu(p),υ)Ω

=
J

∑
j=1

{

((A( j)−A )D(∇x)υ)ωh
j
−λp((γh − γ)u(p),υ)ωh

j

}

− h3ςp(γhu(p),υ)Ω

=:
J

∑
j=1

I j
0 −I 0

0 , (C.27)

I j
i = hi(A D(∇x)χ jw

i j
(p),D(∇x)υ)Ω − hi(λp + h3ςp)(γhχ jw

i j
(p),υ)Ω

=: I j0
i −I j0

i , i = 1,2, (C.28)

I4 = h3((A D(∇x)v(p)D(∇x)υ)Ω −λp(γv(p),υ)Ω )− h6ςp(γhv,υ)Ω

+ h3
J

∑
j=1

{

((A( j)−A )D(∇x)v(p),D(∇x)υ)ωh
j
−λp((γ j − γ)v(p),υ)ωh

j

}

=: h3I 0
4 + h6I 01

4 + h3
J

∑
j=1

I j
4 . (C.29)

In (C.27) we used that u(p) and λp verify the integral identity (9.179). Furthermore,
by the Taylor formulae (9.205) and (9.208), we obtain

∣

∣

∣I
j

0 −I j1
0 −I j2

0

∣

∣

∣ � c

(

h2‖D(∇x)υ‖L1(ωh
j ;R3) + h‖υ‖L1(ωh

j ;R3) +
∫

ωh
j

|υ−υ j|dx

)

� ch2h3/2‖D(∇x)υ‖L2(Ω ;R3) = ch7/2, (C.30)

with

I j1
0 = ((A( j)−A (p j))ϑ j

(p),D(∇x)υ)ω j
h
, (C.31)

I j2
0 = ((A( j)−A (p j))D(∇x)u

j
(p),D(∇x)υ)ω j

h
(C.32)

+ ((x− p j)�∇xA (p j)ϑ j
(p),D(∇x)υ)ω j

h
−λp((γ j − γ(p j))u(p)(p j),υ)ωh

j
,

where the vector functions ϑ(p) and u(p) written in the ξ j-coordinates (see (9.184))

are denoted by ϑ j
(p) and u

j
(p), respectively.

Let explain the derivation of above formulae. The following substitutions are
performed

D(∇x)u(p)(x) � ϑ j
(p) +D(∇x)u(p)(x), (C.33)

A (x) � A (p j)+ (x− p j)�∇xA (p j), (C.34)

u(p)(x) � u(p)(p j), (C.35)
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with pointwise estimates for remainders of orders O(h2), O(h2) and O(h), respec-
tively. These gave rise to the following multipliers in the majorants

‖D(∇x)υ‖L1(ω j
h ;R3)

� ch3/2‖D(∇x)υ‖L2(Ω ;R3), (C.36)

‖υ‖
L1(ω j

h ;R3)
� ch3/2‖r−1

j υ‖L2(Ω ;R3). (C.37)

Note that the factor h3/2 is proportional to |ωh
j |1/2, and h−1r j does not exceed a

constant on the inclusion ωh
j . Besides that, the Poincaré inequality

∫

ωh
j

‖υ(x)−υ j‖dx � ch3/2
∫

ωh
j

‖υ(x)−υ j‖2dx

� ch3/2h2
∫

ωh
j

‖∇xυ(x)‖2dx, (C.38)

is employed together with the relation
∫

ω j

(γ j(x)− γ j)u(p)(p j)�υ(x)dx =
∫

ω j

(γ j(x)− γ j)u(p)(p j)�(υ(x)−υ j)dx.

(C.39)
Here υ j stands for the mean value of υ over ωh

j . Finally, all the norms of the test
function υ are estimated by Proposition C.1.

In similar but much simpler way, by virtue of Remark 9.12, the term I j
4 from

(C.29) satisfies

h3
∣

∣

∣I
j

4

∣

∣

∣ � ch3
(

h1−τ‖rτ−1
j ∇xv(p)‖L2(ωh

j ;R3) + h2−τ‖rτ−2
j v(p)‖L2(ωh

j ;R3)

)

‖υ‖H
� ch4−τ , (C.40)

where τ > 1/2 is arbitrary. It is clear that h6|I 01
4 |�Ch6. The integral h3I 0

4 cancels
the integral −h3I 0

0 in (C.27) and some parts of the integrals I j
i from (C.28), which

we are going to consider. In the notation of formula (9.235) for i = 1,2, we have

I j
i = hi

{

(A( j)D(∇x)w
i j
(p),D(∇x)υ)ωh

j
+(A (p j)D(∇x)w

i j
(p),D(∇x)χ jυ)Ω\ωh

j

+ h−1δi2((x− p j)�∇xA (p j)D(∇x)w
1 j
(p),D(∇x)χ jυ)Ω\ωh

j

}

+
{

(A [D(∇x),χ j]w
i j
(p),D(∇x)υ)Ω − (A D(∇x)w

i j
(p), [D(∇x),χ j]υ)Ω

}

+ ((A −A (p j)− δi1(x− p j)�∇xA (p j))D(∇x)w
i j
(p),D(∇x)χ jυ)Ω\ωh

j

=: hiI j0
i +I j1

i +I j2
i . (C.41)
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Furthermore, the integrals hiI j0
i and I ji

i cancel each other according to the integral
identities

2E j(w1 j ,χ jυ) = ((A (p j)−A( j))ϑ
j
(p),D(∇ξ )χ jυ)ω j , (C.42)

2E2(w2 j ,χ jυ) = (F0 j,χ jυ)R3\ω j
+(F j,υ)ω j +(G j,υ)∂ω j

. (C.43)

The latter formulae are provided by (9.198), (9.257) and (9.201)-(9.204), (9.206),
(9.207), (9.210). We point out that the test function ξ �→ χ j(hξ + p j)υ(hξ + p j) in
(C.42) and (C.43) has a compact support, i.e., the function belongs to the Kondratiev
space V 1

0 (R
3;R3), and in the analyzed integrals the stretching of coordinates x �→

ξ = h−1(x− p j) has to be performed.

Remark C.3. Variational formulation of problem (9.195a)-(9.195d) for the special
fields W jk, which define the elements of the polarization matrix P( j) in decomposi-
tion (9.197), are of the form (9.257), where V 1

0 (R
3;R3) is the Kondratiev space (see

(D.28)), which is the completion of C∞
0 (R

3;R3) in the weighted norm

‖W‖V 1
0 (R

3;R3) =
(

‖∇ξW‖2
L2(R3;R3) + ‖(1+ρ)−1W‖2

L2(R3;R3)

)1/2
. (C.44)

The expressions including asymptotic terms S ji
(p)(h

−1(x− p j)) = h3−iS ji
(p)(x− p j)

are detached from the integrals I j1
i and I j2

i ,

I j1
i0 = h3(A [D(∇x),χ j]S

ji
(p),D(∇x)υ)Ω − h3(A D(∇x)S

ji
(p), [D(∇x),χ j]υ)Ω ,

= h3([L ,χ j]S
ji,υ)Ω , (C.45)

I j2
i0 = h3((A −A (p j)− δi1(x− p j)�∇xA (p j))D(∇x)S

ji
(p),D(∇x)χ jυ)Ω\ωh

j
,

(C.46)

and the remainders are estimated by virtue of the decompositions (9.199) and
(9.220), namely,

∣

∣

∣I
j1

1 −I j1
10

∣

∣

∣� ch‖υ‖H
(
∫

sup |∇xχ j |
f1(x)dx

)1/2

� ch4, (C.47)

with f1(x) := (1+ h−1r j)
−6 + h−2(1+ h−1r j)

−8,

∣

∣

∣I
j2

1 −I j2
10

∣

∣

∣� ch2‖υ‖H
(
∫

sup |∇xχ j|
f2(x)dx

)1/2

� ch4(1+ | lnh|), (C.48)

where f2(x) := ((1+ h−1r j)
−4 + h−2(1+ h−1r j)

−6)(1+ | ln(h−1r j)|)2,

∣

∣

∣I
j1

2 −I j1
20

∣

∣

∣ � ch‖υ‖H
(

∫

Ω\ωh
j

r4
j (1+ h−1r j)

−6dx

)1/2

� ch4, (C.49)
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and

∣

∣

∣I
j2

2 −I j2
20

∣

∣

∣ � ch2‖υ‖H
(

∫

Ω\ωh
j

r2
j (1+ h−1r j)

−4(1+ | ln(h−1r j)|)2dx

)1/2

� ch4(1+ | lnh|). (C.50)

Inequalities for the integrals I j0
i from (C.28) are obtained in a similar way

∣

∣

∣I
j0

i −I j0
i0

∣

∣

∣ � c‖r−1
j υ‖L2(Ω ;R3)h

ih4−i(1+ δi2| lnh|)� ch4(1+ δi2| ln h|), (C.51)

I j0
i0 = h3λp(ρχ jS

ji
(p),υ)Ω . (C.52)

According to formula (9.235) for the right hand side f of the problem (9.231)
and the associated integral identity (9.241), the sum of the expressions h3I 0

4 from
(C.29) and I iq

i0 from (C.45), (C.46), (C.41) (the latter is summed over j = 1, . . . ,J
and i = 0,1,2) turns out to vanish. As a result, collecting the obtained estimates,
we conclude that the quantity δ from formula (C.21) (see also (C.18)) satisfies the
estimate

δ � cαh3+α , (C.53)

for any α ∈ (0,1/2).

C.2 Proof of Theorem 9.2

Now we are in position to prove the main result on asymptotic expansions of solu-
tions of singularly perturbed elasticity spectral problem given by Theorem 9.2.

Proof. The linear combinations (9.254) of vector eigenfunctions u(p), . . . ,u(p+κp−1)
as well as the subsequent terms of asymptotic ansätz (9.191) are constructed with the
columns b(1), . . . ,b(κp) of Q(p) with entries (9.253). As a result, for q = p, . . . , p+

κp − 1, the approximate solutions
{

(λp + h3ςp)
−1,‖u(q)

(p)‖−1
H u

(q)
(p)

}

of the abstract

equation (C.15) are obtained, such that the quantity δ from relations (C.18) verifies
the inequality (C.53).

Remark C.4. Here, we denote by u
(q)
(p) the approximation of the eigenfunctions u(q)(p).

The approximation of the eigenfunction u(p) is defined for a simple eigenvalue of
(9.190) in the right hand side of (9.191). However, taking into account the form
of approximations of simple eigenfunctions in (9.191), now the approximation for
a multiple eigenvalue is defined in the similar way. Let us recall again that in our
notation (p) means the label of multiple eigenvalue of multiplicity κp, in contrast to
(q), with q = p, . . . ,κp −1, which stands for the labels of the associated normalized

eigenfunctions u(q)
(p).
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We apply the second part of Lemma A.1 and estimate (C.20) with

δk = ckh3+αk , αk ∈ (0,α) . (C.54)

Let the list
μh

n = (λ h
n )

−1, . . . ,μh
n+N−1 = (λ h

n+N−1)
−1 (C.55)

includes all eigenvalues of the operator Kh from the segment

[(λp)
−1 − ckh3+αk ,(λp)

−1 + ckh3+αk ] , (C.56)

for sufficiently small hk > 0, such that (λp + h3ςp)
−1 with h ∈ (0,hk] belonging to

segment (C.56). Our immediate objective becomes to show that

n = p, N = κp . (C.57)

The quantities μh
n for m � n+N−1 are uniformly bounded in h∈ (0,hk]. By Propo-

sition C.1, the same assumptions provide the uniform boundedness of the norm
‖ũh

(m)‖H1
Γ (Ω ;R3) of the vector functions ũh

(m) ∈ Hh constructed for the vector eigen-

functions uh
(m) in (9.185) according to (C.11). Hence, there exists an infinitesimal

sequence {hi}, such that the limit passage hi →+0 leads to the convergences

μh
m → μ0

m = (λ 0
m)

−1 and ũh
(m) → ũ0

(m), (C.58)

weakly in H1(Ω ;R3) and strongly in L2(Ω ;R3). We substitute into the integral
identity (9.185) the test function v ∈C∞

c (Ω \ (Γ ∪{p1, · · · , pJ});R3). According to
definition (9.184) and for sufficiently small h > 0, the stiffness matrix A h and the
density γh coincide on the support of v with A and γ , respectively. Therefore, the
limit passage hi →+0 in the integral identity (9.185) leads to the equality

(A D ũ0
(m),Dv)Ω = λ 0

m(γ ũ0
(m),v)Ω . (C.59)

Since C∞
c (Ω \ (Γ ∪{p1, · · · , pJ});R3) is dense in H1

Γ (Ω ;R3), the integral identity
(C.59) holds true for all test functions v ∈H1

Γ (Ω ;R3). We observe that the weighted
norms ‖r−1

j ũh
(m)‖L2(Ω ;R3) are uniformly bounded by virtue of inequality (C.1), thus

(γh ũh
(m), ũ

h
(l))Ω − (γ ũh

(m), ũ
h
(l))Ω = o(1), for h →+0 . (C.60)

In this way, taking into account formulae (9.189) and (C.58), we find out that

(γ ũ0
(m), ũ

0
(l))Ω = δml . (C.61)

Hence, λ 0
m is an eigenvalue, and ũ0

(m)
is a normalized vector eigenfunction of the

limit problem (9.179). This implies that p+κp � n+N. Considering consequently
the eigenvalues λp, . . . ,λ1, we conclude that
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p � n , κp � N . (C.62)

In order to establish the inequalities p � n and κp � N we select the factor ck in

(C.54) such that for ς (k)p �= ς (q)p the number (λp + h3ς (k)p )−1 is excluded from the
segment

[(λp + h3ς (q)p )−1 − ckh3+αk ,(λp + h3ς (q)p )−1 + ckh3+αk ] . (C.63)

Let κ (q)
p be the multiplicity of the eigenvalue ς (q)p of matrix Q. By Proposition

C.1 and estimate (C.64) there are, not necessarily distinct, eigenvalues μh
l(q), . . . ,

μh
l(q+κq−1), here we denote by l(q) the κq-tuple of subsequent integers, of the oper-

ator Kh such that ∣

∣

∣μh
l(k)− (λp + h3ς (q)p )−1

∣

∣

∣� cαpqh3+α . (C.64)

In addition, Proposition C.1 furnishes the normalized columns a(k), written in matrix

notation as a(k) = (a
(k)
nk , · · · ,a(k)nk+Nk−1)

�, such that

∥

∥

∥

∥

∥

u
(k)
(p)−‖u(k)(p)‖H

nk+Nk−1

∑
i=nk

a
(k)
i u

h
i

∥

∥

∥

∥

∥

H

� δ
δk

� c
ck

hα−αk , (C.65)

where uh
nk
, · · · ,uh

nk+Nk−1 are normalized in H vector eigenfunctions of the opera-

tor Kh corresponding to all eigenvalues from segment (C.63). By formulae (C.24)-
(C.26), (9.179) and (9.181),

∣

∣

∣〈u(k)(p),u
(l)
(p)〉Ω −λpδkl

∣

∣

∣= o(1), for h →+0 . (C.66)

Furthermore, owing to formula (C.65), we have
∣

∣

∣〈u(k)(p),u
(l)
(p)〉Ω −λp(a

(k))�a(l)
∣

∣

∣= o(1), for h →+0 . (C.67)

Thus, for sufficiently small h the number Nk cannot be smaller than κ (q)
p . Hence,

there are eigenvalues μh
l , · · · ,μh

l+κ(q)p −1
which verify inequality (C.64) with the ma-

jorant cαkpqh3+αk (since the exponent α ∈ (0,1/2) is arbitrary, we can choose αk <α
without loosing of the precision in the final estimate (9.252)). Selecting all eigen-
values of the matrix Q, and subsequently the numbers λp−1, · · · ,λ1, it turns out that

necessarily the equality in (C.62) occurs, and also Nk = κ (q)
p . The proof of Theorem

9.2 is completed. �



Appendix D
Polarization Tensor in Elasticity

The derivation of formulae for topological derivatives in anisotropic elasticity re-
quires the knowledge of integral attributes for singular domain perturbations in the
form of cavities, caverns or inclusions [172]. The attributes can be determined by
using the asymptotic analysis in singularly perturbed domains [170]. For the pur-
poses of such derivation the polarization tensor in elasticity in three spatial dimen-
sions is characterized. Polarization matrices (or tensors) [170] are generalizations
of mathematical objects like the harmonic capacity or the virtual mass matrix [198].
Using results about elliptic problems in domains with a compact complement, po-
larization matrices can be properly defined in terms of certain coefficients in the
asymptotic expansion at infinity of the solution to the homogeneous transmission
problem. Representation formulae are derived in [180] from which properties like
positivity or negativity can be read of directly.

D.1 Elasticity Boundary Value Problems

D.1.1 Voigt Notation in Elasticity

We recall the Voigt notation already introduced in Section 9.4.1. We have

D(∇x)
� =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

∂
∂x1

0 0 0
1√
2

∂
∂x3

1√
2

∂
∂x2

0
∂
∂x2

0
1√
2

∂
∂x3

0
1√
2

∂
∂x1

0 0
∂
∂x3

1√
2

∂
∂x2

1√
2

∂
∂x1

0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (D.1)

and in the Voigt notation in elasticity, in view of (9.171)-(9.172), the vectors of
strains ϑ(u(x)), the vectors of stresses σ(u(x)), and the displacement u(x) are
related by the relation,
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σ(u(x)) := A (x)ϑ(u(x)) and ϑ(u(x)) = D(∇x)u(x), (D.2)

where the matrix A of elastic material moduli which is called also in the literature
the Hooke or stiffness matrix, is defined in (9.169). With the notation it is easy to
find:

• the tractions σn(u(x)) in the direction of a unit normal vector field n on an inter-
face or on the boundary of elastic body,

σn(u(x)) = D(n(x))σ(u(x)), (D.3)

• the decomposition of the stress tensor in the cartesian basis of R3,

σ j(u(x)) = D(e j)σ(u(x)), −
3

∑
j=1

∂x jσ j(u(x)) = D(∇x)
�σ(u(x)), (D.4)

where e1,e2,e3 define the cartesian basis in R3.

In view of the constitutive relation in the Voigt notation (D.2) the symmetric bilinear
form of the elasticity boundary value problem in the body Ω is given by

H1(Ω ;R3) � (u,v)→ a(u,v) := (σ(u),ϑ(v))Ω
= (A D(∇x)u,D(∇x)v)Ω ∈R (D.5)

and the selfadjoint elliptic operator L := D(∇x)
�A D(∇x) associated with the bi-

linear form

a(u,v) :=−(L u,v)Ω =−(L v,u)Ω ∀u,v ∈ H2(Ω ;R3)∩H1
0 (Ω ;R3). (D.6)

In the Voigt notation the Green formula takes the form

(L u,v)Ω − (N u,v)∂Ω = (L v,u)Ω − (N v,u)∂Ω ∀u,v ∈ H2(Ω ;R3), (D.7)

where N := D(n)�A D(∇x).

D.1.2 Korn Inequality

We recall also the classic Korn inequality for our purposes. See also Proposition C.1
for another variant.

Theorem D.1. The following inequalities hold true:

• For functions in H1(Ω ;R3), we have

‖u‖H1(Ω ;R3) �C
(

‖D(∇x)u‖L2(Ω ;R3) + ‖u‖L2(Ω ;R3)

)

, (D.8)

where the constant C depends only on Ω .
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• For functions in H1
0 (Ω ;R3), there is

‖∇xu‖L2(Ω ;R3) � 2‖D(∇x)u‖L2(Ω ;R3). (D.9)

• For functions in H1
Γ (Ω ;R3), it follows

‖∇xu‖L2(Ω ;R3) �C‖D(∇x)u‖L2(Ω ;R3), (D.10)

where the constant C depend on Γ , with meas2(Γ )> 0.

Proposition D.1. The solution to the elasticity spectral problem presented in Sec-
tion 9.4 can be characterized as following:

• There is existence of a weak solution to Problem 9.8 provided the compatibility
conditions (9.176) are verified by the element g ∈ L2(∂Ω ;R3).

• The weak solution of Problem 9.8 minimizes the energy functional

H1(Ω ;R3) � v → E (Ω ;v) :=
1
2

a(u,v)− l(v) ∈R, (D.11)

where the linear form

L2(∂Ω ;R3) � ϕ �→ l(ϕ) :=
∫

∂Ω
g ·ϕdsx (D.12)

is well defined on the space H1(Ω ;R3) by the standard trace theorem.
• The solution to Problem 9.8 is defined up to the rigid body motions (9.173)

p(x) :=D(x)c = b+ d× x c ∈R6, b,d ∈R3, (D.13)

where c = (c1, · · · ,c6)
�, b = (c1,c2,c3)

�, d = 2−1/2(c4,c5,c6)
�.

The proof of the proposition is left as an exercise.

D.2 Polarization Matrices in Elasticity

We recall the notation for the ball and the sphere with the center at the origin, BR =
{x ∈ R3,‖x‖ < R}, SR = ∂BR = {x ∈ R3,‖x‖ = R}. Let Ω ⊂ R3 be a Lipschitz
domain with the boundary Γ := ∂Ω , with the outward unit normal vector n(x),x ∈
Γ , and with a compact connected complementΩ c, thus R3 =Ω c∪Γ ∪Ω . We recall
notation for the Sobolev spaces and the Dirichlet trace:

• For integers l ∈N, Hl(Ω), Hl(Ω c) are classic Sobolev spaces.
• For a smooth boundary (interface) Γ the fractional Sobolev spaces are denoted

by Hs(Γ ) for s ∈R, these spaces are also called Sobolev-Slobodetskii spaces.
• If Γ is Lipschitz, then the Dirichlet trace operator γ : H1(Ω c) → H1/2(Γ ) is

continuous.
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• For simplicity, the notation φ|Γ instead of γφ is used for the Dirichlet traces of
the Sobolev functions.

• Further the notation (·, ·)Ξ is used for the scalar product in L2(Ξ ;R3) for a set
Ξ ⊂R3.

Let us present the formulation of the transmission problem. We recall that in the
matrix-vector notation for the elasticity problems [36, 166], the displacement vector
u = (u1,u2,u3)

� is a column vector or simply a column in R3 and the strain column
of height 6 is defined explicitly in terms of the cartesian components ε jk(u) of the
strain tensor,

ϑ(u) = (ε11(u),ε22(u),ε33(u),
√

2ε23(u),
√

2ε31(u),
√

2ε12(u))
�, (D.14)

where α = 2−1/2 and the cartesian components of the strain tensor are given by

ε jk(u) =
1
2

(

∂u j

∂xk
+
∂uk

∂x j

)

, j = 1,2, (D.15)

with j,k = 1,2,3. Then we have ϑ(u) = D(∇)u, where D is matrix (9.170). The
stress columns in Ω and Ω c are defined by the Hooke’s law,

σ(u) = A ϑ(u) and σc(u) = A cϑ (u), (D.16)

where A and A c are symmetric and positive definite 6× 6 stiffness matrices, the
entries of A and A c are the elastic moduli in Ω and Ω c, respectively.

Remark D.1. For the reader’s convenience, we recall the relation between the usual
Hooke tensor and the stiffness matrix (see e.g., [36, pp. 42] or [166, Section 2.2]).
In tensor notation, Hooke’s law reads

σi j =∑
p,q

ai j
pqεpq, i, j = 1,2,3. (D.17)

We recall that symmetry for a rank four tensor means

ai j
pq = a ji

pq = apq
i j . (D.18)

The matrix A in (D.16) gets the form

A =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

a11
11 a11

22 a11
33

√
2a11

23

√
2a11

31

√
2a11

12
a22

11 a22
22 a22

33

√
2a22

23

√
2a22

31

√
2a22

12
a33

11 a33
22 a33

33

√
2a33

23

√
2a33

31

√
2a33

12√
2a23

11

√
2a23

22

√
2a23

33 2a23
23 2a23

31 2a23
12√

2a31
11

√
2a31

22

√
2a31

33 2a31
23 2a31

31 2a31
12√

2a12
11

√
2a12

22

√
2a12

33 2a12
23 2a12

31 2a12
12

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠ .

(D.19)

In a similar way the matrix A of the elastic material moduli in two spatial dimen-
sions is transformed into a 3× 3 matrix.
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Condition D.1. We assume

• The entries of stiffness matrix in Ω ,

A (x) = A 0 +A e(x) with A e
i j ∈C1

0(Ω ), (D.20)

with A e(x) = 0 for r = ‖x‖� R0, where R0 is such that Ω c ⊂ BR0 .
• The matrix A 0 is constant and positive definite, i.e. the elastic space is homoge-

neous far away from the inclusion.
• The entries of stiffness matrix in Ω c, the inclusion Ω c is heterogeneous and the

entries of A c are given by C1 functions in Ω c.
• The matrices A (x) and A c(x) are uniformly positive definite,

ξ�A (x)ξ ≥ a‖ξ‖2 and ξ�A c(x)ξ ≥ ac‖ξ‖2 (D.21)

for any vector ξ ∈R6 and all x ∈Ω and x ∈Ω c with positive constants a,ac.

We introduce the differential operators for the transmission problem in Ω ∪Ω c:

L := D(−∇)�A (x)D(∇), L c := D(−∇)�A c(x)D(∇)uc(x), (D.22)

N u := D(n(x))�A (x)D(∇)u(x), N cuc := D(n(x))�A c(x)D(∇)uc. (D.23)

The elasticity transmission problem in R3 :=Ω ∪Ω c∪Γ reads as follows:

Problem D.1. Find {u,uc} such that

L u(x) = f (x), x ∈Ω =R3 \Ω c, (D.24a)

L cuc(x) = f c(x), x ∈Ω c. (D.24b)

Problem (D.24a)-(D.24b) is supplied with the boundary conditions on the interface

�u�(x) := u− uc = g0, (D.24c)

�N u�(x) := N u(x)−N cuc(x) = g1 on Γ := ∂Ω c. (D.24d)

If f decays sufficiently fast we may add the condition at infinity

‖u(x)‖= O(‖x‖−1), as ‖x‖→ ∞. (D.24e)

Here f , f c are volume forces while g0 and g1 stand for jumps of displacements and
tractions on the interface Γ .

Remark D.2. Note that the two-dimensional problem can be formulated in just the
same way, with stress and strain columns (σ11,σ22,

√
2σ12)

�, (ε11,ε22,
√

2ε12)
� in

R3 instead of R6 and 3× 3 Hooke matrix, while the matrix D(ξ ) in (9.170) has to
be replaced by

D(ξ )� =

(

ξ1 0 αξ2

0 ξ2 αξ1

)

, α =
1√
2
, ξ ∈R2 . (D.25)
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D.3 The Polarization Matrices for Three-Dimensional
Anisotropic Elasticity Problems

D.3.1 Solvability of the Transmission Problems

First, a variational formulation of transmission problem is given. By H is denoted
the completion of C∞

0 (R
3;R3) with respect to the energy norm

H � u → ‖D(∇)u‖L2(R3;R3) ∈R. (D.26)

H is equipped with the scalar product (D.33) which induces an equivalent norm
convenient for our purposes.

Using the Fourier transform and Hardy’s inequality, the Korn’s inequality is ob-
tained (cf. Proposition C.1 and also [118])

‖(1+ r)−1u‖L2(R3;R3) + ‖∇u‖L2(R3;R3) �
1√
10

‖D(∇)u‖L2(R3;R3), u ∈ H .

(D.27)
We recall the definition of norms in Kondratiev spaces, well adapted for transmis-
sion problems in unbounded domains.

Letϒ ⊆R3 an unbounded domain, β ∈R and l ∈N∗ = {0,1, . . .} be fixed. Then
the Kondratiev space V l

β (ϒ ;R3) is a subspace of elements in u ∈ Hl
loc(ϒ ;R3) with

the finite norm

‖u‖Vl
β (ϒ ;R3) =

( l

∑
k=0

‖(1+ ‖x‖)β−l+k∇k
x u‖2

L2(ϒ ;R3)

)1/2

< ∞. (D.28)

The weight is introduced to control the behavior at infinity of the functions under
consideration. The Korn inequality (D.27) implies that H = V 1

0 (R
3;R3) and the

norms are equivalent.
For vector fields u and v which admit the Dirichlet and Neumann traces, we have

the Green’s formulae in the domains Ω and Ω c:

(L u,v)Ω +(N u,v)Γ = (A D(∇)u,D(∇)v)Ω , (D.29)

(L cu,v)Ω − (N cu,v)Γ = (A cD(∇)u,D(∇)v)Ωc . (D.30)

Observe that in (D.29)-(D.30) in the Neumann traces (tractions) N (n)u and
N c(n)u on Γ , n stands for the internal normal vector to Γ with respect to Ω c.
That is the reason for the sign minus in (D.30). In particular, for any vector func-
tion u ∈ H2

loc(Ω ;R3), uc ∈ H2(Ω c;R3), satisfying (D.24a)-(D.24b) and (D.24e),
and v ∈C∞

0 (R
3;R3), the addition of the two formulae leads to

Problem D.2. Find {u,uc}, with the prescribed jump of displacement field �u�(x) :=
u− uc = g0 on Γ , and such that
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(A D(∇)u,D(∇)v)Ω +(A cD(∇)uc,D(∇)v)Ωc =

( f c,v)Ωc +( f ,v)Ω +(g1,v)Γ ∀v ∈C∞
0 (R

3;R3). (D.31)

If we set g0 = 0 and u ∈ V 2
1 (Ω ;R3) in the definition of Problem D.2, then we can

glue u, uc together and obtain a vector field u := {u,uc} ∈V 1
0 (R

3;R3) = H ,

u(x) =

{

u(x) = x ∈Ω ,
uc(x) = x ∈Ω c.

(D.32)

Furthermore, due to our assumptions on the stiffness matrices A , A c combined
with the Korn’s inequality (D.27), the left hand side of (D.31) defines a scalar prod-
uct on H

(u,v)H := (A D(∇)u,D(∇)v)Ω +(A cD(∇)uc,D(∇)vc)Ωc (D.33)

for all u= {u,uc},v= {v,vc} ∈ H , which induces a norm equivalent to the energy
norm (D.26). If f and f c are restrictions of f ∈V 0

1 (Ω ;R3),

f(x) =

{

f (x) = x ∈Ω ,
f c(x) = x ∈Ω c,

(D.34)

the right hand side of (D.31) defines a continuous linear functional on H ,

F (v) := (f,v)H +(g1,v)Γ = ( f c,v)Ωc +( f ,v)Ω +(g1,v)Γ , (D.35)

where F ∈ H ′ remains continuous for g1 ∈ H−1/2(Γ ;R3). Thus, for g0 = 0, the
integral identity (D.31) becomes

(u,v)H = F (v) ∀v ∈ H . (D.36)

The Neumann traces (tractions) are not defined for an arbitrary displacement field
u∈H . However, the tractions on the interfaceΓ do exist in a weak sense and can be
defined by a generalization of the Green formula if in addition we have a sufficient
information about one of the elements L u, or L cu in dual spaces, since L ,L c

are differential operators in divergence form. Hence we may use a well known weak
trace theorem to have the tractions defined on the boundary or an interface in a weak
sense (see [216, pp. 9]).

Proposition D.2. For u ∈ H1(Ω c;R3) such that L cu ∈ L2(Ω ;R3), there exists the
Neumann trace N cu ∈ H−1/2(Γ ;R3) and

‖N cu‖H−1/2(Γ ;R3) �C
(

‖D(∇)u‖L2(Ω ;R3) + ‖L cu‖L2(Ω ;R3)

)

, (D.37)

thus the Green’s formula (D.30) is valid for such u. In addition, an analogous result
is true for u ∈V 1

0 (Ω ;R3) with L u ∈V 0
1 (Ω ;R3).

Remark D.3. Variational formulations are more convenient for analysis. To rewrite
the general problem (D.24a)-(D.24d) in the form (D.36), it is necessary to reduce
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the nonhomogeneous Dirichlet transmission condition (D.24c) to the homogeneous
condition g0 = 0. Since a linear problem is considered, we can search for the decom-
position uc = uc−G, where G is a suitable extension of g0 onto Ω c and uc = uc+G
solves a resulting homogeneous problem.

Condition D.2. Extension to Ω c of the Dirichlet condition g0 on the interface Γ :

• If g0∈H3/2(Γ ;R3), a continuous extension H3/2(Γ ;R3)� g0 →G∈H2(Ω c;R3)
can be constructed.

• For g0 ∈ H1/2(Γ ;R3) the harmonic extension can be employed, so the extension
is given by a weak solution G ∈ H1(Ω c;R3) of

L cG= 0 in Ω c, G= g0 on Γ , (D.38)

with
‖G‖H1(Ωc;R3) �C‖g0‖H1/2(Γ ;R3), (D.39)

where the constant C is independent of g0.
• By the standard elliptic regularity [72, 199], inequality (D.39) extends to

‖G‖Hl+2(Ωc;R3) �C‖g0‖Hl+3/2(Γ ;R3), l ∈N∗, (D.40)

provided the surface Γ as well as the coefficient functions in A c are sufficiently
smooth and g0 ∈ Hl+3/2(Γ ;R3).

Definition D.1. Let f c ∈ L2(Ω c;R3), f ∈ V 0
1 (Ω ;R3), g0 ∈ H1/2(Γ ;R3) and g1 ∈

H−1/2(Γ ;R3) be given, and let G ∈ H1(Ω c;R3) be the extension of g0 into Ω c

defined by (D.38). We call a pair {u,uc} of vector fields defined on Ω and Ω c,
respectively, a weak solution of the boundary value problem (D.24a)-(D.24d), if
{u,uc +G} ∈ H and

(A D(∇)u,D(∇)v)Ω +(A cD(∇)uc,D(∇)v)Ωc =

( f c,v)Ωc +( f ,v)Ω + 〈g1,v〉Γ ∀v ∈ H =V 1
0 (R

3;R3). (D.41)

The Riesz representation theorem leads to the following result.

Proposition D.3. Problem D.2 has a unique weak solution {uc,u} ∈ H1(Ω c;R3)×
V 1

0 (Ω ;R3), and

‖u‖V1
0 (Ω ;R3) + ‖uc‖H1(Ωc;R3) �

c
(

‖ f c‖L2(Ωc;R3) + ‖ f‖V0
1 (Ω ;R3) + ‖g0‖H1/2(Γ ;R3) + ‖g1‖H−1/2(Γ ;R3)

)

. (D.42)

If the surface Γ and the matrix functions A , A c are smooth and for some l ∈N we
have

f ∈V l−1
l (Ω ;R3), f c ∈ Hl−1(Ω c;R3),

g0 ∈ Hl+1/2(Γ ;R3), g1 ∈ Hl−1/2(Γ ;R3).
(D.43)
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Then u ∈V l+1
l (Ω ;R3), uc ∈ Hl+1(Ω c;R3) and the pair {u,uc} is a strong solution

to the elliptic transmission problem (D.24a)-(D.24b), (D.24e). Moreover,

‖u‖Vl+1
l (Ω ;R3)

+ ‖uc‖Hl+1(Ωc;R3) � (D.44)

C
(

‖ f‖V l−1
l (Ω ;R3)

+ ‖ f c‖Hl−1(Ωc;R3) + ‖g0‖∈Hl+1/2(Γ ;R3) + ‖g1‖Hl−1/2(Γ ;R3)

)

,

where C depends on Γ .

Proof. By Proposition D.37 the trace N cG ∈ H−1/2(Γ ;R3), and

(A cD(∇)G,D(∇)v)Ωc + 〈N cG,v〉Γ = 0. (D.45)

Thus (D.41) is fulfilled if u= {u,uc +G} solves

(u,v)H = ( f c,v)Ωc +( f ,v)Ω + 〈g1−N cG,v〉Γ ∀v ∈ H . (D.46)

Clearly, (D.46) is again of the form (D.36), thus application of the Riesz represen-
tation theorem for a linear functional in a Hilbert space ensures the existence of
a unique solution while estimates (D.27) and (D.39) lead to estimate (D.42). The
estimate (D.44) follows from (D.40) and regularity results for elliptic problems. �

Remark D.4. Let {u,uc} be a weak solution to (D.31) given by Proposition D.3 with
f ∈ V l−1

γ (Ω ;R3), γ ∈ (l + 3/2, l + 5/2). We have u ∈ V l+1
l (Ω ;R3) in view of the

embedding V l−1
γ (Ω ;R3)⊂V l−1

l (Ω ;R3).

Remark D.5. Let us observe that equation (D.36) admits a unique solution for any
F ∈ H ′,

‖u‖H � ‖F‖H ′ . (D.47)

We recall that a continuous linear functional on the Hilbert space V 1
0 (R

3;R3) takes
the form

F (v) = ( f ,v)R3 +
3

∑
i=1

(Fi,∂xi v)R3 , (D.48)

where f ∈V 0
1 (R

3;R3), Fi ∈ L2(R3), i = 1,2,3, and with the norm bounded by

‖F‖2
V 1

0 (R
3;R3)′ �

(

‖ f‖2
V 0

1 (R
3;R3)

+
3

∑
i=1

‖Fi‖2
L2(R3)

)

. (D.49)

Let us consider the weak transmission problem:

Problem D.3. Given F ∈H ′ and g0 ∈H1/2(Γ ;R3), let G be the solution to (D.38).
We call {u,uc} a solution to the weak transmission problem (D.24a)-(D.24b) and
(D.24e), if u= {u,uc+G} ∈ H and u solves (D.36).

Proposition D.4. There is a solution to Problem D.3. In view of (D.39), (D.47) and
(D.49) it follows
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‖u‖2
V1

0 (Ω ;R3)
+ ‖uc‖2

H1(Ωc;R3) �

c

(

‖ f‖2
V 0

1 (R
3;R3)

+
3

∑
i=1

‖Fi‖2
L2(R3;R3)

+ ‖g0‖2
H1/2(Γ ;R3)

)

. (D.50)

D.3.2 Asymptotic Behavior of the Solutions

In order to characterize the asymptotic behavior of the solution u to transmission
problem D.2 for ‖x‖→∞ we can apply a general result for elliptic boundary values
in domains with conical boundary points (see e.g., [170, Chapter 6.4]) since the
stiffness matrix A is constant in the unbounded set ‖x‖> R0 with a suitable radius
R0 > 0. Thereby, let Φ denote the fundamental matrix in R3 of the differential
operator

L 0 := D(−∇)�A 0D(∇) (D.51)

hence Φ is given by a solution to

L 0Φ(x) = δ (x)I3, x ∈R3, (D.52)

where δ (x) is the Dirac measure concentrated at the origin.
Since u ∈ V l+1

l (Ω ;R3) can be regarded as a solution to the exterior Dirichlet
problem in the unbounded domain Ξ = {x : ‖x‖ > R0}, the asymptotic representa-
tion of such a solution for ‖x‖> R0 takes the form

u(x) = (D(−∇)Φ(x)�)� a+(D(−∇)Φ(x)�)� b+ ũ(x) =: u(x)+ ũ(x), (D.53)

with ũ∈V l+1
γ (Ξ ;R3). The vectors a,b∈R6 are coefficient columns, D(ξ ) is matrix

(9.170) and D(ξ ) is matrix (9.174). If the right hand side f vanishes on Ξ , then u
solves the homogeneous system (D.24a) in Ξ , and due to general results in [153]
(see also [170, Chapter 3.6]), the remainder in (D.53) fulfills

‖∇k
xũ(x)‖ � ck (1+ ‖x‖)−3−k , x ∈ Ξ , k ∈N∗. (D.54)

We emphasize that the matrices (9.170) and (9.174) satisfy the relations (9.175).

Lemma D.1. The coefficient column a ∈R6 in the representation (D.53) is given by
the integral formula

a =

∫

Ωc
D(x) f c(x)dx+

∫

Ω
D(x) f (x)dx+

∫

Γ
D(x)g1(x)dsx . (D.55)

Proof. Let {χR} ⊂ C∞
0 (R

3) be a family of cut-off functions with χR(x) = 1 for
‖x‖� R+ 1, and χR(x) = 0 for ‖x‖ ≥ R+ 2. We denote simply χ := χR keeping in
mind that χ depends on R. Let {u,uc} be a weak solution according to Definition
D.1. We use (D.31) with v = χD j, where D j is the j-th row of the matrix D, and
R ≥ R0 + 2, so that Ω c ⊂ BR−2. With (9.175), we obtain
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(A D(∇)u,D(∇)(χD j))Ω = ( f c,D j)Ωc +( f ,χD j)Ω +(g1,D j)Γ . (D.56)

Again due to (9.175), we have D(∇)(χD j) =−[D(∇),χ ]D j, thus the integrand on
the left hand side of (D.56) vanishes outside the annulus {x : R < ‖x‖ < R+ 2}.
Moreover we have χD j = D j on the sphere SR, while this expression vanishes on
SR+2. Thus, integration by parts leads to

(A D(∇)u,D(∇)(χD j))Ω = (A D(∇)u,D(∇)χD j)BR+2\BR

= (N u,χD j)∂ (BR+2\BR)
+ (L u,χD j)BR+2\BR

= (N u,D j)SR +( f ,χD j)BR+2\BR
, (D.57)

where the Neumann operator N is defined in (D.23) for n = −R−1x. We have
A (x) = A 0 for ‖x‖ ≥ R0, hence it follows for R ≥ R0

(N 0u,D j)SR = ( f c,D j)Ωc +(g1,D j)Γ

+ ( f ,χD j)Ω − ( f ,χD j)BR+2\BR
. (D.58)

Since f (1+ r)5/2 ∈ L2(Ω ;R3) the integral ( f ,D j)Ω converges and we may pass to
the limit R → ∞ in the right hand side of (D.58), note that the last integral in (D.58)
vanishes then. To calculate the limit of the left hand side, we insert the asymptotic
representation (D.53) of u into (D.58), then by (D.54), (N ũ,D j)SR = O(R−1) as
R → ∞, and we are left with the terms (N 0u,D j)SR , which can be interpreted as a
distribution with compact support applied to the C∞ function D j. Here we mention
that due continuity arguments in spaces of distributions, Green’s formula

(L 0ϕ ,ψ)BR − (ϕ ,L 0ψ)BR = (N 0ϕ ,ψ)SR − (ϕ ,N 0ψ)SR (D.59)

can be extended from ϕ ,ψ ∈C∞(R3;R3) to ϕ = ∂αΦk, where Φk is a column of the
fundamental solution Φ . Then the first integral has to be replaced by 〈∂αδ ,ψk〉 =
(−1)|α |∂αψk(0). We apply this argument for ϕ = u, and ψ = D j, together with
formulae (9.175), this leads to

(

N 0
u,D j

)

SR
=
〈{

D(−∇)�a I3

}

δ ,D j

〉

+
〈{

D(−∇)�b I3

}

δ ,D j

〉

=
(

D(∇)D�
j (x) ·a+D(∇)D j(x)

� ·b
)∣

∣

∣

x=0
= a j, (D.60)

which leads to the result. �

In order to derive an integral formula for the coefficient vector b in the asymptotic
representation (D.53), we consider problem (D.24a)-(D.24d) with the special right
hand sides

f c(k)(x) = D(∇)�A c(x)e(k), f(k)(x) = D(∇)�A (x)e(k),

g0
(k) = 0, g1

(k)(x) = D(n(x))�(A c(x)−A )e(k),
(D.61)
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where e(k) is the k-th unit vector in R6. Note that f(k) has a compact support con-
tained in BR0 due to the choice of the matrix A (x) = A 0 +A e(x). The data in
(D.61) arise if we replace u in the transmission problem (D.24a)-(D.24b), (D.24e)
by the rows of the matrix −D(x). We denote the corresponding unique weak solu-
tions to (D.24a)-(D.24d) by {Z(k) ,Z

c
(k)}. Note, that the rows of D(x) are solutions to

the transmission problem which grow at infinity while {Z(k) ,Z
c
(k)} decays at infinity.

Since
∫

Ωc
D(x) f c(k) (x)dx+

∫

Ω
D(x) f(k) (x)dx+

∫

Γ
D(x)g1

(k) (x)dsx = 0 ∈R6 , (D.62)

Lemma D.1 turns the asymptotic form (D.53) for the solution Z(k) into

Z(k)(x) = (D(∇)Φ(x)�)�P(k) + ˜Z(k)(x) , (D.63)

where the remainder ˜Z(k) satisfies (D.54) andP(k)(=−b) denotes a column of height
6. Regarding Z(k)(x) as a column for each x, we define the 3× 6-matrix Z(x) =
(Z(1)(x), . . . ,Z(6)(x)), and, analogously, Zc(x). Hence, due to (D.61) and (9.175),
the columns of the matrix

ζ (x) = D(x)� + {Z(x),Zc(x)} (D.64)

are formal solutions of the homogeneous problem (D.24a)-(D.24b), (D.24e) (as well
as the columns of the matrix D(x)�), although they do not belong to the energy
space H . A slight modification of the proof of Lemma D.1 (cf. [165, 172]) provides
the following assertion.

Lemma D.2. The coefficient column b ∈ R6 in (D.53) is given by the integral for-
mula

b =

∫

Ωc
ζ (x)� f c(x)dx+

∫

Ω
ζ (x)� f (x)dx

+

∫

Γ
ζ (x)�g1(x)dsx −

∫

Γ

{

D(n(x))�A D(∇)ζ (x)
}�

g0(x)dsx. (D.65)

D.3.3 The Polarization Matrix and Its Properties

Rewriting the asymptotic representation (D.63) in the condensed form

Z(x) = (D(∇)Φ(x)�)�P+˜Z(x), (D.66)

there appears the matrix P of size 6 × 6 composed of the coefficient columns
P(1), . . . ,P(6) in (D.63). As in [165, 220] and others, we call P the polarization
matrix for the elastic inclusion Ω c.
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By Lemma D.2 and formula (D.61) we obtain the integral representation

P = −
∫

Ωc

(

D(x)�+Zc(x)
)�

D(∇)�A c(x)dx

−
∫

Ω

(

D(x)�+Z(x)
)�

D(∇)�A (x)dx

−
∫

Γ

(

D(x)�+Z(x)
)�

D(n(x))�
(

A c(x)−A (x)
)

dsx. (D.67)

Let us transform the right hand side of (D.67). Using D(∇)�D(x) = I6 and integrat-
ing by parts, we find
∫

Ωc

(

A c(x)−A 0
)

dx+
∫

Ω
A e(x)dx =

∫

Ωc

(

D(∇)D(x)�
)(

A c(x)−A 0
)

dx+
∫

Ω

(

D(∇)D(x)�
)

A e(x)dx =

−
∫

Ωc
D(x)�D(∇)�

(

A c(x)−A 0
)

dx−
∫

Γ
D(x)�D(n(x))�

(

A c−A 0
)

dsx

−
∫

Ω
D(x)�D(∇)�A e(x)dx+

∫

Γ
D(x)�D(n(x))�A e(x)dsx =

−
∫

Ωc
D(x)�D(∇)�A c(x)dx−

∫

Ω
D(x)�D(∇)�A (x)dx

−
∫

Γ
D(x)�D(n)�(A c(x)−A (x))dsx. (D.68)

The last equality holds true due to D(∇)�A 0 = 0. Since the columns of {Z,Zc}
are contained in H and fulfill definition D.1 with data given in (D.61) we may use
identity (D.41) with {u,uc}= {Z,Zc}= v and obtain further

−
∫

Ωc
Zc�D(∇)�A c dx−

∫

Ω
Z�D(∇)�A dx−

∫

Γ
Z�D(n)�

(

A −A c
)

dsx =

−
∫

Ωc

(

D(∇)Zc
)�

A cD(∇)Zc dx−
∫

Ω

(

D(∇)Z
)�

A D(∇)Zdx. (D.69)

Thus, we have another integral representation of the polarization matrix

P = −
∫

Ωc

(

A 0 −A c(x)
)

dx+
∫

Ω
A e(x)dx

−
∫

Ω

(

D(∇)Z
)�

A D(∇)Zdx−
∫

Ωc

(

D(∇)Zc
)�

A cD(∇)Zc dx. (D.70)

The last two matrices are Gram’s matrices for the sets of vector functions {Z(k)}
and {Zc

(k)}, hence in particular, they are symmetric and nonnegative. Thus we can
formulate two intrinsic properties of the polarization matrix.
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Theorem D.2. The polarization matrix P is always symmetric. If A e = 0, i.e.
A (x) = A 0 everywhere in Ω , and A c(x) < A 0 for x ∈ Ω c then P is negative
definite.

D.3.4 Homogeneous Inclusion

In this section we assume that the inclusion Ω c as well as the elastic space are
homogeneous, i.e., A c, A are constant matrices. We put

Zc(x) = Za(x)−Z0(x) and Z0(x) = D(x)�(A c)−1(A −A c). (D.71)

Then the columns of {Z,Za} satisfy problem (D.24a)-(D.24d) with

f = 0, f c = 0, g1 = 0, g0(x) =−Z0
(k)(x). (D.72)

Applying Lemma D.2 to this problem, we derive

−P =

∫

Γ

(

D(n)�A D(∇)ζ
)�

Z0 dsx (D.73)

= −
∫

Γ

(

D(n)�A D(∇)(D�+Z)
)�

Zdsx

+
∫

Γ

(

D(n)�A cD(∇)
(

D�+Za+Z0)
)�

Zadsx

= −
∫

Γ

(

D(n)�A D(∇)Z
)�

Zdsx +
∫

Γ

(

D(n)�A cD(∇)Za
)�

Zadsx

−
∫

Γ

(

D(n)�A
)�

Zdsx +
∫

Γ

(

D(n)�A c
(

I6 +(A c)−1(A −A c)
))�

Za dsx.

The sum of the first two integrals in the right hand side of (D.73) is equal to

−
∫

Ω

(

D(∇)Z
)�

A D(∇)Zdx−
∫

Ωc

(

D(∇)Za
)�

A cD(∇)Za dx (D.74)

and gives rise to a nonpositive symmetric 6 × 6-matrix. The sum of the last two
integrals in (D.73) coincides with

∫

Γ

(

D(n(x))�A
)�

Z0(x)dsx =
∫

Ωc
A D(∇)D(x)�(A c)−1(A −A c)dx

= A (A c)−1 (A −A c)
∣

∣Ω c
∣

∣

= A
[

(A c)−1 −A −1
]

A
∣

∣Ω c
∣

∣, (D.75)

where
∣

∣Ω c
∣

∣ denotes the volume of the domain Ω c. Thus we have proved the follow-
ing assertion.
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Theorem D.3. If the matrix A c is constant and (A c)−1 < A −1, then the polariza-
tion matrix P is positive definite.

Certain positivity/negativity properties of the polarization matrix P can be expressed
in terms of the eigenvalues λ1, . . . ,λ6 of the matrix A −1/2A cA −1/2. This matrix is
symmetric and positive definite, and hence λ j > 0 and the eigenvectors a j ∈R6 can

be normalized by the condition
(

ak
)�

a j = δ j,k , j,k = 1, . . . ,6. Then the columns
b j = A −1/2a j satisfy the formulae

A cb j = λ jA b j,
(

bk)�A b j = δk, j . (D.76)

Theorem D.4. The following three results holds true:

1. If λ j > 1 then
(

b j
)�

Pb j > 0.

2. If λ j < 1 then
(

b j
)�

Pb j < 0.

3. If λ j = 1 then
(

b j
)�

Pb j = 0.

Proof. The proof for each item are respectively given as follows:

1. Recalling (D.73)-(D.75), we see that −P �
(

A (A c)−1 A −A
) ∣

∣Ω c
∣

∣. Thus, in
virtue of (D.76),

− (

b j)�Pb j �
(

b j)�(A (A c)−1A −A
)

b j

=
(

b j)�A (λ−1
j − 1)b j

∣

∣Ω c
∣

∣

= (λ−1
j − 1)

∣

∣Ω c
∣

∣ < 0. (D.77)

2. By (D.70), we have P� (A c−A ) |Ω c| and

(

b j)�Pb j �
(

b j)�(A c−A
)

b j
∣

∣Ω c
∣

∣

=
(

b j)�A (λ j − 1)b j
∣

∣Ω c
∣

∣

= (λ j − 1)
∣

∣Ω c
∣

∣< 0. (D.78)

3. Repeating calculations (D.77) and (D.78), we change “< 0” for “= 0” to see the
assertion. �



Appendix E
Compound Asymptotic Expansions for
Semilinear Problems

Let Ω be a bounded domain in R3 with C2,α boundary ∂Ω , and Ωε be a singularly
perturbed domain with C2,α boundary ∂Ω ∪∂ωε . The small domain ωε is a cavity
far from the boundary ∂Ω in singularly perturbed domain Ωε . In the limit pas-
sage ε → 0, the perturbed domain becomes punctured i.e., Ω \ {O} is obtained.
This means, that at the origin O there are singularities of solutions for the lin-
ear boundary value problems under consideration. The asymptotics of solutions to
the semilinear boundary value problem in Ωε with the Dirichlet boundary condi-
tions are investigated or constructed in the framework of the compound asymptotics
expansions.

Condition E.1. Beside Condition 10.1 we need the following assumptions collected
here in one condition:

Assumption E.1. The limit problem (10.51) has a solution v ∈C2,α(Ω) for a certain
α ∈ (0,1).

Assumption E.2. Given v ∈C2,α(Ω), the linear problem
{−Δζ (x)−F ′

v(x,v(x))ζ (x) = G(x), x ∈Ω ,
ζ (x) = g(x), x ∈ ∂Ω ,

(E.1)

with G ∈C0,α(Ω), g ∈C2,α(∂Ω) has a unique solution ζ ∈C2,α(Ω),

‖ζ‖C2,α (Ω) �C
(

‖G‖C0,α (Ω) + ‖g‖C2,α(∂Ω)

)

. (E.2)

Assumption E.3. With a certain κ ∈ (0,1) and for |η(x)|�C, x ∈Ω , the inequality
|Fvv(x,η(x))| �C|η(x)|1+κ and the following relations are valid:

|Fvv(x,η1(x))−Fvv(y,η2(y))| (E.3)

�C
(

‖x− y‖α (|η1(x)|+ |η2(y)|)1+κ + |η1(x)−η2(y)|(|η1(x)|κ + |η2(y)|κ )
)

,
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as well as

|Fvv(x,η1(x))−Fvv(x,η2(x))− (Fvv(y,η1(y))−Fvv(y,η2(y)))|
�C(|η1(x)−η2(x)− (η1(y)−η2(y))|η12(x,y)

κ

+‖x− y‖α(|η1(x)−η2(x)|+ |η1(y)−η2(y)|)η12(x,y)
κ

+F12(x,y)(1+η12(x,y))
κ−1 , (E.4)

where η12(x,y) := |η1(x)|+ |η2(x)|+ |η1(y)|+ |η2(y)| , (E.5)

and

F12(x,y) := (|η1(x)−η2(x)|+ |η1(y)−η2(y)|)
× (|η1(x)−η2(y)|+ |η1(y)−η2(y)|) , (E.6)

with C standing for a positive constant that may change from place to place but
never depends on ε . We recall the norm in the Hölder space Cl,α (Ω):

‖ζ‖Cl,α(Ω) =
l

∑
k=0

sup
x∈Ω

‖∇k
xζ (x)‖

+ sup
x,y∈Ω ,‖x−y‖< ‖x‖

2

‖x− y‖−α‖∇l
xζ (x)−∇l

yζ (y)‖ . (E.7)

Here l ∈ {0,1, ...} and α ∈ (0,1).

E.1 Linearized Problem in Weighted Hölder Spaces

In Chapter 10 the approximate solutions to problem (10.49) are constructed by
the method of compound asymptotic expansions and for a given shape functional
(10.84), the first order expansion with respect to ε is formally obtained, namely,

JΩε (uε) = JΩ (v)+ εT (x̂)+ o(ε) , (E.8)

where T (x̂) is the topological derivative (10.96) of the shape functional (10.2) in
the three spatial dimensions at an arbitrary point x̂ ∈Ω far from the boundary ∂Ω .

In this appendix the proof of the asymptotic approximation (E.8) is given in the
scale of weighted Hölder spaces [99, 213]. This means that the remainder ũε(x) of
the approximation (10.73) is estimated in the weighted Hölder spaces by an appli-
cation of the Banach fixed point theorem to the nonlinear boundary value problem
(10.80). Namely, the obtained estimate for the solutions to (10.73) shows that the
constructed approximation (10.74) is sufficiently precise to replace the exact solu-
tion in (10.84) by its approximation, and in this way derive expansion (E.8) of the
shape functional under consideration.

The regular correctors in the asymptotic approximation of solutions to (10.49) are
given by solutions of the linearized problem (E.1). In particular, for an
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appropriate choice of source terms, the solution to (E.1) is named the adjoint state.
The adjoint state is introduced in order to simplify the expression obtained for the
topological derivative. Since the solutions to the linearized equation are considered
in the punctured domain, the solutions admit singularities at the origin, and the a
priori estimates for the solutions to (E.1) can be established in the weighted spaces,
introduced in the scale of Sobolev spaces in bounded domains by Kondratiev in his
famous paper [117]. We use however, the weighted Hölder spaces and the results
given in [152]. Weighted Hölder spaces are employed to analyze the solvability of
linearized boundary value problems introduced in Chapter 10.

Definition E.1. Let C∞
c (Ω \ {O}) be the set of smooth functions vanishing in the

vicinity of O . The weighted Hölder spacesΛ l,α
β (Ω) are defined [152] as the closure

of C∞
c (Ω \ {O}) in the norm

‖ζ‖Λ l,α
β (Ω)

=
l

∑
k=0

sup
x∈Ω

‖x‖β−l−α+k‖∇k
xζ (x)‖

+ sup
x,y∈Ω ,‖x−y‖< ‖x‖

2

‖x‖β‖x− y‖−α‖∇l
xζ (x)−∇l

yζ (y)‖ . (E.9)

Here l ∈ {0,1, ...},α ∈ (0,1) and β ∈R.

We recall the classic results on solvability of linear elliptic problems in the scale of
weighted spaces given in [152]. Assumption E.2 assures the existence and unique-
ness of classical solutions to the linearized problem in Hölder spaces C2,α(Ω) with
the a priori estimate (E.2). It turns out that the linear mapping for problem (E.1)

S : {G,g} �−→V (E.10)

is an isomorphism in the Hölder spaces C0,α(Ω)×C2,α(∂Ω) → C2,α(Ω). By a
general result found in [152], the operator remains to be an isomorphism in the
weighted Hölder spaces under a proper choice of indices (see also [170, Chapters 3
and 4]).

Theorem E.1. Under Assumptions E.2 and 10.1, the mapping (E.10) considered in
the weighted Hölder spaces

S :Λ0,α
β (Ω)×C2,α(∂Ω) �−→Λ2,α

β (Ω) (E.11)

is an isomorphism if and only if β −α ∈ (2,3).

The following result on asymptotics is due to [117, 152] (see also [150] and, e.g.,
[170, Chapters 3 and 4]).

Theorem E.2. If the right hand side G in (E.1) belongs to Λ0,α
γ (Ω) and γ −α ∈

(1,2), then the solution V to (E.1) can be decomposed as V (x) = V (O)+ ˜V(x) and
the following estimate holds
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|V (O)|+ ‖˜V‖Λ2,α
γ (Ω)

�C
(

‖G‖Λ0,α
γ (Ω)

+ ‖g‖C2,α(∂Ω)

)

. (E.12)

An assertion, similar to Theorem E.1, is valid for the perforated domain Ωε as well.
The following result is due to [146] (see also [148, Section 2.4] and [170, Chapter
6]).

Theorem E.3. Under Assumptions E.2 and 10.1, the linearized problem
{−ΔV ε(x)−F ′

v(x,v(x))V
ε(x) = Gε(x), x ∈Ωε ,

V ε(x) = gε(x), x ∈ ∂Ωε ,
(E.13)

is uniquely solvable and the solution operator

Sε : {Gε ,gε}→ vε (E.14)

is bounded in the weighted Hölder spaces

Sε : Λ0,α
β (Ωε)×Λ2,α

β (∂Ωε )→Λ2,α
β (Ωε) . (E.15)

Moreover, in the case β −α ∈ (2,3) the estimate

‖V ε‖Λ2,α
β (Ωε )

�Cβ

(

‖Gε‖Λ0,α
β (Ωε )

+ ‖gε‖Λ2,α
β (∂Ωε )

)

(E.16)

is valid, where the constant Cβ is independent of ε ∈ (0,ε0].

Remark E.1. Since ‖x‖ � Cε > 0 in Ωε , the weighted norm ‖ · ‖Λ2,α
β (Ωε)

is equiv-

alent to the usual norm ‖ · ‖C2,α (Ωε ). However, the equivalence constants depend

on ε . Thus Λ2,α
β (Ωε) and C2,α(Ωε) coincide algebraically and topologically but

are normed in different way. The norm of operator Sε is uniformly bounded for
ε ∈ (0,ε0] for any β , although the constant Cβ in (E.16) depends on ε provided
β /∈ (2,3). That is, the norm of the inverse operator is uniformly bounded in
ε ∈ (0,ε1] only in the case of β ∈ (2,3).

For the nonlinear boundary value problem (10.49), we shall use the classical solu-
tions, which means that for given F ∈ C0,α(Ω ×R), α ∈ (0,1), the solutions lives
in C2,α(Ω). We refer to [72] and [124] for a result on the existence and uniqueness
of solutions to semilinear elliptic boundary value problems. It means, in particular,
that problem (10.49) admits the unique solution uε ∈C2,α(Ωε ) for some 0 < α < 1
and for all ε ∈ [0,ε0).

E.2 Estimates for the Remainders

The method of compound asymptotic expansions is described in Chapter 10 in appli-
cation to the singular perturbations of the semilinear elliptic boundary value problem
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leading to (10.49). For the solution uε to the perturbed boundary value problem we
have proposed the expansion (10.72), where v, w, v′ and ũε are solutions to (10.51),
(10.57), (10.71) and (10.80), respectively. We recall that v and v′ are components of
regular type, w is a boundary layer and ũε ∈ Λ2,α

β (Ωε) is the remainder which we
are going to estimate, by showing that it is of order o(ε) in the sense to be precised.
Therefore, the functions v and v′ are defined in Ω and depend on the spatial variable
x. The boundary layer term w depends on the fast variable ξ = ε−1x, thus w is given
by a solution of an exterior boundary value problem in R3 \ω. The remainder ũε is
defined in the domains Ωε depending on the parameter ε → 0.

We are going to employ the Banach contraction principle and, thus, we need to
estimate the norms of ũε . Owing to (10.80), x �→ gεΩ (x) = −w(ε−1x)− cεφ(x) is
smooth function on the boundary ∂Ω , where ‖x‖�C > 0, and

|w(ε−1x)+ cεφ(x)|�Cε2‖x‖−2 �Cε2 , (E.17)

with w(ε−1x) given by (10.65) and φ(x) standing for the fundamental solution in
R3, and

‖∇k
xw(ε−1x)+ cε∇k

xφ(x)‖ �Cε−kε2+k‖x‖−2−k =Cε2‖x‖−2−k �Cε2 . (E.18)

The above inequalities for x �→ gεΩ (x) lead to the following estimates of the norm of
gεΩ in the weighted Hölder space:

‖gεΩ‖Λ2,α
β (∂Ω)

�C‖gεΩ‖C2,α (∂Ω) �C‖gεΩ‖C3(∂Ω) �Cε2. (E.19)

Moreover, owing again to (10.80), x �→ gεω(x) = −v(x)+ v(O)− εv′(x) is smooth
function on the boundary ∂ω , we have, for β −β ′ > 0,

‖gεω‖Λ2,α
β (∂Ω)

�C

(

sup
x∈∂ωε

2

∑
k=0

‖x‖β−2−α+k
(

‖∇k
x(v(x)− v(O))‖+ ε‖∇k

xv′(x)‖
)

+ sup
x,y∈∂ωε

‖x‖β‖x− y‖−α (‖∇2
xv(x)−∇2

yv(y)‖+ ε‖∇2
xv′(x)−∇2

yv′(y)‖)
)

�C

(

εβ−1−α‖v‖C2,α (Ω) + ε1+β−β ′‖v′‖Λ2,α
β ′ (Ω)

)

. (E.20)

Notice that v′ ∈Λ2,α
β ′ (∂Ω) with arbitrary β ′ ∈ (2+α,3+α), we shall further select

the indices β and β ′ in an appropriate way. Let us denote

Fvv(x,V (x)) := F(x,v(x)+V(x))−F(x,v(x))−V (x)F ′
v(x,v(x)) , (E.21)

so that

Fε(x; ũε) = Fvv(x,w(ε−1x)+ εv′(x)+ ũε(x))

+ (w(ε−1x)+ εcφ(x)+ ũε(x))F
′
v(x,v(x)) . (E.22)
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Since F ′
v ∈ C0,α(Ω ×R), by Assumption 10.1, we take into account representation

(10.62) together with the inequality β −α > 2 and, as a result, we obtain

‖(w+ εcφ)F ′
v‖Λ0,α

β (Ωε )

�Cε2

(

sup
x∈Ωε

‖x‖β−α‖x‖−2 + sup
x,y∈Ωε ,‖x−y‖<‖x‖/2

‖x‖β‖x− y‖1−α‖x‖−3

)

�Cε2 sup
x∈Ωε

(

‖x‖β−α‖x‖−2 + ‖x‖β+1−α‖x‖−3
)

�Cε2 . (E.23)

To estimate the first term on the right-hand side of (E.22), we need the Assumption
E.3 which states that the mapping Fvv enjoys the Hölder continuity in two variables
and has a power-law growth in the second variable. Moreover, the second order
difference satisfies estimate given by Assumption E.3.

Lemma E.1. Let V ∈Λ2,α
β (Ωε) and β −α ∈ (2,3),α ∈ (0,1),κ ∈ (0,1). Then, for

x ∈Ωε and ‖x− y‖< ‖x‖/2, the estimates

‖x‖β−α |V (x)|1+κ � C‖V‖1+κ
Λ2,α
β (Ωε )

, (E.24)

‖x‖β−(β−α) κ
1+κ ‖x− y‖−α|V (x)−V (y)|1+κ � C‖V‖1+κ

Λ2,α
β (Ωε )

(E.25)

are valid. In addition, under the same restrictions on α,β ,κ and x,y as above

‖x‖β−α |w(ε−1x)|1+κ � Cε1+κ , (E.26)

‖x‖β−(β−α) κ
1+κ ‖x− y‖−α |w(ε−1x)−w(ε−1y)|1+κ � Cε . (E.27)

Proof. First, we readily show the first assertion:

‖x‖β−α |V (x)|1+κ � ‖x‖β−α‖x‖−(1+κ)(β−2−α)(‖x‖β−2−α |V (x)|)1+κ

� ‖x‖2−κ(β−2−α)‖V‖1+κ
Λ2,α
β (Ωε )

. (E.28)

The second inequality follows from the relation

2−κ(β − 2−α)� 2− 1(3− 2−α)> 1 > 0 . (E.29)

Since
1
2
‖x‖< ‖y‖< 3

2
‖x‖ , (E.30)

in view of

‖x− y‖< ‖x‖
2

, (E.31)
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and using the Newton-Leibnitz formula, we conclude that

‖x‖β−(β−α) κ
1+κ ‖x− y‖−α|V (x)−V(y)|1+κ

�C‖x‖β−(β−α) κ
1+κ ‖x− y‖−α‖x‖−β+1+α‖x− y‖ sup

x∈Ωε

(‖x‖β−1−α‖∇xV (x)‖)

�C‖x‖β−(β−α) κ
1+κ ‖x‖1−α‖x‖−β+1+α‖V‖Λ2,α

β (Ωε)
, (E.32)

while applying the inequalities

β − (β −α)
κ

1+κ
+ 1−α−β + 1+α

= 2− (β −α)
κ

1+κ
� 2− (β −α− 2)κ

1+κ
> 0 . (E.33)

Based on the assumptions β −α > 2 and 1+κ < 2, we prove the second assertion.
We have

‖x‖β−α |w(ε−1x)|1+κ � C‖x‖β−α(1+ ‖ε−1x‖)−1−κ

= Cε1+κ ‖x‖β−α

(ε+ ‖x‖)1+κ �Cε1+κ . (E.34)

Owing to the estimate |℘(ξ )|�C(1+ ‖ξ‖)−1 for the capacity potential, it follows
that

‖x‖β−(β−α) κ
1+κ ‖x− y‖−α |w(ε−1x)−w(ε−1y)|

�C‖x‖β−(β−α) κ
1+κ ‖x− y‖−α‖ε−1x− ε−1y‖(1+ ‖ε−1x‖)−2 sup

ξ∈R3\ω
c(ξ )

�Cε‖x‖β−(β−α) κ
1+κ ‖x‖1−α(ε+ ‖x‖)−2 �Cε , (E.35)

where c(ξ ) = (1+ ‖ξ‖)2‖∇ξw(ξ )‖. Indeed, in the second inequality we have used
that

‖∇ξ℘(ξ )‖�C(1+‖ξ‖)−2 and β −α− (β −α)
κ

1+κ
=

β −α
1+κ

� 1 , (E.36)

and in the first one we applied again the Newton-Leibnitz formula. �

We now list the necessary estimates based on Assumption E.3 and Lemma E.1. We
start with the boundedness of the first term in (E.22) multiplied by a weight. We
obtain

‖x‖β−α‖Fvv(x,w(ε−1x)+ εv′(x)+ ũε(x))|
�C‖x‖β−α (|w(ε−1x)|1+κ + ε1+κ |v′(x)|1+κ + |ũε(x)|1+κ)

�C

(

ε1+κ + ‖ũε‖1+κ
Λ2,α
β (Ωε)

)

. (E.37)
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We verify the boundedness of the weighted difference, namely,

‖x‖β‖x− y‖−α |Fvv(x,

V (x)
︷ ︸︸ ︷

w(ε−1x)+ εv′(x)+ ũε(x))−Fvv(y,V (y))|
�C‖x‖β (|V (x)|1+κ + ‖x− y‖−α|V (x)−V(y)|(|V (x)|κ + |V(y)|κ))

�C

(

ε1+κ + ‖ũε‖1+κ
Λ2,α
β (Ωε )

)

+C

(

εκ + ‖ũε‖κΛ2,α
β (Ωε )

)

‖x‖β−(β−α) κ
1+κ ‖x− y‖−αηε(x,y)

�C

(

ε1+κ + ‖ũε‖1+κ
Λ2,α
β (Ωε )

)

, (E.38)

where we denote

ηε(x,y) := |w(ε−1x)−w(ε−1y)|+ ε|v′(x)− v′(y)|+ |ũε(x)− ũε(y)|. (E.39)

Now, we deduce the local Lipschitz continuity of the first part of mapping (E.22):

‖x‖β−α |Fvv(x,

V1(x)
︷ ︸︸ ︷

w(ε−1x)+ εv′(x)+ ũ(1)ε (x))−Fvv(x,

V2(x)
︷ ︸︸ ︷

w(ε−1x)+ εv′(x)+ ũ(2)ε (x))|
�C‖x‖β−α |ũ(1)ε (x)− ũ(2)ε (x)|(|V1(x)|κ + |V2(x)|κ )
�C‖ũ(1)ε − ũ(2)ε ‖Λ2,α

β (Ωε )

(

εκ + ‖ũ(1)ε ‖κ
Λ2,α
β (Ωε )

+ ‖ũ(2)ε ‖κ
Λ2,α
β (Ωε )

)

. (E.40)

Finally, we prove the local Lipschitz continuity for the weighted second order dif-
ferences of the mapping Fvv. For example, the first term on the right-hand side of
(E.4) gets the bound

C‖x‖β−(β−α) κ
1+κ ‖x− y‖−α |˜V12(x,y)|

(

εκ + ‖ũ(1)ε ‖Λ2,α
β (Ωε)

+ ‖ũ(2)ε ‖Λ2,α
β (Ωε )

)

�C‖ũ(1)ε − ũ(2)ε ‖Λ2,α
β (Ωε )

(

εκ + ‖ũ(1)ε ‖κ
Λ2,α
β (Ωε )

)

, (E.41)

where we denote

˜V12(x,y) := (V1(x)−V2(x))− (V1(y)−V2(y)) . (E.42)

Other two terms in (E.4) are estimated in the same way as in (E.2) and (E.16),
respectively.

The above estimates allow us to apply the Banach fixed point theorem to verify
the existence of the remainder ũε . To this end, we rewrite problem (10.80) in the
form of an abstract equation in the Banach space R =Λ2,α

β (Ωε ), namely,

ũε =Gũε , (E.43)
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where
Gũε = Sε(F

ε (·; ũε),g
ε
Ω ,g

ε
ω) (E.44)

and Sε denotes isomorphism (E.14). Let ũε belong to the ball B ⊂ R of radius
Rε1+κ , where R is a constant independent of ε . We further need to verify two prop-
erties. First, that the mapping G maps the ball B into itself,

B � ũε ⇒Gũε ∈ B , (E.45)

and, second, that the mapping is a strict contraction in the ball, i.e.,

‖GV −GW‖R � k‖V −W‖R , V,W ∈ B ⊂ R with k < 1 . (E.46)

By (E.19), (E.20), (E.23) and (E.2), (E.16), we have

‖Gũε‖R � C

(

‖Fε‖Λ0,α
β (Ωε )

+ ‖gεΩ‖Λ2,α
β (Ωε )

+ ‖gεω‖Λ2,α
β (Ωε )

)

� C
(

ε1+κ + ‖ũε‖1+κ
R + ε2+ εβ−1−α + ε1+β−β ′)

. (E.47)

Let us fix β ,α and β ′,κ such that

(1,2) � β −α− 1 � 1+κ , (E.48)

and
β −β ′ � κ . (E.49)

Recall that β −α and β ′ −α belong to the interval (2,3). Thus, to satisfy (E.49),
we must put β −α near 3 (satisfying (E.48) as well) and β ′ −α near 2. This allows
to create a gap of any length κ ∈ (0,1). If (E.48) and (E.49) hold true, we obtain

‖Gũε‖R �C
(

4ε1+κ + ‖ũε‖1+κ
R

)

� Rε1+κ , (E.50)

while the desired inequality R �C(4+R1+κε(1+κ)κ) is achieved by a proper choice
of the constant R (e.g., R = 5C) and the bound for the parameter ε0 in the condition
ε ∈ (0,ε0]. By virtue of (E.40) and (E.41), the estimate

‖GV −GW‖R �C
(

εκ + 2Rκε(1+κ)κ
)

︸ ︷︷ ︸

k

‖V −W‖R (E.51)

is valid. The strict inequality k < 1 can be achieved by diminishing, if necessary, the
upper bound ε0 for ε again.

Theorem E.4. Let the indices β ,α and κ ∈ (0,1) satisfy (E.48) and β−2> κ , while
Assumptions E.2 and E.3 hold true. Then there exist positive constants R and ε0 such
that for ε ∈ (0,ε0], the nonlinear problem (10.80) has a unique small solution ũε ,
namely,

‖ũε‖Λ2,α
β (Ωε)

� Rε1+κ . (E.52)
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Consequently, the singularly perturbed problem (10.49) has at least one solution of
the form (10.73).

In the theorem we have proven the existence of a small remainder ũε in (10.73),
i.e., we have verified that problem (10.49) has a unique solution in a small ball
centered at the approximate asymptotic solution. If the uniqueness of the solution ũε
is known, for example, F in (10.49) gives rise to a monotone operator, the remainder
is unique without any smallness assumption.



Appendix F
Sensitivity Analysis for Variational Inequalities

In this section we recall an abstract result on shape differentiability of solutions to
variational inequalities. The abstract result is applied to establish the first and second
order differentiability of the energy functional with respect to the parameter. In our
application to variational inequalities the nonpenetration unilateral condition is pre-
scribed in the contact zone on the boundary of a rigid obstacle or on the crack. This
condition is translated in the associated energy minimization problem into a cone
constraints. It means that the weak solution of nonlinear boundary value problem is
given by a minimization problem of the form:

J (u) := inf
ϕ∈K ⊂V

{

1
2

a(ϕ ,ϕ)− l(ϕ)
}

, (F.1)

where we denote

• ϕ �→ a(ϕ ,ϕ) is a bilinear form on the Hilbert space V ;
• ϕ �→ l(ϕ) is a linear form on V ;
• K ⊂ V is a convex, closed subset, in our applications K is a cone, i.e. λK ⊂

K for all λ > 0;
• u ∈ K is a minimizer, hence

J (u) =
1
2

a(u,u)− l(u) , (F.2)

and the optimal value JΩ (u) := J (u) of the minimization problem (F.1), de-
pending on the domain of integration Ω for the space V := V (Ω) of functions
defined in Ω , is called energy shape functional;

• J (ϕ) is a quadratic energy functional and the minimizer u is a weak solution of
the variational inequality

u ∈ K : a(u,ϕ− u)� l(ϕ− u) ∀ϕ ∈ K , (F.3)

• for a cone K ⊂ V given by pointwise inequality constraints on a subset of Ω
the minimization problem (F.1) becomes a quadratic programming problem.
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If the domain of integration Ωt is parameterized by the shape parameter t, the para-
metric optimization problem arises in the spaces Vt :=V (Ωt), thus the minimization
problem also becomes parametric

JΩt (u(Ωt)) := inf
ϕ∈K ⊂Vt

{

1
2

aΩt (ϕ ,ϕ)− lΩt (ϕ)
}

. (F.4)

There are two questions for the parametric problem (F.4):

• if the optimal value function or the energy shape functional

t �→ JΩt (u(Ωt)) =
1
2

aΩt (u(Ωt),u(Ωt))− lΩt (u(Ωt)) (F.5)

is differentiable at t = 0+;
• if the minimizer

t �→ u(Ωt) ∈ Vt (F.6)

is differentiable at t = 0+;

We use throughout the book the positive answer to the first question which is ob-
tained under strong convergence of minimizers. In Section F.1 the positive answer
for the second question is obtained for a class of convex sets in the Dirichlet-Sobolev
spaces.

F.1 Polyhedral Convex Sets in Sobolev Spaces of the Dirichlet
Type

For the convenience of the reader we recall here the abstract result [210] which is a
generalization of the implicit function theorem for variational inequalities.

Let K ⊂ V be a convex and closed subset of a Hilbert space V , and let 〈·, ·〉
denote the duality pairing between V ′ and V , where V ′ denotes the dual of V .
We shall consider the following family of variational inequalities depending on a
parameter t ∈ [0, t0), t0 > 0,

ut ∈ K : at(ut ,ϕ− ut)≥ 〈bt ,ϕ− ut〉 ∀ϕ ∈ K . (F.7)

Moreover, let ut = Pt(bt) be a solution to (F.7). For t = 0 we denote

u ∈ K : a(u,ϕ− u)≥ 〈b,ϕ− u〉 ∀ϕ ∈ K , (F.8)

with u = P(b) solution to (F.8).

Theorem F.1. Let us assume that:

• The bilinear form at(·, ·) : V ×V →R is coercive and continuous uniformly with
respect to t ∈ [0, t0). Let Qt ∈L (V ;V ′) be the linear operator defined as follows
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at(φ ,ϕ) = 〈Qt (φ),ϕ〉 ∀φ ,ϕ ∈V ; it is supposed that there exists Q′ ∈L (V ;V ′)
such that

Qt = Q+ tQ′+ o(t) in L (V ;V ′) . (F.9)

• For t > 0, t small enough, the following equality holds

bt = b+ tb′+ o(t) in V ′ , (F.10)

where bt ,b,b′ ∈ V ′.
• The set K ⊂ V is convex and closed, and for the solutions to the variational

inequality

Πb = P(b) ∈ K : a(Πb,ϕ−Πb)≥ 〈b,ϕ−Πb〉 ∀ϕ ∈ K (F.11)

the following differential stability result holds

∀h ∈ V ′ : Π(b+ sh) =Πb+ sΠ ′h+ o(s) in V (F.12)

for s > 0, s small enough, where the mapping Π ′ : V ′ → V is continuous and
positively homogeneous and o(s) is uniform, with respect to h ∈ V ′, on compact
subsets of V ′.

Then the solutions to the variational inequality (F.7) are right-differentiable with
respect to t at t = 0, i.e. for t > 0, t small enough,

ut = u+ tu′+ o(t) in V , (F.13)

where
u′ =Π ′(b′ −Q′u) . (F.14)

Let us note, that for bt = 0 and ut = Pt(0) we obtain u′ =Π ′(−Q′u).

F.2 Compactness of the Asymptotic Energy Expansion

The main result we obtain is based on the Condition 11.1 for the expansion of the
Steklov-Poincaré operator with respect to the parameter ε . The expansion is estab-
lished in this section by an application of elementary Fourier analysis. We consider
the mapping Aε : H1/2(ΓR) �→ H−1/2(ΓR) given in Definition 11.1. By taking into
account the relation which follows by integration by parts in (11.19), we find that

〈Aε(v),v〉ΓR =

∫

C(R,ε)
‖∇wε‖2 , (F.15)

and for ε > 0, ε small enough,
∫

C(R,ε)
‖∇wε‖2 =

∫

BR

‖∇w‖2 − 2ε2〈B(v),v〉ΓR +O(ε4) , (F.16)
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with the remainder O(ε4) uniformly bounded on bounded sets in the space H1/2(ΓR),
where w is solution to (11.19) for ε = 0.

By the properties of harmonic functions the second term can be represented in
two spatial dimensions in the equivalent form of a line integral over the circle ΓR =
{x ∈ R2 : ‖x− x̂‖ = R} with the center at the arbitrary point x̂ ∈ Ω , as given by
(11.13). Therefore, we obtain the expansion

Aε = A − 2ε2B+O(ε4) , (F.17)

in the operator norm L (H1/2(ΓR);H−1/2(ΓR)).
In order to apply the abstract results of Proposition 11.4 and Theorem F.1 to the

energy functional for specific variational inequality we require the expansion of the
related Steklov-Poincaré operator with an appropriate estimate for the remainder
with respect to the small parameter ε . We start with the analysis of such an ex-
pansion for the Signorini problem by providing a simple proof of (F.17), which is
equivalent to (F.16).

Let x̂ ∈ Ω and BR be a ball around x̂, while the ring C(R,ε) = {x ∈ R2 : ε <
‖x− x̂‖ < R} with inner boundary ∂Bε and outer boundary ΓR. Additionally we
use the notation ΩR = Ω \BR. We consider functions v ∈ H1(ΩR) with traces (still
denoted by v) on ΓR belonging to H1/2(ΓR). The following implication is true

‖v‖H1(ΩR)
�C0 ⇒ ‖v‖H1/2(ΓR)

�CR , (F.18)

and since R is fixed, we shall omit it, writing C instead of CR (by C we shall denote
a generic constant depending only on C0). Finally, we denote by (r,θ ) a polar co-
ordinate system around x̂, which we assume that coincides with the origin O . From
the fact that v ∈ H1/2(ΓR) follows the existence of the Fourier series expansion in
terms of θ :

v(θ ) =
1
2

a0 +
∞

∑
k=1

(ak sinkθ + bk coskθ ) , (F.19)

with coefficients satisfying

∞

∑
k=1

√

1+ k2(a2
k + b2

k) � C . (F.20)

This implies two important properties for us:

∞

∑
k=1

(a2
k + b2

k) � C and
∞

∑
k=1

k(a2
k + b2

k) � C . (F.21)

Now we shall consider in BR the solution of the Laplace equation with Dirich-
let boundary condition on ΓR coinciding with v, denoted by w, and the solution
of the same equation in C(R,ε), with the same condition on ΓR and homogeneous
Neumann condition on ∂Bε , denoted by wε . We define energies
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E (v) =
∫

BR

‖∇w‖2 and Eε(v) =
∫

C(R,ε)
‖∇wε‖2 , (F.22)

which depend on v via boundary conditions. Our goal is to prove that Eε has an
expansion in which the remainder is uniformly bounded. More precisely this can be
expressed as follows.

Theorem F.2. The energy Eε(v) admits the expansion, for ε > 0, ε small enough,

Eε(v) = E (v)− 2ε2〈B(v),v〉ΓR +Rε(v) , (F.23)

where
|Rε(v)| � Cε4 (F.24)

uniformly on any fixed compact set in H1(ΩR), i.e. C depends on this set only.

Proof. Since any compact set may be covered by finite number of balls, it is enough
to prove the Lemma for a fixed ball in H1(ΩR). We may therefore assume that (F.21)
holds. The proof will consist in obtaining explicit formulas for w and wε as Fourier
series, using the well known methods, similarly as in [204]. Then the energies may
be computed exactly and the desired property of the remainder Rε(v) proven. By
constructing w from the Fourier series of its boundary condition we get

w(r,θ ) =
1
2

a0 +
∞

∑
k=1

( r
R

)k
(ak sinkθ + bk coskθ ) . (F.25)

Similarly, for wε in C(R,ε) holds

wε(r,θ ) =
1
2

a0 +
∞

∑
k=1

ϕk(r)(ak sinkθ + bk coskθ ) , (F.26)

where
ϕk(r) = Akrk +Bkr−k (F.27)

with Ak and Bk determined by the boundary conditions on ΓR and ∂Bε , namely

AkRk +Bk
1

Rk = 1 and Akεk−1 −Bk
1

εk+1 = 0 . (F.28)

Hence

Ak =
Rk

R2k + ε2k and Bk = Akε2k , (F.29)

and finally

ϕk(r) =
rk

Rk +
ε2k

R2k + ε2k

(

Rk

rk − rk

Rk

)

. (F.30)

Substituting this into the expansion for wε gives

wε (r,θ ) = w(r,θ )+ zε(r,θ ) , (F.31)
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with

zε (r,θ ) =
∞

∑
k=1

ε2k

R2k + ε2k

(

Rk

rk − rk

Rk

)

(ak sinkθ + bk coskθ ) . (F.32)

Therefore

Eε(v) =
∫

C(R,ε)
‖∇w+∇zε‖2

=

∫

C(R,ε)
‖∇w‖2 + 2

∫

C(R,ε)
∇w ·∇zε +

∫

C(R,ε)
‖∇zε‖2 ±

∫

Bε
‖∇w‖2

= E (v)+
∫

C(R,ε)
‖∇zε‖2 + 2

∫

C(R,ε)
∇w ·∇zε −

∫

Bε
‖∇w‖2

= E (v)+I1 +I2 +I3 , (F.33)

where we define the integrals

I1 :=
∫

C(R,ε)
‖∇zε‖2 , (F.34)

I2 := 2
∫

C(R,ε)
∇w ·∇zε , (F.35)

I3 := −
∫

Bε
‖∇w‖2 . (F.36)

Now we have

∂rzε(r,θ ) =−
∞

∑
k=1

ε2k

R2k + ε2k k
1
r

(

Rk

rk +
rk

Rk

)

(ak sin kθ + bk coskθ ) , (F.37)

1
r
∂θ zε(r,θ ) =

∞

∑
k=1

ε2k

R2k + ε2k k
1
r

(

Rk

rk − rk

Rk

)

(ak coskθ − bk sin kθ ) . (F.38)

After taking into account the orthogonality of trigonometric functions on [0,2π ] and
integrating with respect to θ one gets

I1 = π
∞

∑
k=1

(

ε2k

R2k + ε2k

)2

k2(a2
k + b2

k)Ik(ε) , (F.39)

where the integral Ik(ε) is defined as

Ik(ε) =
∫ R

ε

[

(

Rk

rk+1 +
rk−1

Rk

)2

+

(

Rk

rk+1 − rk−1

Rk

)2
]

rdr

=
1
k

(

R2k

ε2k − ε2k

R2k

)

, (F.40)
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which leads to

I1 = π
∞

∑
k=1

(

ε2k

R2k + ε2k

)2

k(a2
k + b2

k)

(

R2k

ε2k − ε2k

R2k

)

= πε2 a2
1 + b2

1

R2 +O(ε4) . (F.41)

In order to compute the second integral I2 we observe that

∂rw(r,θ ) =
∞

∑
k=1

k
rk−1

Rk (ak sinkθ + bk coskθ ) , (F.42)

1
r
∂θw(r,θ ) =

∞

∑
k=1

k
rk−1

Rk (ak coskθ − bk sinkθ ) , (F.43)

and after easy computations, we have

I2 = 2π
∞

∑
k=1

( ε
R

)2k
k(a2

k + b2
k)

R2k − ε2k

R2k + ε2k
=−2πε2 a2

1 + b2
1

R2 +O(ε4) . (F.44)

There remains the last integral I3, which leads to

I3 = −π
∞

∑
k=1

( ε
R

)2k
k(a2

k + b2
k) =−πε2 a2

1 + b2
1

R2 +O(ε4) . (F.45)

Finally, after collecting formulas (F.41), (F.44) and (F.45), we may single out the
first terms containing ε2 and the rest of O(ε4), namely

Eε(v) = E (v)− 2πε2 a2
1 + b2

1

R2 +O(ε4) , (F.46)

which in view of the regularity of boundary conditions and implied by the inequali-
ties (F.21) is uniformly bounded by Cε4. �



Appendix G
Tensor Calculus

In this appendix some basic results of tensor calculus are recalled, which are useful
for the development presented in this monograph. We follow the book by Gurtin
1981 [82]. Let us introduce the following notation:

• a,b,c,d,e ∈R3;
• A,B,C,S,W ∈R3 ×R3;
• ϕ scalar field;
• u,v vector fields;
• T,U second order tensor fields.

G.1 Inner, Vector and Tensor Products

The scalar or inner product of two vectors a and b is defined as

a ·b = b�a , (G.1)

with ‖a‖ = (a · a)1/2. The tensor A is a linear map that assigns to each vector a a
vector b = Aa. The transpose A� of a tensor A is the unique tensor with the property

a ·Ab = A�a ·b , (G.2)

for all vectors a and b. An important tensor is the identity I defined by Ia = a for
every vector a. The product of two tensors A and B is a tensor C = AB. In general
AB �=BA. When AB=BA, we say that A and B commute. The scalar or inner product
of two tensors A and B is defined as

A ·B = tr(B�A) = tr(A�B) ⇒ tr(AB) = tr(BA) , (G.3)

where the trace of a tensor A is defined as

tr(A) = I ·A . (G.4)
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It then follows that
A · (BC) = (B�A) ·C = (AC�) ·B . (G.5)

The vector product of two vectors a and b is defined as

a× b =−b× a . (G.6)

Furthermore
a× a = 0 , (G.7)

and
a · (b× c) = c · (a× b) = b · (c× a) = vol(P) , (G.8)

where P is the parallelepiped defined by the vectors a, b and c. Finally, the deter-
minant of a second order tensor is defined as

detA =
Aa · (Ab×Ac)

a · (b× c)
. (G.9)

The tensor product of two vectors a and b is a second order tensor A = a⊗ b that
assigns to each vector c the vector (b · c)a, namely

(a⊗ b)c = (b · c)a . (G.10)

Then it follows that

(a⊗ b)� = (b⊗ a) , (G.11)

(a⊗ b)(c⊗ d) = (b · c)(a⊗ d) , (G.12)

(a⊗ b) · (c⊗ d) = (a · c)(b ·d) , (G.13)

tr(a⊗ b) = a ·b , (G.14)

a ·Ab = A · (a⊗ b) , (G.15)

A(a⊗ b) = (Aa)⊗ b . (G.16)

G.2 Gradient, Divergence and Curl

Let us consider the smooth enough fields ϕ , u, v, T and U , where ϕ is scalar, u,v
are vectors and T,U are tensors. Here, we do not state smoothness hypotheses,
since standard differentiability assumptions sufficient to make an argument rigor-
ous are generally obvious to mathematicians and of little interest to engineers and
physicists. Then the following identities hold:
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∇(ϕu) = ϕ∇u+ u⊗∇ϕ (G.17)

div(ϕu) = ϕdiv(u)+∇ϕ ·u (G.18)

rot(ϕu) = ϕrotu+∇ϕ× u (G.19)

∇(u · v) = (∇u)�v+(∇v)�u (G.20)

div(u× v) = u · rot(v)− v · rot(u) (G.21)

div(u⊗ v) = udiv(v)+ (∇u)v (G.22)

div(T�u) = div(T ) ·u+T ·∇u (G.23)

div(ϕT ) = ϕdivT +T∇ϕ (G.24)

div(∇u�) = ∇div(u) (G.25)

div(TU) = (∇T )U +Tdiv(U) (G.26)

∇(T ·U) = (∇T )�U +(∇U)�T (G.27)

G.3 Integral Theorems

Let Ω be an open and bounded domain in Rd , d � 2, whose boundary is denoted
by ∂Ω . Let n denote the outward unit normal vector field on the boundary ∂Ω of
Ω . Here, we state the integral theorems without proofs and without smoothness as-
sumptions regarding the underlying functions and the domain of integration as well.
Then, given scalar ϕ , vector v and tensor T fields, the following integral identities
hold:

∫

Ω
∇ϕ =

∫

∂Ω
ϕ n , (G.28)

∫

Ω
∇v =

∫

∂Ω
v⊗ n , (G.29)

∫

Ω
div(v) =

∫

∂Ω
v ·n , (G.30)

∫

Ω
div(T ) =

∫

∂Ω
T n . (G.31)

Divergence theorems are deep mathematical results central to the derivations pre-
sented in this monograph. In particular, let us state the divergence theorems in their
useful forms, namely

∫

Ω
(T ·∇v+ div(T ) · v) =

∫

Ω
div(T�v) =

∫

∂Ω
T n · v . (G.32)

If T = S, with S a symmetric tensor field (S = S�), then
∫

Ω
(S ·∇vs + div(S) · v) =

∫

Ω
div(Sv) =

∫

∂Ω
Sn · v . (G.33)
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In addition, we have
∫

Ω
(ϕdiv(v)+∇ϕ · v) =

∫

Ω
div(ϕv) =

∫

∂Ω
ϕ v ·n . (G.34)

If v = ∇φ , with φ a scalar field, then
∫

Ω
(ϕΔφ +∇ϕ ·∇φ) =

∫

Ω
div(ϕ∇φ) =

∫

∂Ω
ϕ∂nφ . (G.35)

G.4 Some Useful Decompositions

Every tensor A can be expressed uniquely as the sum of a symmetric tensor S and a
skew tensor W , namely

A = S+W , (G.36)

where

S =
1
2
(A+A�) and W =

1
2
(A−A�) . (G.37)

We call S the symmetric part of A and W the skew part of A. Therefore there is a
one-to-one correspondence between vectors and skew tensors

Wa = w× a, with w1 =W32 , w2 =W13 , w3 =W21 , (G.38)

where W =−W� is a skew or anti-symmetric second order tensor. In addition,

[(a⊗ b)− (b⊗ a)]c =− [(a · c)b− (b · c)a] =−(a× b)× c . (G.39)

Finally, we have:

• If S is symmetric,

S ·A = S ·A� = S ·
[

1
2
(A+A�)

]

. (G.40)

• If W is skew,

W ·A =−W ·A� =W ·
[

1
2
(A−A�)

]

. (G.41)

• If S is symmetric and W is skew,

S ·W = 0 . (G.42)

• If A ·B = 0, for every B, then A = 0.
• If A ·S = 0, for every S, then A is skew.
• If A ·W = 0, for every W , then A is symmetric.

Let us consider a two-dimensional open and bounded domain Ω ⊂ R2, whose
boundary is denoted by ∂Ω . Let us also introduce two orthonormal vectors n and τ ,
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Fig. G.1 Curvilinear coor-
dinate system on ∂Ω

such that n · n = 1, τ · τ = 1 and n · τ = 0, defined on the boundary ∂Ω , as shown
in fig. G.1. Then, we have that a vector a defined on ∂Ω can be decomposed as
following

a = (n⊗ n)a+(τ⊗ τ)a = (a ·n)n+(a · τ)τ = ann+ aττ , (G.43)

where an := a · n and aτ := a · τ are the normal and tangential components of the
vector a, respectively. In other words, aτ is the projection of a into the tangential
plane to Ω and an is the projection of a orthogonal to the referred tangent plane. In
addition, the identity tensor I can be written in the basis (n,τ), namely

I = n⊗ n+ τ⊗ τ . (G.44)

Thus, the projections operators into the tangential and normal directions can respec-
tively be defined as

(I− n⊗ n)a = a− (a ·n)n= aττ , (G.45)

(I− τ⊗ τ)a = a− (a · τ)τ = ann . (G.46)

Let A be a second order tensor. Then, A can be decomposed in the basis (n,τ) in the
following form

A = Ann(n⊗ n)+Anτ(n⊗ τ)+Aτn(τ ⊗ n)+Aττ(τ⊗ τ) , (G.47)

whose components Ann, Anτ , Aτn and Aττ are defined as

An = [Ann(n⊗ n)+Anτ(n⊗ τ)+Aτn(τ⊗ n)+Aττ(τ ⊗ τ)]n
= Ann(n ·n)n+Anτ(τ ·n)n+Aτn(n ·n)τ+Aττ(τ ·n)τ
= Annn+Aτnτ ⇒ Ann = n ·An and Aτn = τ ·An , (G.48)

Aτ = [Ann(n⊗ n)+Anτ(n⊗ τ)+Aτn(τ⊗ n)+Aττ(τ ⊗ τ)]τ
= Ann(n · τ)n+Anτ(τ · τ)n+Aτn(n · τ)τ+Aττ(τ · τ)τ
= Anτn+Aτττ ⇒ Anτ = n ·Aτ and Aττ = τ ·Aτ . (G.49)
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Fig. G.2 Polar coordinate
system (r,θ )

In the same way, we have that the gradient of a scalar field ∇ϕ defined on ∂Ω can
be decomposed as

∇ϕ = (∇ϕ ·n)n+(∇ϕ · τ)τ
= (∂nϕ)n+(∂τϕ)τ ⇒ ∂nϕ = ∇ϕ ·n and ∂τϕ = ∇ϕ · τ , (G.50)

where ∂nϕ and ∂τϕ are the normal and tangential derivatives of the scalar field ϕ .
In addition, the gradient of a vector field ∇u defined on ∂Ω can be decomposed as

∇u = ∂nun(n⊗ n)+ ∂τun(n⊗ τ)+ ∂nuτ(τ⊗ n)+ ∂τuτ(τ⊗ τ) , (G.51)

whose components ∂nun, ∂τun, ∂nuτ and ∂τuτ are defined as

(∇u)n = [∂nun(n⊗ n)+ ∂τun(n⊗ τ)+ ∂nuτ(τ⊗ n)+ ∂τuτ(τ⊗ τ)]n
= (∂nun)n+(∂nuτ)τ ⇒ ∂nun = n · (∇u)n and ∂nuτ = τ · (∇u)n , (G.52)

(∇u)τ = [∂nun(n⊗ n)+ ∂τun(n⊗ τ)+ ∂nuτ(τ⊗ n)+ ∂τuτ(τ⊗ τ)]τ
= (∂τun)n+(∂τuτ)τ ⇒ ∂τun = n · (∇u)τ and ∂τuτ = τ · (∇u)τ . (G.53)

G.5 Polar and Spherical Coordinate Systems

Let us consider a polar coordinate system of the form (r,θ ) with center at the origin
O , as shown in fig. G.2. The oriented basis defining this system is denoted by er and
eθ , with er · eθ = 0 and ‖er‖= ‖eθ‖= 1. Thus, we have the representations below.

• Gradient of a scalar field ϕ :

∇ϕ =
∂ϕ
∂ r

er +
1
r
∂ϕ
∂θ

eθ . (G.54)

• Laplacian of a scalar field ϕ :

Δϕ =
∂ 2ϕ
∂ r2 +

1
r
∂ϕ
∂ r

+
1
r2

∂ 2ϕ
∂θ 2 . (G.55)
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• Gradient of a vector field v:

∇v =
∂vr

∂ r
er ⊗ er +

1
r

(

∂vr

∂θ
− vθ

)

er ⊗ eθ

+
∂vθ

∂ r
eθ ⊗ er +

1
r

(

∂vθ

∂θ
+ vr

)

eθ ⊗ eθ . (G.56)

• Divergence of a vector field v:

div(v) =
∂vr

∂ r
+

1
r

(

∂vθ

∂θ
+ vr

)

. (G.57)

• Divergence of a second order tensor field T :

div(T ) =

(

∂T rr

∂ r
+

1
r
∂T θr

∂θ
+

T rr −T θθ

r

)

er

+

(

∂T rθ

∂ r
+

1
r
∂T θθ

∂θ
+

T rθ +T θr

r

)

eθ . (G.58)

• Transformation of a vector v from cartesian to polar:
(

vr

vθ

)

=

(

cosθ sinθ
−sinθ cosθ

)(

v1

v2

)

, (G.59)

where vi = v ·ei are the components of vector v in the cartesian coordinate system.
• Transformation of a second order tensor T from cartesian to polar:

(

T rr T rθ

T θr T θθ

)

=

(

cosθ sinθ
−sinθ cosθ

)�(
T 11 T 12

T 21 T 22

)(

cosθ sinθ
−sinθ cosθ

)

, (G.60)

where T i j = ei ·Te j are the components of tensor T in the cartesian coordinate
system.

Let us consider a ball Bρ(O) ⊂ R2 of radius ρ and center at the origin O , whose
boundary is denoted by ∂Bρ . Then, the integral of a scalar field ϕ over Bρ is evalu-
ated as

∫

Bρ
ϕ =

∫ 2π

0

(
∫ ρ

0
ϕ(r,θ )rdr

)

dθ . (G.61)

The integral of ϕ over the boundary ∂Bρ is written as

∫

∂Bρ
ϕ = ρ

∫ 2π

0
ϕ(ρ ,θ )dθ . (G.62)

Let us now consider a spherical coordinate system centered at the origin O given
by (r,θ ,φ), as shown in fig. G.3. We define an oriented basis for the system of the
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Fig. G.3 Spherical coordi-
nate system (r,θ ,φ)

form er, eθ and eφ , with er · eθ = er · eφ = eθ · eφ = 0 and ‖er‖= ‖eθ‖= ‖eφ‖= 1.
By taking into account this system, we have the representations below.

• Gradient of a scalar field ϕ :

∇ϕ =
∂ϕ
∂ r

er +
1
r
∂ϕ
∂θ

eθ +
1

r sinθ
∂ϕ
∂φ

eφ . (G.63)

• Laplacian of a scalar field ϕ :

Δϕ =
1
r2

∂
∂ r

(

r2 ∂ϕ
∂ r

)

+
1

r2 sinθ
∂
∂θ

(

sinθ
∂ϕ
∂θ

)

+
1

r2 sin2 θ
∂ 2ϕ
∂φ2 . (G.64)

• Transformation of a vector v from cartesian to spherical:
⎛

⎝

vr

vθ

vφ

⎞

⎠=

⎛

⎝

sinθ cosφ sinθ sinφ cosθ
cosθ cosφ cosθ sinφ −sinθ
−sinφ cosφ 0

⎞

⎠

⎛

⎝

v1

v2

v3

⎞

⎠ , (G.65)

where vi = v ·ei are the components of vector v in the cartesian coordinate system.

Let us consider a ball Bρ(O) ⊂ R3 of radius ρ and center at the origin O , with
boundary denoted by ∂Bρ . Then, the integral of a scalar field ϕ over Bρ is evaluated
as

∫

Bρ
ϕ =

∫ 2π

0

(
∫ π

0

(
∫ ρ

0
ϕ(r,θ ,φ)r2dr

)

sinθdθ
)

dφ . (G.66)

The integral of ϕ over the boundary ∂Bρ is given by

∫

∂Bρ
ϕ = ρ2

∫ 2π

0

(
∫ π

0
ϕ(ρ ,θ ,φ)sinθdθ

)

dφ . (G.67)
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11. Amstutz, S.: Aspects théoriques et numériques en optimisation de forme topologique.
Ph.D. Thesis, Institut National des Sciences Appliquées, Toulouse, France (2003)

12. Amstutz, S.: The topological asymptotic for the Navier-Stokes equations. ESAIM: Con-
trol, Optimisation and Calculus of Variations 11(3), 401–425 (2005)

13. Amstutz, S.: Sensitivity analysis with respect to a local perturbation of the material
property. Asymptotic Analysis 49(1-2), 87–108 (2006)

14. Amstutz, S.: Topological sensitivity analysis for some nonlinear PDE systems. Journal
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sity Henri Poincaré, Nancy, France (2006)
131. Laurain, A., Nazarov, S.A., Sokołowski, J.: Singular perturbations of curved boundaries

in dimension three. The spectrum of the Neumann laplacian. Zeitschrift für Analysis
und ihre Anwendungen, Journal for Analysis and its Applications 30, 145–180 (2011)

132. Leugering, G., Nazarov, S.A., Schury, F., Stingl, M.: The Eshelby theorem and appli-
cation to the optimization of an elastic patch. SIAM Journal on Applied Mathemat-
ics 72(2), 512–534 (2012)



404 References

133. Leugering, G., Sokołowski, J.: Topological derivatives for elliptic problems on graphs.
Control and Cybernetics 37, 971–998 (2008)

134. Lewiński, T., Sokołowski, J.: Topological derivative for nucleation of non-circular
voids. Contemporary Mathematics, American Mathematical Society 268, 341–361
(2000)
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sign and Modeling, Warszawa (2004); Exit
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